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Introduction
Run II expecting ~ 100 fb-1

measurements reaching ~1% level 
accuracy calls for NNLO precision

Quite a lot of success at NLO using 
leading colour approximations

full colour at NNLO means dealing with 
the non-planar sector in the double virtuals 

(and a few other things...)

e.g. pp→W+5j [Bern et al. (2013)]
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Figure 1: Full colour and leading approximation (as explained in the text) for the virtual

corrections to the transverse momentum of the 3rd jet in pp ! �� + 3j.

to be e�ciently re-weighted changing the scales and the specific PDF set used.

3 Numerical results

All the results presented in this section are for pp collisions with a centre-of-mass energy

of 8 TeV. We consider the following kinematic cuts on the external momenta, which are

inspired by typical experimental cuts used in the analyses at LHC

pT,j > 30 GeV |⌘j |  4.7

pT,�1 > 40 GeV pT,�2 > 25 GeV |⌘� |  2.5

R�,j = 0.5 R�,� = 0.45

where the photon transverse momenta have been ordered by size. The jets are defined

using the anti-kT algorithm [43] with cone size R = 0.5 as implemented in FastJet [44].

Photons are selected using the Frixione smooth cone isolation criterion [8]. A photon is

considered isolated if the total hadronic energy inside all cones of radius r� < R

E
hadronic

(r�)  ✏ pT,�

✓
1 � cos r�

1 � cos R

◆n

(3.1)
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[SB, Guffanti, Yundin (2013)]

larger corrections 
at high pT
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Figure 1: The percentage contribution of the sub-leading colour to full colour NNLO correction,
�, for the single jet inclusive transverse energy distribution as a function of pT .

6. Numerical evaluation of the di↵erential cross section

In Secs. 3, 4 and 5 the double real, real-virtual and double virtual subtraction terms were

constructed and, where appropriate, the explicit pole cancellation against one and two-loop

matrix elements at sub-leading colour was carried out. The remaining task is to numerically

integrate each of these partonic channels over the appropriate phase space to obtain the

physical cross section.

Our numerical studies for proton-proton collisions at centre-of-mass energy
p
s = 8

TeV concern the single jet inclusive cross section (where every identified jet in an event

that passes the selection cuts contributes, such that a single event potentially enters the

distributions multiple times) and the two-jet exclusive cross section (where events with

exactly two identified jets contribute). We use in our default setup the anti-kt jet algo-

rithm [82] with resolution parameter R = 0.7 to reconstruct the final state jets where jets

are accepted at central rapidity |y| < 4.4, and ordered in transverse momentum. An event

is retained if the leading jet has pT1 > 80 GeV. For the dijet invariant mass distribution,

a second jet must be observed with pT2 > 60 GeV.

All calculations are carried out with the MSTW08NNLO gluon distribution func-

tion [83], including the evaluation of the LO and NLO contributions.2 This choice of param-

eters allows us to quantify the size of the genuine NNLO contributions to the parton-level

subprocess. As default value, we set µ equal to the transverse momentum of the leading

jet so that µ = pT1.

The cross section can be written as,

d� = ↵2
sA+ ↵3

sB + ↵4
sC, (6.1)

where the coe�cients A, B and C depend on the PDF, the scale choice and the observable.

The NNLO coe�cient C can be further subdivided into leading and sub-leading colour

contributions,

C = CLC + CSLC . (6.2)

2Note that the evolution of the gluon distribution within the PDF set together with the value of ↵s

intrinsically includes contributions from the light quarks. The NNLO calculation presented here is “gluons-

only” in the sense that only gluonic matrix elements are involved.
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gg→gg @ NNLO [Currie et al. (2013)]



Amplitudes for NNLO
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QCD is going beyond 
NLO precision

Traditional approach: Feynman diagrams + integration-by-parts

suitable for 2→2 processes complexity grows fast 
with additional legs

✔

[See Glover’s talk]



Automation for multi-leg NNLO

Master Integrals

Reduction

differential equations

direct integration

integration-by-parts

maximal unitarity

integrand reduction (OPP)

Input

Feynman diagrams

on-shell tree amplitudes

try to obtain manageable
expressions for 2⟶3 amplitudes

[Kosower, Larsen (2011)]



All-plus helicity amplitudes
useful playground for QCD: simplest helicity

vanishes at tree-level 
⇒	  simple IR structure

(two-loops contributes at N3LO)

one-loop connection to N=4

connection to N=4 continues to 
some extent at two-loops...

two-loop ++++ 
amplitude known 
for a long time

more recently shown to obey 
colour kinematics duality

[Bern, Dixon, Dunbar, Kosower hep-ph/9611127]

[Bern, Davies, Dennen, Huang, Nohle 1303.6605]

[Bern, Dixon, Kosower hep-ph/0001001]
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Outline

•  Integrand representations of loop amplitudes

•  Colour decompositions

-  minimising cut information using Kleiss-Kuijf relations

•  Further simplifications from colour/kinematics duality 

-  non-planar from planar using BCJ relations

•  Application to                             in QCD

-  evaluating the full colour amplitude in the soft region

A(2)
5 (1+, 2+, 3+, 4+, 5+)



Integrand reduction and 
generalized unitarity methods

Unitarity: double cuts 
[BDDK ’94]

[triple cuts BDK ’97]

Generalized unitarity: 
quadruple cuts [BCF ’04]

Integrand reduction [OPP ’05]

triple cuts [e.g. Forde ’07]
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D-dim. generalized unitarity [GKM ’08]



Integrand reduction and 
generalized unitarity methods

Maximal unitarity Integrand reduction via 
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e.g. IBPs

[Mastrolia, Ossola, SB, Frellesvig, 
Zhang, Mirabella, Peraro, Malamos, 

Kleiss, Papadopolous, Verheyen, 
Feng, Huang]

[Kosower, Larsen, 
Johannson, Caron-Huot, 

Zhang, Søgaard]
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A

(L),[D]
n

({p}) =
Z

LY

i=1

d

D

k

i

(2⇡)D
N({k}, {p})

Q
L(L+9)/2
l=1 D

l

({k}, {p})

=

Z
LY

i=1

d

D

k

i

(2⇡)D

L(L+9)/2X

c=1

X

T2Pc

�
c;T ({k̄ · v, µ

ij

})Q
l2T D

l

({k}, {p})

=
X

i2MI

c

[D]
i

({p})I
i

({k}, {p})

k

i

= k̄

i

+ k

[�2✏]

k̄

i

· p
j

, k̄

i

· "
j

, k̄

i

· k̄
j

, µ

ij

= �k

[�2✏]
i

· k[�2✏]
j

,

�
T

(k) =
X

{↵}

c

T ;↵1,...,↵n(k1 · p5)↵1(k2 · p2)↵1 · · · (k2 · !2)
↵n

Z

i,a

= (�
i,a

, µ

i,a

)

W

i,ȧ
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= (µ̃
ȧ
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Integrand reduction strategy

• top down: start with maximal number of propagators

• identify basis of irreducible scalar products (ISPs)

• parametrize integrand using propagators

• parameterise on-shell solutions and solve

• continue to lower propagator topologies subtracting known singularities 

primary decomposition

spanning basis e.g. Van 
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Gröbner basis and polynomial division
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Colour decompositions

Eliminate irreducible 
integrands using KK 

relations

Assign colour factors using 
underlying tree structure

[Dixon, Del Duca, Maltoni (1999)]
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Figure 1: Multi-peripheral diagram for the colour factors in eq. (2.9).

from the multi-peripheral diagram in figure 1, in which two legs are fixed while the others

are permuted. These diagrams involve only trivalent vertices dressed with the structure

constants f̃abc, avoiding higher-point traces.

Since we define �i to obey the same KK relations as the tree amplitudes in their

corresponding cuts, the multi-peripheral decomposition (2.9) can be translated to neat

loop decompositions of the form (2.8) which avoid unnecessary cut diagrams and at the

same time have compact cubic color factors C̃i. In practice the general algorithm to derive

it is the following:

• for every four- or higher-point vertex pick two of its edges;

• remove all �i with the selected edges in non-adjacent positions;

• “stretch” the higher-point vertices by the selected legs to generate trivalent subgraphs

of the multi-peripheral form shown in figure 1;

• read the color factors for the remaining �i o� the resulting cubic color graphs by

dressing them with the structure constants f̃abc.

These steps correspond to the choice of legs 1 and n to eliminate the left-hand side of

the KK relation (2.7) and obtain the multi-peripheral decomposition (2.9) in terms of the

remaining color-ordered amplitudes.

Before we give an instructive example of the loop decomposition (2.8), we note that

the present discussion can be generalized to include any number of quarks or other matter

particles in arbitrary representation of the gauge group. Indeed, a generic n-point tree

amplitude in QCD has recently been decomposed [? ] in a basis of (n � 2)!/k! KK-

independent primitive amplitudes [15, 16], where k is the number of distinguishable matter

particle pairs. Therefore, a loop amplitude with matter can as well be constructed from

a reduced number of color-ordered cuts with known color factors. In the present paper,

however, we concentrate on the case of pure gauge theory.

2.3 Four-point two-loop amplitude

Let us consider the case of the two-loop amplitude with four plus-helicity gluons, which was

first computed in ref. [17]. Its helicity configurations implies a much simpler structure than

in a generic four-point two-loop amplitude. More precisely, in the top-down unitarity cut

approach it is fully constrained by only four maximal and next-to-maximal color-ordered

cuts shown in figure 2. Therefore, the amplitude decomposition (2.6) can be written in
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Five gluon decomposition

general tree-level DDM colour bases including fermions 
[Johansson, Ochirov arXiv:1507.00332]
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Application to the two-loop 
five-gluon amplitude in QCD



Full colour amplitude
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Planar integrand

• D-dimensional integrand reduction

• 6-d spinor helicity formalism (with scalars for full Ds dependence)

• Momentum twistor parameterisation to deal with five-point kinematics

[SB, Frellesvig, Zhang arXiv:1310.1051]

BasisDet Mathematica package
http://www.nbi.dk/~zhang/BasisDet.html

[Zhang arXiv:1205.5707]
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[Hodges (2009)]

[Cheung, O’Connell (2009)]

[Bern, Carrasco, Dennen, Huang, Ita (2011)]
[Davies (2012)]

http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html


Non-planar results

• All topologies related to planar cuts via BCJ

• Off-shell symmetries imposed so all KK relations satisfied

• Compact analytic expressions for all cases

[SB, Mogull, Ochirov, O’Connell arXiv:1507.xxxxx]
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Non-planar results
Connection with N = 4 continues for non-planar sector 

Colour decomposition is in agreement with 
Carrasco-Johansson numerator representation

[5-point N=4 BCJ numerator 
Carrasco, Johansson arXiv:1106.4711]
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7 Checking the soft divergences

Since the all-plus helicity configuration is zero at tree-level the universal infra-red structure

is the same as an ordinary one-loop amplitudes. The poles of our two-loop amplitude should

therefore be equivalent to those of the finite one-loop amplitude multiplied by the infra-red

pole operator including the sum over colour correlations.

A(2)(1+, 2+, 3+, 4+, 5+) =
X

i>j

c

�

✏

2

✓

µ

2

R

�sij

◆✏

Ti · Tj �A(1)(1+, 2+, 3+, 4+, 5+)

+
11Nc

3
A(1)(1+, 2+, 3+, 4+, 5+) +O(✏0) (7.1)

where we have used the � symbol to indicate that the colour matrices (in this fully glu-

onic case they will all be f

abc) should be inserted into the colour factors of the one-loop

amplitude.

There are a number of di�culties in checking equation (7.1) in full since the five-point

planar and non-planar integrals required are still unknown at this time. Resorting to

numerical evaluation as has done in the planar case [1] is computationally prohibative for

two reasons. Firstly the full colour expansion contains a large number of dimension shifted

integrals (⇠ O(1000)) - an order of magnitude more than the leading colour terms. Secondly

there is no Euclidean region for the complete amplitude and so contour deformation must

be performed for many of these integrals making the each more complicated than the planar

cases. Though this task is probably acheievable with public tools like FIESTA or SecDec

there is a much simpler method to check the leading soft singularities up to O(✏�1) which

can be done analytically.
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In the soft limit the colour correlations drop out of equation (7.1),
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Clearly it is a weaker check than the full IR poles but it does require non-trivial properties

of the non-planar sector. The bow-tie (one-loop squared) topologies which are not tested

via the N = 4 duality are all finite and therefore not relevant for the IR properties.
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limit of either loop. We find a soft singularity whenever we have two adjacent massless

legs in one of the loop integrations. In each case we factorize into a IR divergent triangle

and a dimension-shifted box:

I

4�2✏

✓

k2 k1

4

3

1

2

◆

[F
1

]
k
1

!0! (Ds � 2)I4�2✏

✓

4

3

1

2

◆

[µ2

22

] I4�2✏

✓

1

2

◆

(7.5)

I

4�2✏

✓

k2 k1

4

3

1

2

◆

[F
1

]
k
2

!0! (Ds � 2)I4�2✏

✓

4

3

◆

I

4�2✏

✓

4

3

1

2

◆

[µ2

11

] (7.6)

and so we quickly arrive at the result by summing the two regions and recalling the one-loop
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7.2 Soft divergences of the five-point integrals

By following the method described in the previous section we have derived the complete

set of integrals required for the 1

✏2 part of the amplitude. All of the integrals have been

check numerically using the sector decomposition methods implemented in FIESTA and

SecDec. Some of these integrals have been computed long ago in 4 � 2✏ dimensions and

can be used to write the full integrals including finite terms via the dimensional reduction

identites implemented in LiteRed and IBP relations from FIRE5. We have performed this

task for the planar double box with an o↵-shell leg.

I

4�2✏

✓

4

5

3

2

1

◆

[F
1

] = � Ds � 2

(4⇡)23s
12

s

23

✏

2

+O(✏�1) (7.10)

I

4�2✏

✓

4

5

3

2

1

◆

[F
1

2k
1

· p
5

] = �(Ds � 2)(2s
15

+ s

25

)

(4⇡)26s
12

s

23

✏

2

+O(✏�1) (7.11)

I

4�2✏

✓

4

5 1

2

3

◆

[F
1

] = O(✏�1) (7.12)

I

4�2✏

✓

4

5 1

2

3

◆

[F
1

2k
1

· (p
5

� p

4

)] = O(✏�1) (7.13)

I

4�2✏

✓

4

5 1

2

3

◆

[F
1

2(k
1

� k

2

) · p
3

] = O(✏�1) (7.14)

I

4�2✏

✓

4

1

2

3

5

◆

[F
1

] = � Ds � 2

(4⇡)23s
12

s

23

✏

2

+O(✏�1) (7.15)

I

4�2✏

✓

4

1

2

3

5

◆

[F
1

2k
1

· (p
5

� p

4

)] = �(Ds � 2)(s
15

� s

14

+ s

34

� s

35

)

(4⇡)26s
12

s

23

✏

2

+O(✏�1) (7.16)

I

4�2✏

✓

3

4

5 1

2

◆

[F
1

] = � Ds � 2

(4⇡)26✏2

✓

1

s

12

+
1

s

45

◆

+O(✏�1) (7.17)

I

4�2✏

✓

3

4

1

2

5

◆

[F
1

] = � Ds � 2

(4⇡)26s
12

✏

2

+O(✏�1) (7.18)

I

4�2✏

✓

5

4

3

12

◆

[F
1

] = � Ds � 2

(4⇡)26s
45

✏

2

+O(✏�1) (7.19)

– 30 –

7.2 Soft divergences of the five-point integrals

By following the method described in the previous section we have derived the complete

set of integrals required for the 1

✏2 part of the amplitude. All of the integrals have been

check numerically using the sector decomposition methods implemented in FIESTA and

SecDec. Some of these integrals have been computed long ago in 4 � 2✏ dimensions and

can be used to write the full integrals including finite terms via the dimensional reduction

identites implemented in LiteRed and IBP relations from FIRE5. We have performed this

task for the planar double box with an o↵-shell leg.

I

4�2✏

✓

4

5

3

2

1

◆

[F
1

] = � Ds � 2

(4⇡)23s
12

s

23

✏

2

+O(✏�1) (7.10)

I

4�2✏

✓

4

5

3

2

1

◆

[F
1

2k
1

· p
5

] = �(Ds � 2)(2s
15

+ s

25

)

(4⇡)26s
12

s

23

✏

2

+O(✏�1) (7.11)

I

4�2✏

✓

4

5 1

2

3

◆

[F
1

] = O(✏�1) (7.12)

I

4�2✏

✓

4

5 1

2

3

◆

[F
1

2k
1

· (p
5

� p

4

)] = O(✏�1) (7.13)

I

4�2✏

✓

4

5 1

2

3

◆

[F
1

2(k
1

� k

2

) · p
3

] = O(✏�1) (7.14)

I

4�2✏

✓

4

1

2

3

5

◆

[F
1

] = � Ds � 2

(4⇡)23s
12

s

23

✏

2

+O(✏�1) (7.15)

I

4�2✏

✓

4

1

2

3

5

◆

[F
1

2k
1

· (p
5

� p

4

)] = �(Ds � 2)(s
15

� s

14

+ s

34

� s

35

)

(4⇡)26s
12

s

23

✏

2

+O(✏�1) (7.16)

I

4�2✏

✓

3

4

5 1

2

◆

[F
1

] = � Ds � 2

(4⇡)26✏2

✓

1

s

12

+
1

s

45

◆

+O(✏�1) (7.17)

I

4�2✏

✓

3

4

1

2

5

◆

[F
1

] = � Ds � 2

(4⇡)26s
12

✏

2

+O(✏�1) (7.18)

I

4�2✏

✓

5

4

3

12

◆

[F
1

] = � Ds � 2

(4⇡)26s
45

✏

2

+O(✏�1) (7.19)
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Open problems/work in progress

• Can we find a complete BCJ numerator (i.e. satisfy BCJ off-shell)

• Minimal missing information from IBPs?

• Though we avoided the need for additional simplifications here it will be important for the 
more general amplitudes

• New developments exploiting algebraic geometry coming all the time

[“residues with doubled propagators”, 
Søgaard, Zhang 1403.2463] [“massive internal states”, 

Søgaard, Zhang 1412.5577]

[“cross-order relations in maximal 
unitarity”, Johansson, Kosower, Larsen, 

Søgaard 1503.06711]

[“IBPs from differential 
geometry”, Zhang 1400.4004]

[Mogull, O’ Connell (in progress)]



Conclusions

•multi-loop amplitudes from tree-amplitudes

• KK and BCJ relations can be applied systematically to decompose amplitudes 
into minimal set of irreducible numerators

• simple colour decompositions using the DDM basis

• First non-trivial application

• two-loop five-gluon amplitude in QCD with all positive helicities

[SB, Mogull, Ochirov, O’Connell arXiv:1507.xxxxx]
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Numerator construction

FDH scheme at two-loops

Tree-amplitudes using 
six-dimensional helicity method

use momentum twistors to deal with the 
complicated kinematics at 2→3

[Cheung, O’Connell (2009)]

[Bern, De Freitas, Dixon, Wong (2002)]

[Bern, Carrasco, Dennen, Huang, Ita (2011)]
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Feynman rules + Feynman 
gauge and ghosts (scalars)
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only ≥6 propagator topologies

planar five-gluon integrand 
representation

+ spurious terms
choice of basis important to find simplest form

double-box type topologies are N = 4 x 
h ih ih ih i

⇣

⇤[(µ11µ22 + µ22µ33 + µ33µ11) + 4(µ2
12 � 4µ11µ22)]

[SB, Frellesvig, Zhang (2013)]



Choices of integrand basis
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Q: how to find the best basis? chiral numerators?



Radical ideals

0

BBBBB@

1 � t
2 0 0 0

0 t � st
u

st2

2u 0

0 0

st
u

�3st2

2u
s2t2

u2

0 0 0

st2

u
�2s2t2

u2

0 0 0 0

s2t2

u2

1

CCCCCA

0

BBBB@

c0

c1

c2

c3

c4

1

CCCCA
=

0

BBBB@

d0

d1

d2

d3

d4

1

CCCCA

µ11, µ22, µ12

Z =

0

BB@

1 0

1
x1

1
x1

+

1
x1x2

1
x1

+

1
x1x2

+

1
x1x2x3

0

0 1 1 1 1 1

0 0 1 1� x4 1 0

0 0 1 1

1�x4x5
1�x4

x5 � x6
x1x2x3x4

1

CCA

pH = p5 + p6

x1 =
s12s23
s12+s23

x2 =
h23ih14i
h12ih34i

x3 =
h1|pH |1]
s12+s23

x4 =
(s12+s23)[34]
h12i[23][14]

x5 =
(s12+s23)(m2

H+h1|pH |1])
s23h1|pH |1i x6 = m

2
H

k[x] = k[x1, . . . , xn]

I 2 k[x]

p
I = {f 2 k[x]/f

m 2 Ifor somen 2 N}

0

BBBBB@

1 � t
2 0 0 0

0 t � st
u

st2

2u 0

0 0

st
u

�3st2

2u
s2t2

u2

0 0 0

st2

u
�2s2t2

u2

0 0 0 0

s2t2

u2

1

CCCCCA

0

BBBB@

c0

c1

c2

c3

c4

1

CCCCA
=

0

BBBB@

d0

d1

d2

d3

d4

1

CCCCA

µ11, µ22, µ12

Z =

0

BB@

1 0

1
x1

1
x1

+

1
x1x2

1
x1

+

1
x1x2

+

1
x1x2x3

0

0 1 1 1 1 1

0 0 1 1� x4 1 0

0 0 1 1

1�x4x5
1�x4

x5 � x6
x1x2x3x4

1

CCA

pH = p5 + p6

x1 =
s12s23
s12+s23

x2 =
h23ih14i
h12ih34i

x3 =
h1|pH |1]
s12+s23

x4 =
(s12+s23)[34]
h12i[23][14]

x5 =
(s12+s23)(m2

H+h1|pH |1])
s23h1|pH |1i x6 = m

2
H

k[x] = k[x1, . . . , xn]

I 2 k[x]

p
I = {f 2 k[x]/f

m 2 Ifor somen 2 N}

Definition:

Algorithms to compute the radical of 
an ideal are available in Macaulay2

An ideal is a radical ideal if

for a field and an ideal

the radical of is

0

BBBBB@

1 � t
2 0 0 0

0 t � st
u

st2

2u 0

0 0

st
u

�3st2

2u
s2t2

u2

0 0 0

st2

u
�2s2t2

u2

0 0 0 0

s2t2

u2

1

CCCCCA

0

BBBB@

c0

c1

c2

c3

c4

1

CCCCA
=

0

BBBB@

d0

d1

d2

d3

d4

1

CCCCA

µ11, µ22, µ12

Z =

0

BB@

1 0

1
x1

1
x1

+

1
x1x2

1
x1

+

1
x1x2

+

1
x1x2x3

0

0 1 1 1 1 1

0 0 1 1� x4 1 0

0 0 1 1

1�x4x5
1�x4

x5 � x6
x1x2x3x4

1

CCA

pH = p5 + p6

x1 =
s12s23
s12+s23

x2 =
h23ih14i
h12ih34i

x3 =
h1|pH |1]
s12+s23

x4 =
(s12+s23)[34]
h12i[23][14]

x5 =
(s12+s23)(m2

H+h1|pH |1])
s23h1|pH |1i x6 = m

2
H

k[x] = k[x1, . . . , xn]

I 2 k[x]

p
I = {f 2 k[x]/f

m 2 I for some n 2 N}

0

BBBBB@

1 � t
2 0 0 0

0 t � st
u

st2

2u 0

0 0

st
u

�3st2

2u
s2t2

u2

0 0 0

st2

u
�2s2t2

u2

0 0 0 0

s2t2

u2

1

CCCCCA

0

BBBB@

c0

c1

c2

c3

c4

1

CCCCA
=

0

BBBB@

d0

d1

d2

d3

d4

1

CCCCA

µ11, µ22, µ12

Z =

0

BB@

1 0

1
x1

1
x1

+

1
x1x2

1
x1

+

1
x1x2

+

1
x1x2x3

0

0 1 1 1 1 1

0 0 1 1� x4 1 0

0 0 1 1

1�x4x5
1�x4

x5 � x6
x1x2x3x4

1

CCA

pH = p5 + p6

x1 =
s12s23
s12+s23

x2 =
h23ih14i
h12ih34i

x3 =
h1|pH |1]
s12+s23

x4 =
(s12+s23)[34]
h12i[23][14]

x5 =
(s12+s23)(m2

H+h1|pH |1])
s23h1|pH |1i x6 = m

2
H

k[x] = k[x1, . . . , xn]

I 2 k[x]

p
I = {f 2 k[x]/f

m 2 I for some n 2 N}

p
I = I

0

BBBBB@

1 � t
2 0 0 0

0 t � st
u

st2

2u 0
0 0 st

u
�3st2

2u
s2t2

u2

0 0 0 st2

u
�2s2t2

u2

0 0 0 0 s2t2

u2

1

CCCCCA

0

BBBB@

c0

c1

c2

c3

c4

1

CCCCA
=

0

BBBB@

d0

d1

d2

d3

d4

1

CCCCA

µ11, µ22, µ12

Z =

0

BB@

1 0 1
x1

1
x1

+ 1
x1x2

1
x1

+ 1
x1x2

+ 1
x1x2x3

0
0 1 1 1 1 1
0 0 1 1� x4 1 0
0 0 1 1 1�x4x5

1�x4
x5 � x6

x1x2x3x4

1

CCA

pH = p5 + p6

x1 =
s12s23
s12+s23

x2 =
h23ih14i
h12ih34i

x3 =
h1|pH |1]
s12+s23

x4 =
(s12+s23)[34]
h12i[23][14]

x5 =
(s12+s23)(m2

H+h1|pH |1])
s23h1|pH |1i x6 = m

2
H

k[x] = k[x1, . . . , xn]

I 2 k[x]

p
I = {f 2 k[x] | fm 2 I,m 2 N}

p
I = I

m = 11� P

P � 3



sketch proof that D-dimensional 
propagator ideals are radical

In this paper we focus on two-loop D-dimensional integrand reduction. Specifically

we will be using the four-dimensional helicity scheme (FDH) which consists of leaving the

external particles and all polarizations in four dimensions, but shifting the loop-momenta

to (D = 4� 2✏) dimensions [63].

We will handle theD-dimensional loop-momenta by splitting them into four-dimensional

and higher dimensional components:
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11

, µ
12

, and µ
22

.

For a diagram with a (k
1

+ k
2

) internal leg and P propagators, cut equations can

be rewritten as the three quadratic equations k2
1

= k2
2

= (k
1

+ k
2

)2 = 0 and P � 3

linear equations. These linear equations determine (P � 3) reducible scalar products

(RSPs), which always have the form k
i

· p
j

. So m = 8 � (P � 3) = 11 � P . After

eliminating these RSPs, we get the ideal of cut equations:

I = hµ
11

� f
1

(x
1

, . . . x
m

), µ
12

� f
2

(x
1

, . . . x
m

), µ
22

� f
3

(x
1

, . . . x
m

)i. (2.13)

We then have the following map,

� : C[x
1

, . . . x
n

, µ
11

, µ
12

, µ
22

]/I ! C[x
1

, . . . x
n

], (2.14)

with µ
11

7! f
1

(x
1

, . . . x
m

), µ
12

! f
2

(x
1

, . . . x
m

) and µ
22

! f
3

(x
1

, . . . x
m

). It is

clear that � is an isomorphism, and since C[x
1

, . . . x
n

] is a domain, I is a prime

ideal. A prime ideal must be radical, which proves the proposition. Similarly, for a

butterfly diagram without any (k
1

+ k
2

) internal leg, I = hµ
11

� f
1

(x
1

, . . . x
m

), µ
22

�
f
3

(x
1

, . . . x
m

)i, m = 10� P and the proof is similar.

• Since I is prime, the primary decomposition is trivial and there is only one branch

of the unitarity cut.

• The unitary cut solution always has 11� P degrees of freedom. For a diagram with

a (k
1

+ k
2

) internal leg and P propagators, m = 11� P , so by the isomorphism �,

dimZ(I) = dimC[x
1

, . . . x
m

, µ
11

, µ
12

, µ
22

]/I = dimC[x
1

, . . . x
m

] = 11� P, (2.15)

where Z(I) is the zero locus of I [62]. Similarly, for a butterfly diagram with P

propagators, m = 10� P , so

dimZ(I) = dimC[x
1

, . . . x
m

, µ
12

] = m+ 1 = 11� P. (2.16)
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= (µ̃
ȧ
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Multi-loop integrand 
parametrization

BasisDet Mathematica package
http://www.nbi.dk/~zhang/BasisDet.html

[Zhang arXiv:1205.5707]automated computation 
of integrand basis for 

each topology

determination of all on-shell branches 
using primary decomposition

Macaulay2: http://www.math.uiuc.edu/Macaulay2/

complex multi-loop structures investigated in [Huang, Zhang arXiv:1302.1023]

http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html
http://www.math.uiuc.edu/Macaulay2/
http://www.math.uiuc.edu/Macaulay2/


4D Examples

planar and non-planar 
hepta-cuts at two loops

planar triple box at 
three loops

4.2 The Double Box

1

23

4

l2

l3l4

l5

l6 l1

l7

Figure 2. Conventions for the momentum flow in the planar double box.

We define the double box contribution to Aplanar,(2)
4 by the following propagators:

ldbox1 = k ldbox2 = k − p1 ldbox3 = k − p1,2 ldbox4 = −q + p3,4

ldbox5 = −q + p4 ldbox6 = −q ldbox7 = −q − k (4.14)

Just as in the one-loop box topology, the three external momenta {p1, p2, p4} are supple-

mented by the spurious vector, ω, given in eq. (2.3). The loop momentum is then contained

in the space spanned by v = {p1, p2, p4,ω}. Taking into account scalar products that can

be trivially rewritten in terms of the propagators (ldboxk )2 using relations of the form of

eq.(2.8), we can parameterise the integrand, ∆dbox
7;12∗34∗(k, q), with four irreducible scalar

products (ISPs) combined into terms of the form,

(k · p4)m(q · p1)n(k · ω)α(q · ω)β . (4.15)

The first constraints on the indices m,n,α and β come from renormalization conditions

implying m+ n+ α+ β ≤ 6. Since each of the integrals involves four propagators for this

topology we may also deduce m+ α ≤ 4 and n+ β ≤ 4.

The Gram matrix relations (4.4), (4.5) and (4.6) put constraints on the ISP’s. For the

basis {e1, e2, e3, e4} = {p1, p2, p4,ω}, at the hepta-cut (4.4) reads,

(k · ω)2 = (k · p4 − s14/2)
2 (4.16)

This relation requires that α = 0, 1. Similar, (4.5) reads,

(q · ω)2 = (q · p1 − s14/2)
2 (4.17)

So β = 0, 1. (4.6) requires that αβ = 0, since it reads,

(k · ω)(q · ω) = −s214
4

+
s14(k · p4)

2
+

s14(q · p1)
2

+

(
1 +

2s14
s12

)
(k · p4)(q · p1) (4.18)

The number of the ISP monomials is reduced to 56.

– 14 –

M ~ 38 x 32SB,Frellesvig,Zhang
[1202.2019], [1207.2976]

also with maximal unitarity : Kosower, Larsen [1108.1180],  Caron-Huot, 
Larsen [1205.0801], Kosower Larsen, Johansson [1208.1754, 1308.4632], 

Søgaard [1306.1496] Zhang, Søgaard [1310.6006, 1406.5044]

4.2.2 Integration by parts identities

Having obtained a method to fix the 32 coefficients of ∆7;12∗34∗(k, q), it is now in a form

that can be further reduced to master integrals using integration by parts identities. There

are by now a number of packages available to perform the task of reducing the master

integrand, ∆7;12∗34∗(k, q), onto a basis of two master integrals. For this purpose we made

use of the FIREMathematica package [57]. In the case of the planar double box this enables

to compare our results directly with those of Kosower and Larsen [50].

A[dbox]
4 (1, 2; 3, 4; ) =

∫ ∫
ddk

(2π)d
ddq

(2π)d
C1 + C2(k · p4)
l21l

2
2l

2
3l

2
4l

2
5l

2
6l

2
7

+ · · · (4.29)

where we suppress all further master integrals. In terms of our non spurious cnm0 coeffi-

cients they are,

C1 = c000 +
s12s14

8
c110 −

s212s14
16

(c120 + c210) +
s312s14
32

(c130 + c310)

− s412s14
64

(c140 + c410) , (4.30)

C2 = c100 + c010 −
3s12
4

c110 +
s14
2

(c020 + c200) +
3s212
8

(c120 + c210)

+
s214
4

(c030 + c300)−
3s312
16

(c130 + c310) +
s314
8

(c040 + c400)

+
3s412
32

(c140 + c410) (4.31)

Closed form expressions for the master integrals can be found in refs. [61, 62].

4.3 The Crossed Box

12

3

4

l2l7

l3

l4

l5

l6 l1

Figure 3. Conventions for the momentum flow in the non-planar crossed box.

We represent crossed box topology shown in fig. 3 using the propagators as follows,

lxbox1 = k + p1 lxbox2 = k lxbox3 = q + p3 lxbox4 = q

lxbox5 = q − p4 lxbox6 = q − k + p2,3 lxbox7 = q − k + p3 (4.32)
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2 MIs

M ~ 48 x 38

2 MIs

3 MIs

M ~ 622 x 398

(MI) for the maximal cut of the three loop planar triple box with four massless external

legs. As a first application of the technique we compute the ten-propagator MI coefficients

for gluon scattering in Yang-Mills theory with adjoint fermions and scalars. The result

applies in both N = 4, 2, 1 and 0 super-symmetric theories.

2 Reduction of the Massless Triple Box

In this paper we will study the three-loop planar triple box topology, shown in figure 1,

defined by:

I10[ÑD(ε, ki, pj)] =

∫

dDk1

(2π)D

∫

dDk2

(2π)D

∫

dDk3

(2π)D
ÑD(ε, ki, pj)
∏10

i=1 l2i
, (2.1)

where the ten propagators {li} are given by:

l1 = k1, l2 = k1 − p1, l3 = k1 − p1 − p2, l4 = k3 + p1 + p2,

l5 = k2 + p1 + p2, l6 = k2 − p4, l7 = k2, l8 = k3,

l9 = k1 + k3, l10 = k2 − k3. (2.2)

The external momenta, {pi}, and internal momenta, {li}, are considered massless.

Though the integral needs to be dimensionally regulated in D = 4− 2ε dimensions we will

only consider generalized unitarity cuts in four dimensions and therefore reconstruct only

the leading term of the numerator function, ÑD(ε, ki, pj) = Ñ(ki, pj) + O(ε).

We also consider the external momenta to be outgoing with the Mandelstam variables

defined by:

s = (p1 + p2)
2, t = (p1 + p4)

2, u = −s − t. (2.3)

p1

p2
p3

p4

l1

l2

l3l4l5

l6

l7 l8

l9l10

Figure 1. The momentum flow and propagator definitions for the three-loop planar triple box.

– 2 –



D-dimensional reduction
Is the integrand system well 

defined? will there linear system 
always have a solution?

complications 4-d
an ISP monomial vanishes on all on-shell solutions

different on-shell solutions have different dimensions

i.e. ideal is not radical

i.e. integrand systems with different
numbers of propagators may need to 

be solved simultaneously

in D-d
all propagator ideals are radical

all integrands have exactly 
one on-shell branch



More examples
Both the order of the polynomial division and choice of 
spanning basis affect the simplicity of the representation 

Vanishing integrals: e.g. one-loop triangles

Dimension shifted integrals e.g. one-loop pentagon
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Two-loop example

38 non-spurious terms

32 spurious terms
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ISP = {x13, x21, x14, x24, µ11, µ12, µ22}
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ISP = {x13, x21, x14, x24, µ11, µ12, µ22}

symmetry leaves 22 independent integrals

only 17 remain as 
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“all-plus” amplitudes in QCD

[Bern, Dixon, Dunbar, Kosower (1996)]

[Bern, Dixon, Kosower (2000)]

one-loop amplitudes only contain boxes. e.g.

two-loop four-point also has simple form
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Numerator construction

FDH scheme at two-loops

Tree-amplitudes using 
six-dimensional helicity method

whichever way we choose we need a good way 
to deal with complicated kinematics

[Cheung, O’Connell (2009)]

[Bern, De Freitas, Dixon, Wong (2002)]

[Bern, Carrasco, Dennen, Huang, Ita (2011)]
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need to capture µ11, µ22, µ12
[Davies (2012)]

Feynman rules + Feynman 
gauge and ghosts (scalars)



Momentum twistors at higher 
multiplicity 

We can find an 
(invertible) 

representation for 
arbitrary number of 
massless particles

Simon Badger, October 14, 2014
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