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Aim: Construct integrable lattice regularization of the Sinh-
Gordon model:

T o (H9 H‘) Q)‘)

e Hilbert space 'H

e Hamiltonian H,

e set O =

(A)
(B)

(C)
(D)

{To, T1,...} of conserved charges such that

=T ¥vTe,

[T, Tl=0 VT, T €@,

[T, Hj=0 V7Te¢eg,

if [T,0] =0 for all T € Q, then O = O(Q).

Definition of H:

Discretize Sinh-Gordon variables as

Quantize:

I, -z A, &,— ®(xr), x=nA.

1
[Hna (I)n] - —.6n,m-
1

= Hilbert space H = (L?(R))®N.
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QISM, Step 1: Construction of Q.  Let

_ (A(u) B(u)) _ g - e
M@ = (o) Biy) = En(w)- . La(w) - La(w),

rw=( [0 28,

L., (u) = e+§(nn+2s) (1 5 e—B(¢n+s)) e+§(nn+23)

L,,(u) = sinh(wbu + g@n)
L a0 B
ulu) = smh(frbu — §<I>n)
L) = o § 029 (1 + e+5(¢’n‘3)) TE e
M satisfies commutation relations of the form
Ry, (u) My3(u + v) M.;(v) = My3(v) Mys(u + v) Ry, (u)
Consider the one—parameter family of operators:

T(u) = tr (M(u)) = A(u) + D(u).

= The operators T,, which appear in the expansion

N
T(u) e e‘n'bNu Z(_e—waU)m ) 29
m=0

are positive self-adjoint and commuting, T4 ] =20
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QISM, Step 2: Construction of H

Definition 1. Let

0

H = % U™ | 5-tra (Ran(w) - - - Raa(u) - Ral(“))]

u=0

Rlz(u) = P wb(sn- i U)
wb(slz T U)

where
2

\Zifoe-s\.n —lrbsm_

e s;,"is the Casimir of Uy(sl(2,R)) in Ps ® Ps,
x|

8=

o wy(x) is the quantum dilogarithm,

e U 1s the cyclic shift operator,

-x) how—-Cowmpoc U

e P is the permutation operator.

Theorem 1. [BT]

(a) The Hamiltonian s local:

W= 5" nes

n=1

(b) H commutes with the conserved charges Tg:
[H, Tx] =0, for k=0,...,N.
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Classical continuum limit

Classical limit:

cl
Hn n+1 —

Mx:

= Lcosh & (I, + Mpp1) + 245 cosh § (@ — ®np1)
+ 4 cosh B(@n — 1(Tln + Mn11))
+ 4 cosh B(®ns1 — (I, + Moys))
+ p cosh 2(®,, + ®py1)

2
+ ’choshB(‘bn + Pnet — %(Hn + Int1)) ,

Continuum limit:

& 3
N — o0
R = NA/2x
¢ A—0 } with fixed.
m:ie—wbs
A
\S_>oo /

II, - lI{x) A, &, — ®(x), z=nA.

G cl
A n+1

2TR
— [ dx (%H2 + %(83;(19)2 + %22— cosh 3®) + const
0
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Good news:

We have succeeded in constructing a integrable lattice
regularization of the Sinh-Gordon model.

Count of DOF =

Expect that spectral problem for H is equivalent to:

Auxiliary Spectral Problem: Find spectrum of T(u)
& joint spectral decomposition for Q@ = {Tg, ..., Tn}.

Bad news:

Algebraic Bethe ansatz fails!

— Typeset by FoilTEX — 5
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Q—-operator and Baxter equation

Theorem 2. There exists a family of operators Q(u) with
the properties

[ (a) Q(u) is normal, Q(u)Q*(v) = Q*(v)Q(u),
(b) Q(u) Q(v) = Q(v) Q(u),
(¢) Qu) T(u) =T(u)Q(u),
| (d) Qu)T(u) = (a(u))"Q(u — ib) + (d(u))" Q(u + ib),

X D—s(mr B wr—l) ’

Existence of Q—operator - g&rmebm o3’ Voroldeg

= Refinement of Auxiliary Spectral Problem:

T(’LL) \I*'t == t(U) ‘I’t y
Qu) Uy = g¢(u) Ve
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Theorem 3.

(ii) q¢(u) is meromorphic with poles in YT_oU Yj,

( e+7rz'N(s+%Q)u
(iii) ge(u)~ |
e—ﬂ"iN(s-}—%Q)u

L. \

Characteristics (i)-(iii) < Bethe ansatz:

for |u| — oo, |arg(u)| >

(i) t(w)g(u) = (a(u))" gi(u — ib) + (d(u))" g:(u + ib),

where T, = {3+i(£22 +nb+mb1), n,m e Z2°},

for |u| — oo, |arg(u)| < %

s

ok

Qi(u) := (Ts(2 —i(u + 8))To(L —i(u — ))) " gs(u),

(a) Q¢(u) is entire analytic of order 2 in C,

(b) t(u) Qi(u) = (A(w) " Qi(u — ib) + (D(u)) Q¢(u + ib),

(a) = Q¢(u) is uniquely characterized by its zeros:

()

(b) = equations of Bethe ansatz type for the zeros:

(A uk)) i WL — Ug — 1b
T )N H

keN.
(D(ug)) LUl — Uk ib’ N .
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Main result:

Conditions which characterize the spectrum of the continuum
sinh—Gordon model:

(i) g¢(u) is entire analytic,
(i) q¢(u) decays rapidly for |Re(u)| — oo, u € S,
(iii) g¢(u) satisfies a difference equation of the form
t(u) ge(u) = qi(u — ib) + q¢(u + ib),
where t(u) is periodic under u — u + b~ !,
(iv) q¢(u) satisfies the following relation

qgt(u+904)qe(u—94) —qe(u+0_)g(u—0-)=1. |

C/O\;(.iv\uuw\ LC\M;—E :
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Conjecture:

Function go(u) which characterizes the ground state satisfies
conds. (i)-(iv) above and

(v) go(u) is nonvanishing within S

Reformulation:

Conditions (i)-(v) < qo(u) is given as

mRcosh Gu -I-/ dv log(l+ Y (v))

W)= — 2Q cosh G(u —v)’

2 sinZb
Q R

which expresses go(u) in terms of the solution Y (u) to the
nonlinear integral equation

log Y (u) = —mRcosh FGu + /j—; S(u —v)log(1l+ Y (v)),

R

where the kernel S(u — v) is explicitly given as follows:

2 sin &b cosh Fu
sinh &(u + ib) sinh &(u — ib) :

S{u) =

Matches results from TBA for the Sinh-Gordon model!
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What has been found:

e First decent integrable lattice regularization of the
Sinh-Gordon model.

e Algebraic Bethe ansatz fails. _X)

e Separation of variables works — logical structure clarified

C Q “or\.n;toi"' - Bou.x—[\_\* e,a w, )
e Quantization conditions® found.
)" Baxter + Analyticity + Asymptotics

e Continuum limit: Easy.

What remains to be done:

A lot.

_3 \r\.—tq,sl‘clo(& W0 o\ng iy Wa
« wnwowCo G-ZE “Cc-. _g.,(
& 0
. e.x‘\eum—\- cal. iwlagt aclows C,i P/QS

Vnew QLQ&S ’ QX.%\QQT\I “;\S‘b\w _g;we."G‘,_M
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