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gravitationintr oduction

¥ physics of classical gravity

EinsteinÕs theor y GN = 6.7 ! 10−11 m3

kg s2

¥ physics of quantum gravity

Planc k length ! Pl =
! ! GN

c3

"1/ 2
" 10−33 cm

Planc k mass MPl " 1019GeV

Planc k time tPl " 10−44 s

Planc k temperature TPl " 1032 K

expect quantum modiÞcations at energy scales E " M Pl

¥ hierar chy problem

coupling of Higgs par tic le to gravity

one-loop level:

either no symmetr y breaking

or Higgs par tic le mass of order MPl

or non-trivial cancelations at loop level (Þne-tuning)

¥ low-scale quantum gravity

par tic le physics models

fundamental Planc k scale = O(1TeV) # M Pl
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intr oduction

¥ physics of classical gravity

EinsteinÕs theor y GN = 6.7 ! 10! 11 m3

kg s2

classical action

SEH =
1

16πGN

! "
detg(" R(gµ! ) + 2! )

valid on length scales # 10! 2 " 1028 cm
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long distances 
       gravity not tested beyond

short distances 
       gravity not tested below

`new! physics
       dark matter, dark energy
       extra dimensions
       ...

1028cm

10! 2cm
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M Pl
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per turbation theor y

¥ structure of UV diver gences

gravity: [gµ! ] = 0, [Ricci] = 2, [GN ] = 2 ! d

effective expansion parameter: ge! " GN E2 # E2

M2
Pl

N-loop Feynman diagram #
!

dppA ! [G]N

[G] > 0 : superrenormalisab le

[G] = 0 : renormalisab le

[G] < 0 : dang erous interactions

¥ per turbative non-renormalisability

gravity with matter interactions

pure gravity (Goroff-Sa gnotti term)

Renormalisation group and gravitation – p.3/9

per turbation theor y

¥ structure of UV diver gences

gravity: [gµν ] = 0, [Ricci] = 2, [GN ] = 2 ! d

effective expansion parameter: ge! " GN E2 # E 2

M 2
Pl

N-loop Feynman diagram #
!

dppA ! [G]N

[G] > 0 : superrenormalisab le

[G] = 0 : renormalisab le

[G] < 0 : dang erous interactions

¥ per turbative non-renormalisability

gravity with matter interactions

pure gravity (Goroff-Sa gnotti term)

Renormalisation group and gravitation Ðp.3/9

ge! ! GN µ2 "
µ2

M 2
Pl

per turbation theor y

¥ structure of UV divergences

gravity: [gµ! ] = 0, [Ricci] = 2, [GN ] = 2 ! d

effective expansion parameter: ge! " GN E 2 # E 2

M 2
Pl

N-loop Feynman diagram #
!

dppA ! [G]N

[G] > 0 : superrenormalisable

[G] = 0 : renormalisable

[G] < 0 : dangerous interactions

¥ perturbative non-renormalisability

gravity with matter interactions

pure gravity (Goroff-Sagnotti term)
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[GN ] = 2 ! d
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 quantum Þeld theory
renormalisation group

• running couplings

quantum ßuctuations modify interactions

couplings depend on eg. energy or distance

• asymptotic freedom of YM theor y
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renormalisation group

¥ running couplings

quantum ßuctuations modify interactions

couplings depend on eg. energy or distance

¥ asymptotic freedom of YM theor y

running coupling

(taken from PDG)

trivial UV Þxed point

! s ! g2
s

4!

0

0.1
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s(
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renormalisation group

¥ running couplings

quantum ßuctuations modify interactions

couplings depend on eg. energy or distance

¥ asymptotic freedom of YM theor y

running coupling

(taken from PDG)

trivial UV Þxed point

! s ≡ g2
s

4!

0

0.1

0.2

0.3

1 10 10
2

µ GeV

!
s(

µ)

Renormalisation group and gravitation Ðp.5/9

asymptotic freedom of the strong force

SYM =
1

4g2
s

!
F 2

αs =
g2

s

4π
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renormalisation group

¥ running couplings

quantum ßuctuations modify interactions

couplings depend on eg. energy or distance

¥ asymptotic freedom of YM theor y

coupling X = g2
s/ (4! )

" X ! dX
d ln µ

trivial UV Þxed point

X ! = 0

" X = " aX 2

X0.0 0.2 0.4 0.6 0.8 1.0
! 1.0

! 0.5

0.0

0.5

1.0

Renormalisation group and gravitation Ðp.5/9

asymptotic freedom of the strong force
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renormalisation group

¥ running couplings

quantum ßuctuations modify interactions

couplings depend on eg. energy or distance

¥ gravitation

coupling X = GN µ2

! X ! dX
d ln µ

trivial IR Þxed point

no Landau pole

! X = +2 X

X0.0 0.2 0.4 0.6 0.8 1.0
! 1.0

! 0.5

0.0

0.5

1.0

1.5

2.0
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classical general relativity
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renormalisation group

¥ running couplings

quantum ßuctuations modify interactions

couplings depend on eg. energy or distance

¥ gravitation

replace

GN ! G(µ)

ge! = GN µ2 ! g(µ) " G(µ) µ2

Renormalisation group and gravitation Ðp.8/9
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! X = (2 + " N )X

Weinberg (Õ79)
Reuter (Õ96)
DL (Õ06), Niedermaier (Õ06)
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! X = (2 + " N )X

asymptotic safety (S Weinberg Õ79)
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asymptotic safety

¥ RG scaling of gravitational coupling

dimensionless coupling g(µ) = ZN (µ)! 1 áGN áµD! 2

anomalous dimension ! N = ! d ln ZN
d ln µ

RG running dg
d ln µ = (D ! 2 + ! N ) g

¥ Þxed points

Gaussian: g = 0 classical general relativity

non-Gaussian: ! N = 2 ! D str ong quantum effects

UV Þxed point implies weakl y coupled gravity at high energies

µ " # : G(µ) " g" µ2! D $ GN

¥ tools

discretisation: lattice technology

contin uum: renormalisation group

Asymptotically safe gravity Ðp.6/19

! X = (2 + " N )X

(S Weinberg Õ79)asymptotic safety
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renormalisation grouprenormalisation group

¥ integrating-out momentum degrees of freedom: Òtop-downÓ

S

! k

!IR

UVp
action

quantum

integrating
!

out
classical

effective action

¥ for quantum gravity (Reuter Õ96)

k
d
dk

! k[gµ! ; øgµ! ] =
1
2

Tr
! "

! (2)
k [gµ! ; øgµ! ] + Rk

#! 1
k

dRk

dk

$

¥ effective action

! k =
1

16! Gk

%
!

g(" R + 2" k + ááá) + Smatter ,k + Sgf,k + Sghosts,k

Asymptotically safe gravity Ðp.7/19

`coarse-graining! of quantum Þelds

(Wilson Õ71)

Thursday, 23 June 2011



renormalisation group

`all-in-one!
`exact!
Þnite
systematic
Callan-Symanzik type

renormalisation group

¥ functional RG (Wetterich Õ93)

k
d! k

dk
=

1
2

Tr

! "
δ2! k[φ]
δφ δφ

+ Rk

# ! 1

k
dRk

dk

$

ren.

1
2

momentum cutoff Rk

k d
dk Rk

[k2]

Rk(q2)

q2/k2
0 0.2 0.4 0.6 0.8 10

0.5

1

1.5

2

2.5

3

¥ for quantum gravity (Reuter Õ96)

k
d
dk

! k[gµ! ; øgµ! ] =
1
2

Tr
%&

! (2)
k [gµ! ; øgµ! ] + Rk

' ! 1
k

dRk

dk

(

¥ effective action

! k =
1

16πGk

)
!

g(" R + 2" k + ááá) + Smatter ,k + Sgf,k + Sghosts,k

Asymptotically safe gravity Ðp.7/19

`optimised! choices of Rk

stability, analyticity, convergence

renormalisation group

¥ for quantum gravity (Reuter Õ96)

k
d

dk
! k [gµ! ; ḡµ! ] =

1

2
Tr

! "
! (2)

k [gµ! ; ḡµ! ] + Rk

#! 1
k
dRk

dk

$

¥ effective action

! k =
1

16! Gk

%
!

g (" R + 2" k + ááá) + Smatter ,k + Sgf,k + Sghosts,k

¥ running couplings

projection of k" k! k onto
!

g,
!

gR,
!

gR2, ááá

heat kernel techniques, backgr ound Þeld method
choice of Rk, stability (DL Õ01,Õ02)

¥ optimisation (DL Õ00,Õ01,Õ02,Pawlowski Õ05)

stability # convergence # contr ol of appr oximations

reduce spurious scheme dependences

impr ove physics predictions

constructive procedures, analytical ßows

Quantum gravity, black holes, and the renormalisation group Ðp.11/25

renormalisation group

¥ functional RG (Wetterich Õ93)

k
d! k

dk
=

1
2

Tr

! "
! 2! k[" ]
! " ! "

+ Rk

# ! 1

k
dRk

dk

$

ren.

1
2

momentum cutoff Rk

k d
dkRk

[k2]

Rk(q2)

q2/k 2
0 0.2 0.4 0.6 0.8 10

0.5

1

1.5

2

2.5

3

¥ for quantum gravity (Reuter Õ96)

k
d
dk

! k[gµ! ; øgµ! ] =
1
2

Tr
%&

! (2)
k [gµ! ; øgµ! ] + Rk

' ! 1
k

dRk

dk

(

¥ effective action

! k =
1

16#Gk

)
!

g (" R + 2" k + ááá) + Smatter ,k + Sgf,k + Sghosts,k

Asymptotically safe gravity Ðp.6/14
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¥ for quantum gravity (Reuter Õ96)

k
d
dk

! k[gµ! ; øgµ! ] =
1
2

Tr
%&

! (2)
k [gµ! ; øgµ! ] + Rk

' ! 1
k

dRk

dk

(

¥ effective action

! k =
1

16πGk

)
!

g(" R + 2" k + ááá) + Smatter ,k + Sgf,k + Sghosts,k

Asymptotically safe gravity Ðp.7/19

QCD 
      signatures of conÞnement

renormalisation group

¥ integrating-out momentum degrees of freedom: Òtop-downÓ

S

Γk

ΓIR

UVp
action

quantum

integrating
!

out

classical

effective action

¥ QCD: signatures of conÞnement (Pawlowski, DL, Nedelko, Smekal Õ03)

Quantum gravity, black holes, and the renormalisation group Ðp.7/25

Ising-type universality

phase transitions, high precision exponents 

quality control, systematic uncertainties

(DL Õ02, Bervillier, Juettner, DL Õ07)

(DL, Zappala Õ10)

exact functional ßows

¥ effective equation (Wetterich Õ93)

! t ! k =
1
2

Tr

! "
" 2! k[#]
"# "#

+ Rk

# ! 1

! tRk

$
1
2

¥ Ising univer sality

quality contr ol: systematic uncer tainties (DL, Zappalà, 2010)

! " #

resummed PT 0.0335(25) 0.6304(13) 0.799(11)

$-expansion 0.0360(50) 0.6290(25) 0.814(18)

world average 0.0364(5) 0.6301(4) 0.84(4)

Monte Carlo 0.03627(10) 0.63002(10) 0.832(6)

functional RGs 0.034(5) 0.630(5) 0.82(4)

Renormalisation group and gravitation Ðp.7/7
Thursday, 23 June 2011



renormalisation group

`coarse-graining! of quantum Þelds

renormalisation group

¥ for quantum gravity: Òbottom-upÓ

! !

! k

! ! ! EH

IR

UVp
action

integrating
!

out
fixed point

general relativity
classical

¥ for quantum gravity (Reuter Õ96)

k
d
dk

! k[gµ! ; øgµ! ] =
1
2

Tr
! "

! (2)
k [gµ! ; øgµ! ] + Rk

#" 1
k

dRk

dk

$

¥ effective action

! k =
1

16! Gk

%
"

g(# R + 2" k + ááá) + Smatter ,k + Sgf,k + Sghosts,k

Asymptotically safe gravity Ðp.7/19

(Reuter Õ96)
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quantum gravity

renormalisation group

¥ for quantum gravity (Reuter Õ96)

k
d
dk

! k[gµ! ; øgµ! ] =
1
2

Tr
[(

! (2)
k [gµ! ; øgµ! ] + Rk

)! 1
k

dRk

dk

]

¥ effective action

! k =
∫

!
g

(
" R + 2" k

16! Gk
+ ááá

)
+ Smatter ,k + Sgf,k + Sghosts,k
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FIG. 1: Crossover of the gravitational coupling G(µ)/G N from classical (dashed line) to Þxed point scaling (full
lines) in the Einstein Hilbert theory with n = 3 extra dimensions: classical behavior (black), linear crossover (19)
(blue), quadratic crossover (20) (magenta) and the quenched approximation (18) (red) with ! T = ! (0)

T = ! (1)
T =

! (2)
T (see text).

dimension cross-over from their classical to Þxed point values on a logarithmic energy scale. Note that
both indices grow with dimension. In particular, the larger ! , the faster the cross-over regime in units
of the RG ÔtimeÕ lnµ. Furthermore, ! nG is larger than ! G and the ratio ! nG / ! G = 2d/ (d + 2) ranges
between [4/ 3, 1/ 2] for d between [4, ! ]. It follows that the cross-over region between IR and UV scaling
narrows with increasing dimension [3, 10].

C. Running NewtonÕs coupling

For the applications below it is useful to have explicit expressions for the functionsg(µ), G(µ), Z (µ),
and " (µ) at hand. We introduce three di! erent approximations capturing the essential features. Since
the transition from perturbative to Þxed point scaling becomes very narrow with increasing dimension,
the scale dependence is well-approximated by an instantaneous jump in the anomalous dimension at the
energy scaleµ = " (0)

T . This is the quenched approximation, solely characterized by a transition scale of
the order of the fundamental Planck scaleM ∗, where

Z−1(µ) =
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1 for µ < " (0)

T

(" (0)
T )d−2/µ d−2 for µ " " (0)

T

" (µ) =
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0 for µ < " (0)

T

2 # d for µ " " (0)
T

. (18)

In the quenched approximation, continuity in G(µ) follows if the Þxed point value g∗ is related to
NewtonÕs coupling at low energies and the transition scale viag∗ = GN (" (0)

T )d−2. We will identify the
cross-over scale" T with the parameter " (0)

T in (18).

In order to achieve explicit continuous expressions for" (µ) we resolve (16) for g(µ) to Þnd Z (µ)
and " (µ) by using mild additional approximations for the ratio ! G / ! nG , see (17). For the additional
approximation ! G / ! nG = 1, we Þnd an explicit expression for the running coupling (10) from (16) with

Z (µ) = 1 + GN µd−2/g ∗ , " (µ) = (2 # d)
"

1 #
1

Z (µ)

#
. (19)

We have taken the limit g0 $ g∗ and µ0 $ " T while keeping the gravitational coupling GN = g0/µ d−2
0

Þxed to its d-dimensional value. We have also usedg∗ = GN (" (1)
T )d−2. Here, the anomalous dimension

is linear in the dimensionless couplingg and reads" = (2 # d)g/g∗. Provided that (2 # d)/g ∗ is identiÞed
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