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Introducing the leading characters

Type Il Superstrings in general NSNS background (G, H)

— RNS Superstring formalism

2 dim N = (2,2) SUSY non-linear o-models

— encode local geometry of Generalized Kahler Target manifolds

Why interesting?
e physics: Stringy description of flux compactifications without
RR fluxes

e mathematics: playground for Generalized Kahler Geometry

Here: Include D-branes in general NSNS background preserving
half of the (world-sheet) SUSY

e physics: D-branes ~ gauge d.o.f and chiral matter
(intersecting)

e mathematics: D-branes ~ subspaces of Generalized Kahler
Geometry
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Introducing the leading characters
SUSY — Superspace:

1. exhibits the relation between (extended) SUSY on world-sheet
and (generalized) complex geometry on target space

2. facilitates the analysis

3. full off-shell N =(2,2) superspace description is known

Boundary SUSY — Boundary Superspace

1. fruitful for the local geometric description of a D-brane
wrapping a subspace

2. appropriate setting for analysis of G-function
= Stability conditions for D-brane

Purpose of this talk

D-branes on Generalized Kahler Geometries using 2 dim SUSY
o-models in boundary superspace
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The N'= (1,1) SUSY non-linear o-model

o-model consists of mappings X : ¥ — M

Y: (super)world-sheet with coordinates

o (bosonic) light-cone coordinates: 6¥f=7+0, 0= =7 -0

e (fermionic) coordinates 6, 6~ with derivatives:
D} =—-40., D?>=-1o_, {Dy,D_}=0

M: target manifold with local coordinates X9, a € {1,...

e metric gap(X)
e Closed 3-form (torsion) Hpc(X), locally: Hape =
extra gauge symmetry B — B 4+ dA

* 2 connections 7, = = {}.} = H?hc, but My =

,d}

~301Beq]

(a—)cb
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The action and extended SUSY
Using N/ = (1,1) superspace the action is simply

Sn=(11) = /d20d29(Gab + Byb) Dy X7 D_XP

Additional world-sheet SUSY? [Alvarez-Gaumé - Freedman (1981);
Gates-Hull-Rotek (1984)]

0X? = " J2 ) (X)DeXP + € 7y, (X)D_XP

--» requirement 1: SUSY algebra closes (off-shell) on-shell
= J; and J_ are two (commuting) complex structures
--» requirement 2: N =(1,1) action is invariant

J(E:) GJj: - G,
vk, = 0

= M characterized by (G,p, Hape, J+): Bihermitian Geometry or
Generalized Kahler Geometry [Gualtieri math/0401221]
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N = (2,2) Superspace formulation

o N'= (2,2) superspace coordinates: o,0=,0%, 07,4, 6~
(+ corresponding derivatives)
N = (2,2) action

Sy—(22) =4 / d?cd?0d?V (X, X)

e N =(2,2) C superfields X — Too many d.o.f. and no
dynamics
—s impose constraints: Dy X? = J{’i)bDiXb
e integrability conditions = J ), J_) complex structures
3 types of superfield representation:
1. CHIRAL 4y = Jy: (2,2)
2. TWISTED CHIRAL Jy) = —J_y: (w, W)
3. SEMI-CHIRAL [Jsy, Jy] #0: (I, 7,7, F)
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The most general model consists of chi_ral, twisted chiral and
semi-chiral superfields: V(z,z,w, w,[,1,r,F)

Reduction ' = (2,2) — N = (1,1) superspace by integrating
out %, 0~ + elimination of auxiliary fields

= Gap, Bab, J(+) as non-linear expressions of V

special case: chiral and/or twisted chiral — linear expressions
e.g. 4 dim with chiral and twisted chiral

8zz = +V,z Bww = —Vww
sz = _Vzv_v wa = +VW2

potential V is determined up to Generalized Kahler
transformation:

V. — V+F(zw )+ FGEzwl)+G(z,w,r)+ Gz, w,7)

toy examples: T*, SU(2) x U(1)
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Toy Examples

e torus T* with H=0
e 2 chiral
e 2 twisted chiral
e 1 chiral + 1 twisted chiral
e 1 semi-chiral

o WZW model SU(2) x U(1) with H# 0
e 1 chiral + 1 twisted chiral [Ro¢ek, Schoutens,Sevrin '91]
e 1 Semi-chiral [Sevrin-Troost hep-th/9610102]
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Conclusions for the closed string

e Extended SUSY on the world-sheet
!

Complex structure(s) on the target space
= Target space geometry: (G, H, J))

e Conditions on target space geometry: solved in terms of a
generalized Kahler potential V

e V/ is a real function of chiral, twisted chiral and semi-chiral
superfields

e examples: T27, SU(2) x U(1), D x T2, SU(2) x SU(2),...
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Related and complementary work

® [Ooguri-Oz-Yin hep-th/9606112]
From N = (2,2) SCFT — N = 2 Boundary SCFT
= Boundary conditions: lagrangian (A) and holomorphic (B) branes

® [Lindstrom-Zabzine hep-th/0209098]
SUSY variations in o-models = more general boundary conditions
also allowed coisotropic branes (A)

® [Koerber-Nevens-Sevrin hep-th/0309229]
N = 2 boundary superspace for chiral superfields — holomorphic
branes

® [Sevrin-WS-Wijns 0709.3733, 0809.3659, 0908.2756]
N = 2 boundary superspace for twisted chiral and semi-chiral
superfields — lagrangian and coisotropic branes
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N = 2 boundary superfields

[Sevrin-WS-Wijns 0709.3733, 0809.3659, 0908.2756]
e boundary at 0 = 0,6/ = 0,0/ =0: N = (2, ,2) > N =2
* unbroken directions: 9, D = Dy + D, D= D+ +D_
x broken directions: 9,, D' =D, — D_, D = D+ —-D_

e N = 2 boundary superfields are 1 dim @ boundary:
field properties @ boundary determine which boundary
conditions
1 chiral field (z): constrained chiral superfields (Dz = iDz)
— 2 Dirichlet conditions
— 2 Neumann conditions
2 twisted chiral field (w) and semi-chiral fields (/,r):
unconstrained superfields
— Dirichlet and associated Neumann (lagrangian)
— full Neumann conditions (coisotropic)

e = possible spectrum of D-branes depends on field content
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The story of the Open String

D-brane spectrum

Example: 4 dim target spaces T*, SU(2) x U(1), ...

field content ~ Geometry spectrum
CcC Kahler Do, D2, D4
CT [J+,J-]=0 D1,D3
TT Kahler D2, D4
S [J4,J-] #0 D2, D4

DO and D1 branes only possible for specific field content

Explicit examples:

Conclusions and Outlook

e D1- and D3-branes on T* and SU(2) x U(1) [Sevrin-WS-Wijns:

0809.3659]

e D2- and D4-branes on T# and SU(2) x U(1) [Sevrin-WS-Wijns:

0908.2756]
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e unbroken directions: 9., D, D: broken directions: 9,, D', D’

e most general N' = 2 action
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The story of the Open String

N = 2 boundary superspace action

unbroken directions: 9., D, D: broken directions: 9,, D', D’

most general N' = 2 action
S:—i/d%d&@UDWKLwJJ)+i/andi@meﬂ

model is invariant under generalized Kahler transformation:

V. — V+F(zw)+FGEZw])+G(z,w,r)+ Gz, w,7)
W — W—i(F-F)+i(G-0G)

variation w.r.t. various superfields: By ~ i 0aV
3Sboundary = i / dr d?0 {5/\0*]13>’BQ + 6N By + B,oX? + 5W}

— imposing appropiate boundary conditions: dSpoundary = 0
= Geometric properties of D-brane
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® [Sevrin-WS-Wijns: 0709.3733]
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e purely twisted chiral — lagrangian and coisotropic branes w.r.t.

= —gJ(+)
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Boundary analysis

Main message

Type of Boundary <«----» geometric properties
Superfields of D-brane

® [Sevrin-WS-Wijns: 0709.3733]
e purely chiral — holomorphic branes with F,5 = —i W, 3
e purely twisted chiral — lagrangian and coisotropic branes w.r.t.
w = —gJ(+)
® [Sevrin-WS-Wijns: 0809.3659]
e chiral + twisted chiral — “combination” of the previous two cases
® [Sevrin-WS-Wijns: 0908.2756]
e twisted chiral 4+ semi-chiral — lagrangian and coisotropic
branes w.rt. Q(7) =2G(J, — J_)?
e general case — not symplectic 7!
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D3, D2 and D4 on T*

ds? = dzdz + dwdw, H=0 — V = zz — ww

D3-brane — Dirichlet w —w = a(z —2), a€ Q
5Sboundary =0= W= _é' (W2 — V_Vz) + Neumann for z

Generalized Kahler Transformation:
VoV=-1letz-w-w)+i(z-z-w+w)+(z+2)?
W—oW=1Lz-2z-w+w)(w+w)

T-dualization: (z,w) «----» (I, r)

a =1 --» D2-brane (lagrangian)

a # 1 --» D4-brane (coisotropic)
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Conclusions for the Open String

e Using A/ = 2 Boundary Superspace — D-brane geometry
characterized by V, W, field content and boundary conditions

e Full geometric characterization for D-branes in terms of
symplectic geometry (chiral or twisted + semi-chiral); for
general case?

e Certain D-brane configurations are possible due to presence of
worldvolume gauge field (can always be obtained in N =2
Boundary Superspace)

e T-Duality transformations ~ method to construct non-trivial
examples of D-branes (e.g. D4. on T*, SU(2) x U(1),

D x T?)
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Outlook

Outlook

e Geometric characterization for the general case, possibly in
language of GCG

e Extend analysis to 6 dim target spaces (e.g. T°)

e [-function in A/ = 2 boundary superspace — stability
conditions for D-branes (in casu coisotropic branes)
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(1) Lagrangian subspace:
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Intermezzo

(M, Q) is a symplectic 2n dim vector space
phase space : {q1, g2, p1, p2} with canonical Poisson brackets

N C M --s symplectic complement N+
Nt ={Y e M|Q(X,Y)=0,VX € N}

Lagrangian subspace: {q1,q>}

o N =Nt @Q‘NZOZQ‘NL
edim N =n

Coisotropic subspace: {q1, g2, p1}
e NtCN&Qy=0

edim N >n
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Twisted chiral + Semi-chiral

e boundary variation w.r.t. X2 : (/,1,r,F,w, W)

5S = / dr d?0 {BQ(X) 5X? + 5W(X)}

boundary

= 200) = 9,B, — 9B,
e One can show: Q(7) =2G(J; — J_)~ 1 is a symplectic form
note: no semi-chiral fields, Q(7) —-» w = —gJ, (Kahler)
e impose appropiate boundary conditions — 0Spoundary = 0
e Dirichlet + associated Neumann (c%): gw —By gf:
— Q) |p1ane = 0 and dim brane = J dim target space
o all Neumann: DX? = K?,(X) DX?
— complex structure K + U(1) flux Fap = ng)ch,
brane’ = {0} dim brane > 1 dim target space
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T-Duality in N'=(2,2) Superspace
based on: [Gates-Hull-RoZek '84], [Buscher '87], [Grisaru-Massar-Sevrin-Troost
hep-th/9801080 ], etc.
T-Duality in N'=(2,2) superspace = Legendre-transformation
interchanging different kinds of superfield
chiral (z) «----» twisted chiral (w)
chiral (z) + twisted chiral(w) «----»  semi-chiral (/,r)

T2xD <«-—--» SUQ)x U(1) ¢----» T?>xD
(2122) (zw) (wawz)

D x T? «-——-»  SU(2) x U(1)
(zw) (Ir)

Boundaries: add appropiate boundary terms
Tool to construct complicated (coisotropic) D-brane configurations
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T-Duality in N/ = 2 Boundary Superspace

Examples where z «----» w

[Sevrin-WS-Wijns: 0709.3733, 0809.3659, 0908.2756]

dual model original model dual model
DO on )~<4
2122
D1 on X,
zZw
D2 on X, D2, on X4
2122 w1 Wop
D3 on X,
zZw
D4 on )~(4 D4. on )A<4
212> w1 Wa
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T-Duality in N/ = 2 Boundary Superspace

Examples where (zw) «----» (Ir)
[Sevrin-WS-Wijns: 0709.3733, 0809.3659, 0908.2756]

original model dual model
D1 on X4
zw
D2, on X,
Ir
D3 on X,
zZw
D4. on )~<4
Ir
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D3 branes on T#

hyper-Kahler: 3 C structures J; satisfying J;J; = —0;;1 + € Ji
flat and assume without torsion

1 chiral + 1 twisted chiral: V(z,z,w,w) = zz — ww
D3-brane

e 1 Dirichlet boundary condition
aw+aw=p0z+0z «a fEL+il,a#0

e 3 Neumann boundary conditions
U(1) gauge field
boundary potential

w=_2 W2—Lgﬁ/2+f(z,2)
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D3 branes on S° x S?
e WZW model on group manifold SU(2) x U(1) with torsion

e 1 chiral + 1 twisted chiral [RoZek, Schoutens, Sevrin '91]
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D3 branes on S° x S?
e WZW model on group manifold SU(2) x U(1) with torsion

e 1 chiral + 1 twisted chiral [RoZek, Schoutens, Sevrin '91]
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e D3-brane
e 1 Dirichlet boundary condition

ow _ _ Lz
—iln==mx+my, x=hh(zz+ww),y=—iln=
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e 3 Neumann boundary conditions
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D3 branes on S3 x S

WZW model on group manifold SU(2) x U(1) with torsion
1 chiral + 1 twisted chiral [RoZek, Schoutens, Sevrin '91]

2z /ww 1
q _

D3-brane
e 1 Dirichlet boundary condition

ow _ _ Lz
—iln==mx+my, x=hh(zz+ww),y=—iln=
w

N

e 3 Neumann boundary conditions
Hopf coordinates: z = cos ¢ePti®1 w = sin el %2
with ¢1, ¢2, p € R mod2r, ¢ € [0, /2]
= ¢2 = m1p + mao1, my,my €7
U(1) gauge field
boundary potential

mi —
W:—7x2—m2y InzZz
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T-duality on the level of the boundary conditions

General facts

e T-duality

1A String theory — Il B String theory
on S1(R) on S1(1/R)

closed strings: momentum <« winding number
open strings: 9; (D) < 9, (N)

T-duality along Dp-brane — D(p-1)-brane
T-duality L Dp-brane — D(p+1)-brane

magnetized Dp-brane < rotated D(p-1)-brane
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e based on: [Gates-Hull-Rozek '84], [Buscher '87], [Alvarez-Barbon-Borlaf
hep-th/9603089], [Ro&ek-Verlinde hep-th/9110053]

e Assumption: target space of the sigma model has isometries

e General philosophy

1

Gauge an isometry and introduce a gauge field Y (on the
world-sheet)

Impose that Y is purely gauge through Lagrange-multiplier in
the action

Integrating out the Lagrange-multiplier yields the original
model

Integrating out Y yields the dual model

Boundaries: add appropiate boundary terms to preserve
isometry at the boundary
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T-duality on the level of the action: basic idea

e based on: [Gates-Hull-Rozek '84], [Buscher '87], [Alvarez-Barbon-Borlaf
hep-th/9603089], [Ro&ek-Verlinde hep-th/9110053]

e Assumption: target space of the sigma model has isometries

e General philosophy

1

° eg.

Gauge an isometry and introduce a gauge field Y (on the
world-sheet)

Impose that Y is purely gauge through Lagrange-multiplier in
the action

Integrating out the Lagrange-multiplier yields the original
model

Integrating out Y yields the dual model

Boundaries: add appropiate boundary terms to preserve
isometry at the boundary

Bosonic Sigma Model, N'=(2,2) Sigma Model
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T-Duality on the level of the action

To preserve isometry at boundary — add boundary terms
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T-Duality on the level of the action
To preserve isometry at boundary — add boundary terms

e original model on S(R)

1
Soriginal - —Q/dzaﬁaXﬁaX

isometry: X — X + constant
gauging: Vo X = 0, X + Y,
Neumann boundary condition: 9, X =0
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T-Duality on the level of the action
To preserve isometry at boundary — add boundary terms

e original model on S'(R)

1
Soriginal = _2/d20'8aX8aX

isometry: X — X + constant
gauging: Vo X = 0, X + Y,
Neumann boundary condition: 9,X =0

e first order action
1 - -
Sq) = /d20 (—QV@XVO‘X + Xeaﬁagya) _/dTXYT

gauge choice: 9,X =0 — Y, = 0 Neumann boundary
condition: VX =0

Dirichlet boundary condition: §X =0

gauge choice: 9, X =0— Y, =0
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e Varying X — Y, = 0.X
and boundary condition Y, = 9,X =0

e Varying Y, — Y, = —egt@@;( — dual model on S*(1/R)
and boundary condition Y, =9, X =0o0or X =0

1 .
Sdual = -5 / d?c0, X0 X
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e Varying X — Y, = 0.X
and boundary condition Y, = 9,X =0

e Varying Y, — Yo = —eaaﬁx — dual model on S*(1/R)
and boundary condition Y, = 8;X =0 or 6X =0

1 .
Sdual = -5 / d?c0, XX

e boundary term: deX@ X introduced to preserve isometry
X — X + constant — 9, X =0 or 8. X =0
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e Varying X — Y, = 0.X
and boundary condition Y, = 9,X =0

e Varying Y, — Yo = —eaaﬁx — dual model on S*(1/R)
and boundary condition Y, = 8;X =0 or 6X =0

1 .
Sdual = -5 / d?c0, XX

e boundary term: i dT X9, X introduced to preserve isometry
X — X + constant — 8:X =0or 9;X =0

e Note: D2-brane on T2 with non-trivial magnetic flux F
— D1-brane on T2 at an angle # = arctan F
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Varying X — Ya = 0uX
and boundary condition Y, = 9,X =0

Varying Y, — Y, = —eaaﬁx — dual model on S*(1/R)
and boundary condition Y, = 8;X =0 or 6X =0

1 .
Sdual = -5 / d?c0, XX

boundary term: i dT X9, X introduced to preserve isometry
X — X + constant — 8:X =0or 9;X =0

Note: D2-brane on T2 with non-trivial magnetic flux F
— D1-brane on T2 at an angle # = arctan F

Note: same procedure for general string background
(including B,,,) with Killing-isometry — Buscher rules
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T-Duality in N'=(2,2) Superspace: closed strings

chiral superfield: D4z =0+cc
twisted chiral superfield Dow =0=D_w + c.c.
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T-Duality in N'=(2,2) Superspace: closed strings

chiral superfield: D4z =0+cc
twisted chiral superfield Dow =0=D_w + c.c.

chiral (z) twisted chiral (w)
isometry z—z+ e w— w4 e
R gauge field Y, Yw
fieldstrengths D_D,Y, +c.c. D_D,Y, +c.c.
potential V=V(Y,)—(u+0)Y, | V=V(Yy)—(t+1T)Yy
u=D,D_X u=D,D_X
varying)~< Y,=z+2Z Yo =w+w

varying Y

dual model u,

dual model u,
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T-Duality in N'=(2,2) Superspace: closed strings

chiral superfield: Dz =0+ cc
twisted chiral superfield Dow =0=D_w + c.c.

chiral (z) twisted chiral (w)
isometry z—z+ e w— W+ i€
R gauge field Y, Y
fieldstrengths D_D,Y, +c.c. D_D, Y, + c.c.
potential | V=V(Y,)—(u+1)Y, | V=V(YW) - (u+10)Y,
u=D,D_X u=D,D_X
varying X Y,=2z+4+2Z Yo =w+w
varying Y dual model u,u dual model u,u

T-Duality in N'=(2,2) superspace = Legendre-transformation
interchanging chiral and twisted chiral superfields
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T-Duality in N'=(2,2) Superspace: closed strings

chiral superfield: Dz =0+ cc
twisted chiral superfield Dow =0=D_w + c.c.

chiral (z) twisted chiral (w)
isometry z—z+ e w— W+ i€
R gauge field Y, Y
fieldstrengths D_D,Y, +c.c. D_D, Y, + c.c.
potential | V=V(Y,)—(u+1)Y, | V=V(YW) - (u+10)Y,
u=D,D_X u=D,D_X
varying)~< Y,=2z+4+2Z Yo =w+w
varying Y dual model u, dual model u,

T-Duality in N'=(2,2) superspace = Legendre-transformation
interchanging different kinds of superfield
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