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Bethe Ansatz

As explained in previous talks, the Bethe Ansatz gives
@ the eigenstates of the dilation operator
@ the eigenvalues (ie the dimensions of operator)
as soon as we solve the Bethe Equation

YK, etk — 1_[ Sik
j#k
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Bethe Ansatz

The Asymptotic Bethe Ansatz gives
@ the eigenstates of the dilation operator
@ the eigenvalues (ie the dimensions of operator)
as soon as we solve the Asymptotic Bethe Equation

YKk, etk — 1_[ Sik
j#k

AdS/CFT case

For AdSs/CFT,, this ansatz only describes the “long” operators.
This talk will focus on the dimensions of short operator.
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@ These formulations are equivalent up to analyticity
conditions clarified in [Cavaglia Fioravanti Tateo 09]

Branch points originally come from x = % +iL1- %
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@ equivalent up to the gauge freedom
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@ Character interpretation A = f(u + ki/2)
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@ equivalent up to the gauge freedom
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@ Finite Wronskian parameterization 20903
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@ Gives a Finite set of Non Linear Integral Equations
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@ Additional analyticity properties

@ Structure of the FiNLIE
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[+$] Q[ s]

Ta s = Ta,s Q[+S]Q[ 5] Q[+S]Q[_5]
1

S

where
A gl = ol gl - ghrelghel 1 gllghe — glralgha

Parameterizes the Y-system into a finite set of functions.
A Finite set of Non-Linear Integral Equations can be derived.
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@ Actually, Q € PSU(2,2|4) = more constraints :

9o sdet=1
@ invariance under a Z, transformation

~» extra symmetries of the characters.
@ Symmetries generalize to T-functions (outside classical limit) :

@ Z4 Symmetry :
Tl,s = - (f-l,—s T1,s = - Tl,—s
Ta,s :(_1)57\-—&5
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@ Actually, Q € PSU(2,2|4) = more constraints :

9o sdet=1
@ invariance under a Z, transformation

~» extra symmetries of the characters.
@ Symmetries generalize to T-functions (outside classical limit) :

@ Z4 Symmetry :

T1s=- (f-l,—s Ty =- Tl,_s Q1, Q21| e—
Tas =(-1)°T_as
e o
@ sdet= 1 gives Too: B2 &
£ =T; ==
Too=Too
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real axis)

they define 3 Q-functions

~» other functions obtained by QQ-relations

Y-loop

Wrapping loop

2 _ _4
FiNLIE @ Y1,19 Y2’2 g = (4”)2

UK

@ + Exact Bethe Equation for the zeroes of T-functions
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Structure of the FINLIE

e @ Y-stem parameterized by three functions

spectrum. o two real densities p and p, with finite support [-2g, 2g].

S. Leurent @ one gauge function U (reduces to a real function on the
real axis)

they define 3 Q-functions

~» other functions obtained by QQ-relations

Y-loop

D o = Gy

Run for each order in g2

Wrapping loop

UK

Run once for four orders in g2
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N 919123 [2k+1]
Q13 = thz (—,)
905,

k=0
@ Leading order : U = —25—2, Gi2 =~ Q = (u—u)(u+ w).

= =03 (o)

@ Bethe equatlons make the poles from Q+ o cancel
~w (ug = 189 (—iu+ Q y(~iu+ 3))

where (up to a regularization) ¥(x) = Y., X:r_lk

[2k+1]
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@ These functions become Multiple-Zeta-Functions,

. 1 1 .
e Zkl,kz,..-GN ((u+ik1)”1 (utiky+iky)"2 ) at weak coupling

x
x
* where branch points
i originally come from

_u [
x—2g+ 157 1

@ Integrals are computed by closing the contour at infinity
The sum of residues gives some £(n)

X X X

ow ¢ functions
pear



Result

Energy of the Konishi state at 6-loops

e @ Asymptotic Bethe ansatz gives

spectrum.
BN Capa =2+ 129° - 489" + 336 ¢°
— (2820 + 288 £3)g® + (26508 + 4320 /3 + 2880 5) g*°

— (269148 + 55296 {3 + 44064 {5 + 30240 ¢(7) g*2.

@ From FINLIE, we analytically derive the correction
E — Eppa =(324 4 864 73 — 1440 5)g°
+ (—11340 + 2592 ¢3 — 11520 {5 — 5184 {2
+ 30240 {7)glo[8ajnok Egedis Janik tukowski 09]
[Eden Heslop Korchemsky Smirnov Sokatchev 12]
+ (261468 — 20736043 — 207364“32 + 1563845
+ 1555207375 + 10584047 — 489888.9)g™? .
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&, (e There is a mismatch with the (upcoming) result of [Bajnok Janik
12], which gives

(261468 — 2151363 — 4147275 + 15638445
+ 1900807345 + 1058407 — 48988849 )g*?

@ From FINLIE, we analytically derive the correction
E — Eppa =(324 4 864 73 — 1440 5)g°
+ (—11340 + 2592 {3 — 11520 {5 — 5184 §§
+ 30240 {7)glo[8ajnok Egedis Janik tukowski 09]
[Eden Heslop Korchemsky Smirnov Sokatchev 12]
+ (261468 — 20736043 — 20736432 + 1563845
+ 1555207345 + 10584047 — 489888(9)g™ .
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Conclusion

e @ FiNLIE rewrites the Y-system
spectrum. @ with new symmetries identified

S. Leurent @ as a Finite set of NLIEs

@ It can be used to explicitly solve the Y-system orders by
orders in perturbation theor

Thank you !
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properties
@ Exact Bethe equation « absence of poles

@ Raising open questions
@ Spin chain interpretation of FiINLIE at weak coupling ?
@ Strong coupling expension
@ FIiNLIE from first principles
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