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gravitationintroduction

• physics of classical gravity

Einstein’s theory GN = 6.7× 10−11 m3

kg s2

• physics of quantum gravity

Planck length !Pl =
(!GN

c3

)1/2 ≈ 10−33 cm

Planck mass MPl ≈ 1019GeV

Planck time tPl ≈ 10−44 s

Planck temperature TPl ≈ 1032 K

expect quantum modifications at energy scales E ≈MPl

• hierarchy problem

coupling of Higgs particle to gravity

one-loop level:

either no symmetry breaking

or Higgs particle mass of order MPl

or non-trivial cancelations at loop level (fine-tuning)

• low-scale quantum gravity

particle physics models

fundamental Planck scale = O(1TeV)#MPl

Renormalisation group and gravitation – p.2/9

introduction

• physics of classical gravity

Einstein’s theory GN = 6.7× 10−11 m3

kg s2

classical action

SEH =
1

16πGN

∫ √
det g(−R(gµν) + 2Λ)

valid on length scales ∼ 10−2 − 1028 cm

• physics of quantum gravity

• hierarchy problem

coupling of Higgs particle to gravity

one-loop level:

either no symmetry breaking

or Higgs particle mass of order MPl

or non-trivial cancelations at loop level (fine-tuning)

• low-scale quantum gravity

particle physics models

fundamental Planck scale = O(1TeV)$MPl
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long distances 
       gravity not tested beyond

short distances 
       gravity not tested below

`newʼ physics
       dark matter, dark energy
       extra dimensions
       ...

1028cm

10−2cm
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MPl
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perturbation theory

• structure of UV divergences

gravity: [gµν ] = 0 , [Ricci] = 2 , [GN ] = 2− d

effective expansion parameter: geff ≡ GN E2 ∼ E2

M2
Pl

N-loop Feynman diagram ∼
∫

dp pA−[G]N

[G] > 0 : superrenormalisable

[G] = 0 : renormalisable

[G] < 0 : dangerous interactions

• perturbative non-renormalisability

gravity with matter interactions

pure gravity (Goroff-Sagnotti term)
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geff ≡ GN µ2 ≈ µ2

M2
Pl

perturbation theory

• structure of UV divergences
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[GN ] = 2− d
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 quantum field theory
renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory
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renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory

running coupling

(taken from PDG)

trivial UV fixed point

αs ≡ g2
s
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asymptotic freedom of the strong force

SYM =
1

4g2
s

∫
F 2

αs =
g2

s

4π
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renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theory

coupling X = g2
s/(4π)

βX ≡ dX
d lnµ

trivial UV fixed point

X∗ = 0

βX = −aX2

X0.0 0.2 0.4 0.6 0.8 1.0

!1.0

!0.5

0.0

0.5

1.0

Renormalisation group and gravitation – p.5/9

asymptotic freedom of the strong force
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quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• gravitation

coupling X = GN µ2

βX ≡ dX
d lnµ

trivial IR fixed point

no Landau pole

βX = +2X

X0.0 0.2 0.4 0.6 0.8 1.0

!1.0

!0.5

0.0

0.5

1.0

1.5

2.0
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classical general relativity
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renormalisation group

• running couplings

quantum fluctuations modify interactions

couplings depend on eg. energy or distance

• gravitation

replace

GN → G(µ)

geff = GN µ2 → g(µ) ≡ G(µ) µ2

Renormalisation group and gravitation – p.8/9
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βX = (2 + ηN )X

Weinberg (’79)
Reuter (’96)
DL (’06), Niedermaier (’06)
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βX = (2 + ηN )X

asymptotic safety (S Weinberg ’79)
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asymptotic safety

• RG scaling of gravitational coupling

dimensionless coupling g(µ) = ZN (µ)−1 · GN · µD−2

anomalous dimension ηN = −d lnZN
d lnµ

RG running
dg

d lnµ = (D − 2 + ηN ) g

• fixed points

Gaussian: g = 0 classical general relativity

non-Gaussian: ηN = 2−D strong quantum effects

UV fixed point implies weakly coupled gravity at high energies

µ→∞ : G(µ)→ g∗µ
2−D $ GN

• tools

discretisation: lattice technology

continuum: renormalisation group

Asymptotically safe gravity – p.6/19

βX = (2 + ηN )X

(S Weinberg ’79)asymptotic safety
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renormalisation grouprenormalisation group

• integrating-out momentum degrees of freedom: “top-down”

S

Γk

ΓIR

UVp
action

quantum

integ
ra

ting
−out

classical

effective action

• for quantum gravity (Reuter ’96)

k
d

dk
Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =
1

16πGk

∫
√

g (−R + 2Λk + · · · ) + Smatter,k + Sgf,k + Sghosts,k

Asymptotically safe gravity – p.7/19

`coarse-grainingʼ of quantum fields

(Wilson ’71)
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renormalisation group

`all-in-oneʼ
`exactʼ
finite
systematic
Callan-Symanzik type

renormalisation group

• functional RG (Wetterich ’93)

k
dΓk

dk
=

1

2
Tr

[(
δ2Γk[φ]

δφ δφ
+ Rk

)−1

k
dRk

dk

]

ren.

1
2

momentum cutoff Rk

k d
dkRk

[k2]

Rk(q
2)

q2/k2
0 0.2 0.4 0.6 0.8 10

0.5

1

1.5

2

2.5

3

• for quantum gravity (Reuter ’96)

k
d

dk
Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =
1

16πGk

∫
√

g (−R + 2Λk + · · · ) + Smatter,k + Sgf,k + Sghosts,k

Asymptotically safe gravity – p.7/19

`optimisedʼ choices of Rk

stability, analyticity, convergence

renormalisation group

• for quantum gravity (Reuter ’96)

k
d

dk
Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =
1

16πGk

∫
√

g (−R + 2Λk + · · · ) + Smatter,k + Sgf,k + Sghosts,k

• running couplings
projection of k∂kΓk onto

√
g,
√

gR,
√

gR2, · · ·
heat kernel techniques, background field method

choice of Rk, stability (DL ’01,’02)

• optimisation (DL ’00, ’01, ’02, Pawlowski ’05)

stability↔ convergence↔ control of approximations

reduce spurious scheme dependences

improve physics predictions

constructive procedures, analytical flows

Quantum gravity, black holes, and the renormalisation group – p.11/25

renormalisation group

• functional RG (Wetterich ’93)
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• for quantum gravity (Reuter ’96)

k
d

dk
Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =
1

16πGk

∫
√

g (−R + 2Λk + · · · ) + Smatter,k + Sgf,k + Sghosts,k

Asymptotically safe gravity – p.6/14
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k
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Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =
1

16πGk

∫
√

g (−R + 2Λk + · · · ) + Smatter,k + Sgf,k + Sghosts,k

Asymptotically safe gravity – p.7/19

QCD 
      signatures of confinement

renormalisation group

• integrating-out momentum degrees of freedom: “top-down”

S

Γk

ΓIR

UVp
action

quantum

integ
ra

ting
−out

classical

effective action

• QCD: signatures of confinement (Pawlowski, DL, Nedelko, Smekal ’03)

Quantum gravity, black holes, and the renormalisation group – p.7/25

Ising-type universality
phase transitions, high precision exponents 
quality control, systematic uncertainties

(DL ’02, Bervillier, Juettner, DL ’07)

(DL, Zappala ’10)

exact functional flows

• effective equation (Wetterich ’93)

∂tΓk =
1

2
Tr

[(
δ2Γk[φ]

δφ δφ
+ Rk

)−1

∂tRk

]
1
2

• Ising universality
quality control: systematic uncertainties (DL, Zappalà, 2010)

η ν ω

resummed PT 0.0335(25) 0.6304(13) 0.799(11)

ε-expansion 0.0360(50) 0.6290(25) 0.814(18)

world average 0.0364(5) 0.6301(4) 0.84(4)

Monte Carlo 0.03627(10) 0.63002(10) 0.832(6)

functional RGs 0.034(5) 0.630(5) 0.82(4)

Renormalisation group and gravitation – p.7/7
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renormalisation group

`coarse-grainingʼ of quantum fields

renormalisation group

• for quantum gravity: “bottom-up”

Γ∗

Γk

Γ ≈ ΓEH

IR

UVp
action

integ
ra

ting
−out

fixed point

general relativity
classical

• for quantum gravity (Reuter ’96)

k
d

dk
Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =
1

16πGk

∫
√

g (−R + 2Λk + · · · ) + Smatter,k + Sgf,k + Sghosts,k

Asymptotically safe gravity – p.7/19

(Reuter ’96)
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quantum gravity

renormalisation group

• for quantum gravity (Reuter ’96)

k
d

dk
Γk[gµν ; ḡµν ] =

1

2
Tr

[(
Γ

(2)
k [gµν ; ḡµν ] + Rk

)−1
k
dRk

dk

]

• effective action

Γk =

∫ √
g

(
−R + 2Λk

16πGk
+ · · ·

)
+ Smatter,k + Sgf,k + Sghosts,k

• running couplings
projection of k∂kΓk onto

√
g,
√

gRn,
√

g(Ricci)2 ,
√

g(Weyl)2 ,
√

g(Riem)2, · · ·

heat kernel techniques, background field method

choice of Rk, stability, analyticity (DL ’01,’02)

• optimisation (DL ’00, ’01, ’02, Pawlowski ’05)

stability↔ convergence↔ control of approximations

reduce spurious scheme dependences

improve physics predictions

constructive procedures, analytical flows

Renormalisation group and gravitation – p.2/10
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quantum gravity

renormalisation group

• for quantum gravity (Reuter ’96)
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FIG. 1: Crossover of the gravitational coupling G(µ)/GN from classical (dashed line) to fixed point scaling (full
lines) in the Einstein Hilbert theory with n = 3 extra dimensions: classical behavior (black), linear crossover (19)

(blue), quadratic crossover (20) (magenta) and the quenched approximation (18) (red) with ΛT = Λ(0)
T = Λ(1)

T =

Λ(2)
T (see text).

dimension cross-over from their classical to fixed point values on a logarithmic energy scale. Note that
both indices grow with dimension. In particular, the larger θ, the faster the cross-over regime in units
of the RG ‘time’ lnµ. Furthermore, θnG is larger than θG and the ratio θnG/θG = 2d/(d + 2) ranges
between [4/3, 1/2] for d between [4,∞]. It follows that the cross-over region between IR and UV scaling
narrows with increasing dimension [3, 10].

C. Running Newton’s coupling

For the applications below it is useful to have explicit expressions for the functions g(µ), G(µ), Z(µ),
and η(µ) at hand. We introduce three different approximations capturing the essential features. Since
the transition from perturbative to fixed point scaling becomes very narrow with increasing dimension,
the scale dependence is well-approximated by an instantaneous jump in the anomalous dimension at the
energy scale µ = Λ(0)

T . This is the quenched approximation, solely characterized by a transition scale of
the order of the fundamental Planck scale M∗, where

Z−1(µ) =

{
1 for µ < Λ(0)

T

(Λ(0)
T )d−2/µd−2 for µ ≥ Λ(0)

T

η(µ) =

{
0 for µ < Λ(0)

T

2− d for µ ≥ Λ(0)
T

. (18)

In the quenched approximation, continuity in G(µ) follows if the fixed point value g∗ is related to
Newton’s coupling at low energies and the transition scale via g∗ = GN (Λ(0)

T )d−2. We will identify the
cross-over scale ΛT with the parameter Λ(0)

T in (18).

In order to achieve explicit continuous expressions for η(µ) we resolve (16) for g(µ) to find Z(µ)
and η(µ) by using mild additional approximations for the ratio θG/θnG, see (17). For the additional
approximation θG/θnG = 1, we find an explicit expression for the running coupling (10) from (16) with

Z(µ) = 1 + GNµd−2/g∗ , η(µ) = (2− d)
(

1− 1
Z(µ)

)
. (19)

We have taken the limit g0 $ g∗ and µ0 $ ΛT while keeping the gravitational coupling GN = g0/µd−2
0

fixed to its d-dimensional value. We have also used g∗ = GN (Λ(1)
T )d−2. Here, the anomalous dimension

is linear in the dimensionless coupling g and reads η = (2−d)g/g∗. Provided that (2−d)/g∗ is identified

flow trajectories
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(DL ’03) (Gerwick,DL, Plehn ’11)
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Gk = g/k2

Λk = λ k2

further directions

• higher derivative gravity

• higher dimensions

Einstein-Hilbert, extensions (DL ’03, Fischer, DL ’05)

λ∗ =
D2 −D − 4−

√
2D(D2 −D − 4)

2(D − 4)(D + 1)

g∗ = Γ(D
2 + 2)(4π)D/2−1 (

√
D2 −D − 4−

√
2D)2

2(D − 4)2(D + 1)2

RG connected with perturbative infrared regime

weak cutoff and gauge-fixing dependence

• matter fields

• Yang-Mills gravity

• dynamical ghosts

• conformally reduced gravity

• phenomenology

• consistency with lattice simulations
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quantum gravity and Yang-Mills
effective action

does asymptotic freedom persist?

(Folkerts, DL, Pawlowski ’11)

1-loop and effective theory:
asymptotic freedom persists

Γk =
∫
√

g

(
ZN,k

−R + 2Λ̄k

16πGN
+

ZA,k

4g2
s

F a
µ! Fµ!

a

)

Robinson, Wilzcek (’05)
Pietrykowski (’06)

Toms (’07, ’10)
Ebert, Plefka,Rodigast (’07)
Daum, Harst, Reuter (’09)

Folkerts, DL, Pawlowski (’11)

βYM|grav = −3 I

2π
g2

s GN E2 < 0
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kinematical identity

beyond 1-loop + CC

βYM|grav ≤ 0
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quantum gravity and Yang-Mills
effective action

YM contribution to gravity

(Folkerts, DL, Pawlowski ’11)

Γk =
∫
√

g

(
ZN,k

−R + 2Λ̄k

16πGN
+

ZA,k

4g2
s

F a
µ! Fµ!

a
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UV fixed point ...

... in the fully coupled system:
asymptotic freedom and 
asymptotic safety persist
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further directions
higher derivative gravity

conformal symmetry

Codello, Percacci (’05) Niedermaier (’09)

βYM|grav ≤ 0

1-loop 
1-loop and beyond Benedetti, Machado, Saueressig (’09)

DL, Rahmede (’11)

Weyl coupling

asymptotically `freeʼ fixed point
entails

1
σ

∫
d4x
√

g Cµνρτ Cµνρτ

σ∗ = 0
g∗ > 0 λ∗ != 0
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conclusions and outlook
quantum theory and gravitation

particle physics

cosmology

increasing evidence for asymptotically safe gravity
extended approximations
quantitative and structural insights

towards a Standard Model including quantum gravity

late-time acceleration, IR fixed points
very early universe, inflation
asymptotically safe cosmology 

challenges
lattice        RG        loops          strings        other ↔ ↔ ↔ ↔

low-scale quantum gravity: signatures at colliders
black hole physics

phenomenology
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