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Abstract
We introduce [1] a pure four-dimensional for-
mulation (FDF) of the d-dimensional regular-
ization of one-loop scattering amplitudes where
we present an explicit representation of the
polarization and helicity states of the four-
dimensional particles propagating in the loop.
FDF is an operational realization of the Four
Dimensional Helicity scheme (FDH).The con-
structed internal states with easily implemented
rules allow for a four-dimensional, unitarity-
based construction of d-dimensional amplitudes.
Generalized unitarity within the FDF does not
require any higher-dimensional extension of the
Clifford and the spinor algebra.

Generalized Unitarity
From the reduction theorem any one-loop
dimensionally regularized scattering amplitude
is decomposed in a cut-constructible part
and in a rational part expressed in terms of
scalar integrals in d = 4 − 2ε dimensions.
The coefficients ci are rational functions of
the external momenta and polarizations.

The regularized scalar master integrals are
perfomed by using polar coordinates in the −2ε
dimensional subspace:∫

d−ε(µ2)

(2π)−2ε

∫
d4`

(2π)4−2r
(πµ2)r

f(`α, µ2)

ε(ε− 1)
=

(2−ε) · · · (r−1−ε)
∫

d4`

(2π)4

∫
d2r−2εµ

(2π)2r−2ε
f(`α, µ2)

The FDH scheme
The FDH scheme defines a d-dimensional vec-
tor space embedded in a larger ds dimensional
space, ds ≡ (4−2ε) > d > 4. The loop momenta
are considered to be d dimensional. All observed
external states are four-dimensional. All un-
observed internal states are ds dimensional.The
Lorentz and the Clifford algebra are performed
in ds dimensions, then the limit ds → 4 is made.

The −2ε selection rules
The −2ε dimensional quantities are substituted

g̃αβ → GAB , `α → ıµQA, γ̄α → γ5ΓA

the FDF formulation is defined by the rules

GABGBC = GAC , GAA = 0, GAB = GBA,

ΓAGAB = ΓB , ΓAΓA = 0, QAΓA = 1,

QAGAB = QB , QAQA = 1

Generalized internal legs
Generalized four dimensional subluminal Dirac equations(

/̀+ iµγ5 +m
)
uλ (`) = 0,

(
/̀+ iµγ5 −m

)
vλ (`) = 0.

In the four dimensional helicity formalism with the usual light-cone decomposition
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By the same light cone projection the polarization vectors for a µ-massive vector particle are
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µ2
.

The cut of the scalar propagator is done in terms of the metrics of the −2ε dimensional space.

.

the a and b indices refer to the color group and ĜAB = GAB−QAQB , such a colored scalars represent
the −2ε components of the ds dimensional gluon.

Six-gluon amplitudes
The FDF @ work with Ninja [2] is seen in the analytic expression of the six- point all plus amplitude,
characterized by the absence of triangles and bubble contributions.

.

The finite color-ordered amplitude takes the form

.

Generalized Open Loop
The FDF formulation can be generalized to the Open Loop recursive construction [3]

N β
α (In, `, µ) = Xβ

γδ (In, in, In−1)N γ
α (In−1, `, µ)wδ (in)

Xβ
γδ = Y βγδ + `ν Zβν; γδ + µW β

γδ .

The FDF can improve the generation of the d-dimensional integrands performed by the packages
GoSam and FormCalc. The FDF analytically and numerically beyond one loop is under study.
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