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INntroduction

Run Il expecting ~ 100 fb-! Quite a lot of success at NLO using
measurements reaching ~ % level leading colour approximations

accuracy calls for NNLO precision

T
— full colour

— leading approx. §

NJet + Sherpa

pp— vy + 3jet at 8 TeV 3
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gg—og @ NNLO [Currie et al. (2013)]

15
PT,j3

[SB, Guffanti,Yundin (201 3)]

full colour at NNLO means dealing with
the non-planar sector in the double virtuals
(and a few other things...)

e.g. pp—W+5) [Bern et al. (201 3)]

larger corrections
at high pr



Amplitudes for NNLO

[See Glover’s talk]

QCD Is going beyond
NLO precision
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Traditional approach: Feynman diagrams + integration-by-parts

complexity grows fast

surtable for 2—2 processes ; s
with additional legs



Automation for multi-leg NNLO

Input

[Kosower; Larsen (201 )]

Feynman diagrams

¢ on-shell tree amplitudes
~— X

Reduction

integration-by-parts

Mmaximal unitarit

 integrand reduction (OPP)

try to obtain manageable
expressions for 2—3 amplitudes

Master Integrals

differential equations

direct integration



All-plus helicity amplitudes

useful playground for QCD: simplest helicity

one-loop connection to N'=4 |
vanishes at tree-level

= simple IR structure

(two-loops contributes at N3LO)
[Bern, Dixon, Dunbar, Kosower hep-ph/961 | [27]

more recently shown to obey

colour kinematics duality
two-loop ++++

amplitude known
for a long time

[Bern, Davies, Dennen, Huang, Nohle |303.6605]

connection to /=4 continues to
[Bern, Dixon, Kosower hep-ph/000 100 ]
some extent at two-loops...



Outline

Integrand representations of loop amplitudes
Colour decompositions

- minimising cut information using Kleiss-Kuijf relations
Further simplifications from colour/kinematics duality

- non-planar from planar using BCJ relations
Application to 4@ (1t 2+, 3t 4t,51) In QCD

- evaluating the full colour amplitude In the soft region



Integrand reduction and
oeneralized unitarity methods

Unitarity: double cuts
[BDDK "94] G
[triple cuts BDK '97] |

Generalized unitarity:
quadruple cuts [BCF '04] #+%

triple cuts [e.g. Forde '07/]

P Z(rational)i(integral)i

find complex contour to isolate
integral coefficient

automated technigques =
LHC phenomenology
Integrand reduction [OPP "05]

N3 =

D-dim. generalized unitarity [GKM "08]

/ Z propagators

explicitly remove poles



Integrand reduction and
oeneralized unitarity methods

Integrand reduction via

Maximal unrtarit Al divis
XI uni Y polynomial division

[Kosower, Larsen,
Johannson, Caron-Huot,
/Zhang, Segaard]

[Mastrolia, Ossola, SB, Frellesvig,
Zhang, Mirabella, Peraro, Malamos,
Kleiss, Papadopolous, Verheyen,
Feng, Huang]

A= Z(ratlonal)z-(mtegral)i < A= /kz (propagators);

7 7




Notation

i) = / LL Gy (775972 by gy, 1) _ basis of irreducible
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Integrand reduction strategy

[Mastrolia, Ossola arXiv: | [07.604 | ]

[SB, Frellesvig, Zhang arXiv:1202.2019]

[Zhang arXiv:1205.5707]

[Mastrolia, Mirabella, Ossola, Peraro arXiv:1205.7087]

top down: start with maximal number of propagators

g spanning basis e.g.Van A

Neerven-Vermaseren
CEZ']' — kz . ’Uj

identify basis of irreducible scalar products (ISPs)

.

parametrize integrand using propagators (A = cimy(ay, mj))

Grobner basis and polynomial division

parameterise on-shell solutions and solve (N(k<8>(7j)) = A(K®(1))) = cz-)

primary decomposition

continue to lower propagator topologies subtracting known singularities



D-dimensional Reduction

Pa - p1 addrtional I1SPs
— o = el = 124 W
]C'_2€ . k.—QE — —
= k-w : j M .
Ps P2 ka Bl ]%Z i k£—26]

dimension shifted integrals

box Integrand
~ . \

2
L) = @g A @i Cofl11 + C3111T14 T Ca 74

e S

scalar box SPUrious



rreducible numerators

AC?T = H A(O) Z [ 1 o

T /T

cut

on-shell the numerators can be
written as products of tree-level
amplitudes

integrand parameterisations

Next step: assemble

not unique - freedom In the | |
choices of ISP monomials irreducible numerators

into full colour amplitude



Colour decompositions

Eliminate irreducible A (:[><I:) + A (>1><[) + A (M) =0

integrands using KK
relations ensure |SP parameterisation

satisfies symmetry off-shell

3) o(n—1)

Assign colour factors using AO = 37 "(2|) i 1T A9Q00),...,0(n - 1),n)
underlying tree structure 0€ESn—2 ' ;

[Dixon, Del Duca, Maltoni (1999)]



Two-loop four gluon amplitude

construct full amplitude from all cuts
KK

() () 20m) ()

[iIn agreement with Bern, Dixon, Kosower (2000)]



Five gluon decomposition



Five gluon decomposition

i
oESs

+o( 2

"

general tree-level DDM colour bases including fermions

[Johansson, Oc

hirov arXiv:1507.00332]



Non-planar from planar

colour-kinematics dualrty [Bern, Carrasco, Johansson (2008)]

CiN
.A: .
;Hajpij

with Jacobi identities E
for both n and ¢ >_< 2 u A

= 412,84 = 24,03 2.4

512

powerful identities for loop level cuts - c.f multi-loop N = 4

[Carrasco, Johansson, Roiban, Bern, Dixon,...]



Non-planar from planar

AL 7,8 A= ?A4(1,3,2,4)
12

factorization




= Ay

Non-planar from planar

D,
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Application to the two-loop
five-gluon amplitude in QCD




~ull colour amplitude

RO S B

1
Zl[(]( ><2A( >+A(
oES5

)+
+%AO><>—)+A(]><[/) A<]>|<[>
).t )+

-
—
—

EA(
2

(5

)
)

.
2
.
4
1
2

A(]><[>
fog)

)
)
)
>



(1)

* D-dimensional integrand reduction

Planar integrand

b

[SB, Frellesvig, Zhang arXiv:1310.1051]

) 2(%) <) 20

[Zhang arXiv:1205.5707/]

BasisDet Mathematica package
http://www.nbi.dk/~zhang/BasisDet.nhtm|

* 6-d SpiﬂOI” helicity formalism  (with scalars for full Ds dependence)

[Cheung, O'Connell (2009)]

[Bern, Carrasco, Dennen, Huang, Ita (201 |)]
[Davies (2012)]

« Momentum twistor parameterisation to deal with five-point kinematics

[Hodges (2009) ]


http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html

Non-planar results

[SB, Mogull, Ochirov, O'Connell arXiv: | 507 xxxxxx]

() a() 209 2
() (&) A aog)

topologies related to planar cuts via BC|

oA

» Off-shell symmetries imposed so all KK relations satisfied

» Compact analytic expressions for all cases

3 itr, (1345) F,
A(%) = 2(12()23Y(34()45) (518) 13545

(812823 + 2512Kk1 - wiag + (845 — s12) (k1 — p1)° + (S45 — S23) (k1 — p12)2)




Non-planar results

Connection with N = 4 continues for non-planar sector

F1(/<7£_26], k£_2€]) = (D57 (M11N22 + (11 + po2)? + (paa + ,uzz),um) + 16( 'y — fr11pt22)
Fy(ky Y, kg 20) = 2(Dy — 2)(pan + pran) iz = Fy(ky >, kg 20) — Fy(ky >, — k)
F3(k£_2€]7 k’g_%]) = (¥ 2)2M11M22
e 0 A , = Al Ry
R Baiemiat = 7 5(8) A (one-loop)? (one-loop)

[5-point N=4 BCJ numerator
Carrasco, Johansson arXiv: | 106.471 | ]

Colour decomposition Is In agreement with
Carrasco-Johansson numerator representation



Infrared behaviour

five-point two-loop integrals ‘unknown'... [see Henn’s Talk]

Check universal IR Po|e Mellin-Barnes and Sector decomposition

structure in Planar case [Fiesta Smirnov, Smirnoy, Tentyukov]
numerically [SecDec Borowka, Carter; Heinrich]
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Integrals in the soft limit

Fy = (Ds — 2)(2u11p22 + piy + 135 + paa(pnn + piz2)) + 16(uiy — s pize) g = (U0 — D),
k1—>0

3 2 3 2 2
T 6 k) =) = 2)14—26( ) 720 R <=<O
4 1 4 1 1
3 2 3 3 2
e é [T k) ] B (D, = g O?% I 4‘26( 4 ) (171
1




Integrals in the soft limit

full colour amplitude correctly
reproduces the expected behaviour




Open problems/work in progress

- Can we find a complete BCJ numerator (l.e. satisty BC] off-shell)

[Mogull, ©" Connell (in progress)]
* Minimal missing information from IBPs?

« Though we avoided the need for additional simplifications here it will be important for the
more general amplitudes

- New developments exploiting algebraic geometry coming all the time

[“residues with doubled propagators”,

Segaard, Zhang 1403.2463] [“massive internal states’,

Segaard, Zhang 1412.5577]

[“cross-order relations in maximal
unrtarity”’, Johansson, Kosower, Larsen,

Segaard 1503.0671 | ]

[“IBPs from differential
geometry”, Zhang [400.4004]



Conclusions

* multi-loop amplitudes from tree-amplitudes

« KK and BC]J relations can be applied systematically to decompose amplitudes
into minimal set of irreducible numerators

+ simple colour decompositions using the DDM basis

* First non-trivial application

* two-loop five-gluon amplitude in QCD with all positive helicities

[SB, Mogull, Ochirov, O'Connell arXiv: | 507.xxxxx]



Backup Slides



Numerator construction

FDH scheme at two-loops [Bern, De Freitas, Dixon, Wong (2002)]
g sl
; I WA 9 T
(%?o : %e %?o féﬁe (%Q ‘6666 Feynman rules + Feynman
2 : 3 e gauge and ghosts (scalars)
, 9999’ 3% 999"’ *,

Tree_amp“tudes US] ng [Cheung, O'Connell (2009)]

six-dimensional helicity method [Bern, Carrasco, Dennen, Huang, Ita (201 |)]

need to capture U1, 22, (12 [Davies (2012)]

use momentum twistors to deal with the
complicated kinematics at 2—3



planar five-gluon integrand
representation

[SB, Frellesvig, Zhang (201 3)]

only =6 propagator topologies

o 81282383484215815 T 512523545 tr+(1345)
Gzl =5 tI‘5 ) Cq31 — — tI’5 )
s34835 tr4 (1235) Gz i [(1254))
C331;M; = — o ; C331;M; = — = ;
- _ $125235345845515 ey 812 try (1345)
331;5L s 5 430 G
(845 i 812) tl“_|_(1345) (845 = 823) tr+(1345)
C330;M; — — y C330;My; = — ;
2513545 2513545
b try (1235) i try (1345)
Cazne] = ——————— Cazne] = ——————,
330;5L 9535512 330;5L 2513545
1 tro(1235) tro (1345
33051 = — 5 | tr4(1245) — + ) br+( ) :
’ 2 513535
d S 512 + 545 b ;
C330;5L — 0330;5LT&45 — 812€330;5. — 545C330;5L — 515

+ spurious terms

choice of basis important to find simplest form

double-box type topologies are N= 4 X (p11fo2 + poopiss + paspinr) + 4(pfs — dpgpion)



Choices of integrand basis

1

Aaoar (1% 27,37475%) = — oo e s 1) <
o

4(k; - ko - o 2L )
‘|‘(Ds—2)2M11M22 ( 1 p3>( 2 p3)‘|‘( = 2) (812+S45)—|—S12345>

512545

+ (Ds — 2)2M11M22 [ (k1 + k2)2815

(kl —|_ k2)2 3 kl.p3 (1 i 2(]{72'(;0453) s S12 — S45 (kQ _p5>2>>
535 $35545 T

2 : 2k - _
(k1 + ko) _k2 D3 1+ (ky w123)+345 512 s )])

%
D
281/ 513 512513 ( i )

important to identify spurious
direction for each loop integral

+ tr, (1235) (

535 512

+ try (1345) (

these are reducible but with this
choice five propagator cuts vanish

Q: how to find the best basis! chiral numerators?



Radical ideals

Definrtion:

for a field k|x| = k[z1,...,2,] and an ideal I € k[x]
the radical of I I1svI={feck[x]|f™el,meN}

An ideal is a radical ideal if VI = I

Algorithms to compute the radical of
an Ideal are avallable in Macaulay2



sketch proof that D-dimensional
propagator ideals are radical

at 2-loops there are P — 3 linear relations
leading tom = 11 — P |SPs of the form Z;;

= <Iu11 — fl(iljl, x .:Em), Hi12 — fQ(CIZl, B .$m), H22 — fS(CUla S < xm)>

we have an Isomorphism
¢ : C[éﬁ, . .$m7M11,M12,M22]/[ v (C[fl, . -fm]

with @11 — fl(ajl,...a:m), Wiy fg(afl,...xm) and 92 — fg(ﬂ?l,...xm)

Clz1,...zm] Is @ domain = I'1s a prime ideal

prime ideal are radical ideals



One-loop box example

P4 i P1
2
P = (x7, — p11 — stu, 11, T12, T13)
A4 = Cp + C1T14 + Coft11 + C3l11T14 + C4N%1
pP3 P2
_ s(1+17) s(1 —7)
B = (417#]1] + (1]7]4]
4421 {124 i
st st (1 2) i=0
Wi = N S
2 4u | —% 0 0 0 Co do
( t - 2 0\01\ (dl\
R e e | = | do
0 0 st2 _2522t2 C3 ds
0.0 loEietEe \et/  \d/

0
\ 0
Ay(k(, 7))
k(T1, T2) + pa)?

corﬁmue redu;hon N il s ) — (
with subtractions



Multi-loop Iintegrand
Darametrization

automated computation

| . [Zhang arXiv:1205.5707]
of Integrand basis for

- | BasisDet Mathematica package
each topology httpy//www.nbi.dk/~zhang/BasisDethtm

/z>_ determination of all on-shell branches
using primary decomposition

Macaulay?2: http://www.math.uiuc.edu/Macaulay?2/

complex multi-loop structures investigated in [Huang, Zhang arXiv: | 302.1023]


http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html
http://www.math.uiuc.edu/Macaulay2/
http://www.math.uiuc.edu/Macaulay2/

4D Examples

SB,Frellesvig,Zhang
[1202.2019],[1207.2976]

planar and non-planar
hepta-cuts at two loops

planar triple box at
three loops

i 5 MEaeinici )
o Lo\ 28lis
ls
. MEa 201 5 e
i o 1y
T 2 MlS
D M~ 627 x 398
3] £
— 3 Mls

also with maximal unitarity : Kosower, Larsen [| 108.] [80], Caron-Huot,
Larsen [1205.0801], Kosower Larsen, Johansson [ [208.1754, | 308.4632],
Segaard [ 1306.1496] Zhang, Segaard [ | 310.6006, 1406.5044]



D-dimensional reduction

s the Integrand system well

defined! wil
always

there linear system

nave a solution!?

complications 4-d in D-d

an ISP monomial vanishes on all on-shell solutions all propagator ideals are radical

L.e. 1deal 1s not radical all integrands have exactly

one on-shell branch

different on-shell solutions have different dimensions

.e. Integrand systems with different
numbers of propagators may need to
be solved simultaneously




More examples

Both the order of the polynomial division and choice of
spanning basis affect the simplicity of the representation

Dimension shifted integrals e.g. one-loop pentagon

e <IU11 o COIlSt> — A5 = Cp Or A5 = Colb11 ]5[,ull] = O(G)
Vanishing integrals: e.g. one-loop triangles

= <,u11 S (kl & w1)2 aE (kl y w1)2 &5 COHSt> = 13[(]61 . w1)2 — (kl . W2)2] =0



Iwo-loop example

P4 P1
U = {p17p27p47w124}
ISP = {x13, T21, T14, To4, p11, P12, 22 }
32 spurious terms
38 non-spurious terms
P3 D2
However: ki1 <> ky symmetry leaves 22 independent integrals
i . O ) 8
remaining IBPs only |/ remain as 0222; 4
| -1
k- ST
O(e) 5



“all-plus” amplitudes In QCD

one-loop amplitudes only contain boxes. e.g.

itr (1234)
(12)(23)(34)(41)

Aé(ll) (1+7 2+7 3+7 4+) 0 ]4;1234[(D8 e 2):“%1]

try (1234) = [12](23)[34](41) [Bern, Dixon, Dunbar; Kosower (1996)]

two-loop four-point also has simple form

A, O R R <12><23;<34> (41) (

s°t ]7;12*34*[(,“11,&22 + Moo 33 + ,u33,u11) i 4(#%2 S 4#11#22)]
SR (D — 2)( 11 + fo2)pt12s + (Ds — 2)2M11M22((k1 I k2)2 S5 S)/S])

b33 = 11 + Moo + 12 [Bern, Dixon, Kosower (2000)]



Numerator construction

FDH scheme at two-loops [Bern, De Freitas, Dixon, Wong (2002)]
g sl
; I WA 9 T
(%?o : %e %?o féﬁe (%Q ‘6666 Feynman rules + Feynman
2 : 3 e gauge and ghosts (scalars)
, 9999’ 3% 999"’ *,

Tree_amp“tudes US] ng [Cheung, O'Connell (2009)]

six-dimensional helicity method [Bern, Carrasco, Dennen, Huang, Ita (201 |)]

need to capture U1, 22, (12 [Davies (2012)]

whichever way we choose we need a good way
to deal with complicated kinematics



Momentum twistors at higher
multiplicrty

o O O =

0 m i JE! Jn=3 fn—2
T | 1 1 1
0 O wggl T 45— 1
0 1 L 5 TEeymtll o e = %
i We can find an
fi=>) 4 . :
1 e (invertible)
=1 -
representation for
, 1 arbitrary number of
S12 1 = s
e massless particles
e Al) oy Lai
13 (i+1712) Rl
5n,4‘|‘(1_5n,4)§% e |
2 ) 7 I T G

21](1[i—n+5)
(1| Pag P> ; _2n49|t—2n+410)
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