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²  Ul#mate	
  ques#on:	
  	
  
²  Is	
  a	
  profoundly	
  new	
  framework	
  needed	
  for	
  quantum	
  gravity,	
  

or	
  is	
  there	
  more	
  to	
  be	
  learned	
  from	
  conven#onal	
  approaches?	
  
²  Mo#va#ons	
  –	
  Why	
  study	
  UV	
  divergences	
  in	
  N=4	
  supergravity?	
  
²  Methods	
  –	
  Lightning	
  review	
  of	
  BCJ	
  &	
  Double	
  copy	
  
²  Explicit	
  results	
  

²  Highlight	
  unexplained	
  cancella#ons	
  
²  Role	
  of	
  anomalies	
  

²  Punch	
  line:	
  “Enhanced	
  cancella#ons”	
  and	
  limita#ons	
  of	
  standard	
  
symmetry	
  considera#ons	
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ULTRAVIOLET	
  DIVERGENCES	
  AND	
  THE	
  
DOUBLE	
  COPY	
  METHOD	
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²  Supergravity	
  is	
  a	
  nice	
  test-­‐bed	
  for	
  expanding	
  our	
  understanding	
  
of	
  gravita#onal	
  theories	
  

²  Supersymmetry	
  &	
  duality	
  symmetry	
  can	
  help	
  tame	
  the	
  naïve	
  
power-­‐coun#ng	
  from	
  gravity’s	
  two-­‐deriva#ve	
  coupling	
  

²  Simultaneously,	
  powerful	
  new	
  (~2008)	
  methods	
  of	
  calcula#on	
  
allow	
  access	
  to	
  high	
  loop	
  orders	
  

²  Allows	
  both	
  theore#cal	
  and	
  prac#cal	
  access	
  deep	
  into	
  the	
  
perturba#ve	
  series	
  

²  Verify	
  our	
  understanding,	
  or	
  indicate	
  something	
  new	
  

UV	
  Divergences	
  in	
  Supergravity	
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gravity:

Z Y dDpi
(2⇡)D

(pµi p
⌫
j ) · · ·

propagators

gauge theory:

Z Y dDpi
(2⇡)D

(gpµi ) · · ·
propagators



²  Quantum	
  gravity	
  needs	
  good	
  control	
  over	
  ultraviolet	
  behaviour	
  

²  Renormalisa#on	
  group	
  flow	
  dictated	
  by	
  scale	
  dependence	
  	
  
²  i.e.	
  log(μ2)	
  terms	
  

²  Typically,	
  L-­‐loop	
  Feynman	
  integrals	
  in	
  dim	
  reg	
  have	
  a	
  global	
  
factor	
  out	
  front,	
  and	
  look	
  like	
  	
  

²  This	
  pegs	
  log(μ2)	
  to	
  singulari#es	
  in	
  ε.	
  
²  Therefore,	
  we	
  use	
  divergence	
  as	
  proxy	
  for	
  scale	
  dependence	
  

²  (somewhat	
  easier	
  to	
  calculate)	
  

UV	
  Divergences	
  in	
  Supergravity	
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²  Most	
  of	
  this	
  talk	
  is	
  about	
  half-­‐maximal	
  supergravity	
  
²  N	
  =	
  4	
  supergravity	
  in	
  D=4	
  

²  Duality	
  symmetry	
  SU(4)	
  x	
  SU(1,1)	
  

²  The	
  two	
  scalars	
  parameterize	
  the	
  coset	
  space	
  SU(1,1)/U(1)	
  

²  Anomaly	
  in	
  the	
  U(1)	
  subgroup	
  means	
  quantum	
  inequivalence	
  
between	
  different	
  classical	
  formula#ons	
  	
  
²  We	
  use	
  the	
  SU(4)	
  formula1on	
  of	
  Cremmer,	
  Scherk,	
  Ferrara	
  

UV	
  Divergences	
  in	
  Supergravity	
  

Das	
  (1977);	
  
Cremmer,	
  Scherk,	
  Ferrara	
  (1978)	
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Marcus	
  (1985)	
  



²  1970’s-­‐1980’s:	
  Supersymmetry	
  
delays	
  UV	
  divergences	
  un#l	
  
three	
  loops	
  in	
  all	
  4D	
  pure	
  
supergravity	
  theories	
  	
  

²  Expected	
  counterterm	
  is	
  R4	
  
²  In	
  N=8,	
  SUSY	
  and	
  duality	
  

symmetry	
  rule	
  out	
  
couterterms	
  un#l	
  7	
  loops	
  

²  Expected	
  counterterm	
  is	
  
D8R4	
  

²  7-­‐loop	
  counterterm	
  has	
  an	
  
analog	
  in	
  N	
  =	
  4	
  supergravity	
  at	
  
three	
  loops	
  

²  But	
  the	
  divergence	
  is	
  not	
  
present	
  

Expecta1ons	
  from	
  Symmetry	
  
Grisaru;	
  Tomboulis;	
  Deser,	
  Kay,	
  Stelle;	
  	
  
Ferrara,	
  Zumino;	
  Green,	
  Schwarz,	
  Brink;	
  	
  
Howe,	
  Stelle;	
  Marcus,	
  Sagnoq;	
  etc.	
  

Bern,	
  Dixon,	
  Dunbar;	
  Perelstein,	
  Rozowsky	
  (1998);	
  	
  
Howe	
  and	
  Stelle	
  (2003,	
  2009);	
  	
  
Grisaru	
  and	
  Siegel	
  (1982);	
  	
  

Howe,	
  Stelle	
  and	
  Bossard	
  (2009);	
  	
  
Vanhove;	
  Bjornsson,	
  Green	
  (2010);	
  	
  
Kiermaier,	
  Elvang,	
  Freedman	
  (2010);	
  	
  

Ramond,	
  Kallosh	
  (2010);	
  	
  
Kallosh;	
  Howe	
  and	
  Lindström	
  (1981);	
  

Green,	
  Russo,	
  Vanhove	
  (2006)	
  
Bern,	
  Carrasco,	
  Dixon,	
  Johansson,	
  Roiban	
  (2010)	
  

Beisert,	
  Elvang,	
  Freedman,	
  Kiermaier,	
  	
  
Morales,	
  S#eberger	
  (2010)	
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²  Analogs	
  of	
  E7(7)	
  for	
  lower	
  supersymmetry	
  

²  Can	
  help	
  UV	
  divergences	
  in	
  these	
  theories	
  
²  S#ll	
  have	
  candidate	
  counterterms	
  at	
  L	
  =	
  N	
  -­‐	
  1	
  

(1/N	
  BPS)	
  	
  
²  Nice	
  analysis	
  for	
  N	
  =	
  8	
  counterterms	
  

Duality	
  Symmetries	
  

N=8:	
  E7(7) 	
  	
   	
   	
  E7(7)/SU(8)	
  
N=6:	
  SO*(12) 	
   	
  SO*(12)/U(6)	
  
N=5:	
  SU(5,1)	
   	
   	
  SU(5,1)/U(5)	
  
N=4:	
  SU(4)	
  x	
  SU(1,1) 	
  SU(1,1)/U(1)	
  

Bossard,	
  Howe,	
  Stelle,	
  Vanhove	
  (2010)	
  

Beisert,	
  Elvang,	
  Freedman,	
  Kiermaier,	
  Morales,	
  S#eberger	
  (2010)	
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²  How	
  are	
  the	
  calcula#ons	
  done?	
  

1.   Find	
  a	
  representa#on	
  of	
  SYM	
  that	
  sa#sfies	
  color-­‐kinema#cs	
  
duality	
  (hard)	
  

2.   Construct	
  the	
  integrand	
  for	
  a	
  gravity	
  amplitude	
  using	
  the	
  
double	
  copy	
  method	
  (easy)	
  

3.   Extract	
  the	
  ultraviolet	
  divergences	
  from	
  the	
  integrals	
  
(straighworward,	
  but	
  a	
  prac#cal	
  challenge)	
  

Recent	
  Field	
  Theory	
  Calcula1ons	
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²  Color-­‐kinema#cs	
  duality	
  provides	
  a	
  construc#on	
  of	
  gravity	
  
amplitudes	
  from	
  knowledge	
  of	
  Yang-­‐Mills	
  amplitudes	
  

²  In	
  general,	
  Yang-­‐Mills	
  amplitudes	
  can	
  be	
  wrixen	
  as	
  a	
  sum	
  over	
  
trivalent	
  graphs	
  

²  Color	
  factors	
  	
  
²  Kinema#c	
  factors	
  	
  

²  Duality	
  rearranges	
  the	
  amplitude	
  so	
  color	
  and	
  kinema#cs	
  sa#sfy	
  
the	
  same	
  iden##es	
  (Jacobi)	
  

	
  	
  

Color-­‐Kinema1cs	
  Duality	
  

An = gn�2
X

i

nici
Di

Bern,	
  Carrasco,	
  Johansson	
  (2008)	
  

ci + cj + ck = 0 $ ni + nj + nk = 0

ni ⇠ (✏1 · k2) (✏2 · k3) (✏3 · ✏4) + . . .

ci ⇠ fabcf cde
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²  Four	
  Feynman	
  diagrams	
  
²  Color	
  factors	
  based	
  on	
  a	
  Lie	
  algebra	
  

²  Color	
  factors	
  sa#sfy	
  Jacobi	
  iden#ty:	
  
²  Numerator	
  factors	
  sa#sfy	
  similar	
  iden#ty:	
  

²  Color	
  and	
  kinema#cs	
  sa#sfy	
  the	
  same	
  iden#ty!	
  

Example:	
  Four	
  Gluons	
  

Atree
4 = g2

⇣nscs
s

+
ntct
t

+
nucu
u

⌘

cs + ct + cu = 0

ns + nt + nu = 0

cs = fa1a2bf ba3a4

ct = fa1a4bf ba2a3

cu = fa1a3bf ba4a2
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²  Once	
  numerators	
  are	
  in	
  color-­‐dual	
  form,	
  “square”	
  to	
  construct	
  a	
  
gravity	
  amplitude	
  

²  Gravity	
  numerators	
  are	
  a	
  double	
  copy	
  of	
  gauge	
  theory	
  ones!	
  

²  Proved	
  using	
  BCFW	
  on-­‐shell	
  recursion	
  

²  The	
  two	
  copies	
  of	
  gauge	
  theory	
  don’t	
  have	
  to	
  be	
  the	
  same	
  
theory.	
  

Gravity	
  from	
  Double	
  Copy	
  

Bern,	
  Carrasco,	
  Johansson	
  (2008)	
  

An = gn�2
X

i

nici
Di

Mn = i
⇣
2

⌘n�2 X

i

niñi

Di

Bern,	
  Dennen,	
  Huang,	
  Kiermaier	
  (2010)	
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²  The	
  two	
  copies	
  of	
  gauge	
  theory	
  don’t	
  have	
  to	
  be	
  the	
  same	
  
theory.	
  

²  Spectrum	
  controlled	
  by	
  tensor	
  product	
  of	
  Yang-­‐Mills	
  theories	
  

²  More-­‐sophis#cated	
  supergravity	
  theories	
  

²  Rela#vely	
  compact	
  expressions	
  for	
  gravity	
  amplitudes	
  	
  

Gravity	
  from	
  Double	
  Copy	
  

N	
  =	
  8	
  sugra:	
  (N	
  =	
  4	
  SYM)	
  x	
  (N	
  =	
  4	
  SYM)	
  
N	
  =	
  5	
  sugra:	
  (N	
  =	
  4	
  SYM)	
  x	
  (N	
  =	
  1	
  SYM)	
  
N	
  =	
  4	
  sugra:	
  (N	
  =	
  4	
  SYM)	
  x	
  (N	
  =	
  0	
  SYM)	
  
N	
  =	
  0	
  sugra:	
  (N	
  =	
  0	
  SYM)	
  x	
  (N	
  =	
  0	
  SYM)	
  

Damgaard,	
  Huang,	
  Sondergaard,	
  Zhang;	
  Anastasiou,	
  Borsten,	
  Duff;	
  Duff,	
  Hughes,	
  Nagy;	
  
Johansson,	
  Ochirov;	
  	
  Carrasco,	
  Chiodaroli,	
  Gunaydin,	
  Roiban;	
  	
  

permuta#ons…	
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²  What	
  we	
  really	
  need	
  are	
  mul)loop	
  gravity	
  amplitudes	
  
²  Color-­‐kinema#cs	
  duality	
  at	
  loop	
  level	
  

²  Consistent	
  loop	
  labeling	
  between	
  three	
  diagrams	
  
²  Non-­‐trivial	
  to	
  find	
  duality-­‐sa#sfying	
  sets	
  of	
  numerators	
  

²  Double	
  copy	
  gives	
  gravity	
  

Loop	
  Level	
  

Bern,	
  Carrasco,	
  Johansson	
  (2010)	
  

ci = cj � ck

ni = nj � nk

Just	
  replace	
  c	
  with	
  n	
  Aloop

n = iLgn�2+2L
X

j

Z LY

l=1

dDpl
(2⇡)D

1

Sj

njcj
Dj

Mloop

n = iL+1

⇣
2

⌘n�2+2L X

j

Z LY

l=1

dDpl
(2⇡)D

1

Sj

nj ñj

Dj
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Known	
  Color-­‐Dual	
  Numerators	
  
N	
  =	
  4	
  SYM	
   1	
  Loop	
   2	
  Loops	
   3	
  Loops	
   4	
  Loops	
   L	
  Loops	
  

4	
  point	
   trivial	
   trivial	
   ansatz	
   ansatz	
  

5	
  point	
   construc1on	
   ansatz	
   ansatz	
  

6	
  point	
   construc1on	
  

7	
  point	
   construc1on	
  

n	
  point	
   construc1on	
  

Bern,	
  Carrasco,	
  Johansson	
  (2010)	
  
Carrasco,	
  Johansson	
  (2011)	
  

Bern,	
  Carrasco,	
  Dixon,	
  Johansson,	
  Roiban	
  (2012)	
  
Yuan	
  (2012)	
  

Bjerrum-­‐Bohr,	
  Dennen,	
  Monteiro,	
  O’Connell	
  (2013)	
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²  N	
  =	
  4	
  SYM	
  BCJ-­‐sa#sfying	
  
numerators	
  are	
  trivially	
  
obtained	
  

²  Numerator	
  is	
  totally	
  
symmetric	
  

²  Triangle	
  numerators	
  
vanish	
  through	
  Jacobi	
  
iden##es	
  (No	
  triangle	
  
property	
  of	
  N=4	
  SYM)	
  

²  Numerator	
  is	
  independent	
  
of	
  loop	
  momentum	
  

²  Can	
  factor	
  it	
  out	
  of	
  
integrals	
  

Colour-­‐dual	
  representa1on	
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N=4 = ⇥stAtree

N=4

Mloop

n = iL+1
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²  Through	
  the	
  double	
  copy,	
  the	
  gravity	
  amplitude	
  for	
  Q+16	
  
supercharge	
  supergravity	
  is	
  

²  The	
  N=4	
  numerator	
  factors	
  out	
  of	
  all	
  of	
  the	
  integrals	
  
²  Second	
  copy	
  of	
  YM	
  reorganises	
  into	
  a	
  par#cular	
  linear	
  

combina#on	
  of	
  colour-­‐ordered	
  amplitudes	
  
²  Valid	
  in	
  any	
  number	
  of	
  dimensions	
  

²  Q=16	
  gives	
  N=8	
  supergravity	
  
²  Q=0	
  gives	
  N=4	
  supergravity	
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18	
  

Double	
  copy	
  at	
  one	
  loop	
  

N=4	
  box	
  numerator	
  

M(1)
Q+16 = i

⇣
2

⌘4
stAtree

N=4(1, 2, 3, 4)
h
A(1)

Q (1, 2, 3, 4) +A(1)
Q (1, 3, 4, 2) +A(1)

Q (1, 4, 2, 3)
i

Linear	
  Combina1on	
  of	
  one-­‐loop	
  YM	
  amplitudes	
  



²  There	
  is	
  the	
  possibility	
  that	
  supergravity	
  amplitudes	
  can	
  vanish	
  
in	
  the	
  UV	
  even	
  when	
  Yang-­‐Mills	
  does	
  not.	
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YM	
  and	
  Gravity	
  Linked	
  

N=4	
  box	
  numerator	
  

M(1)
Q+16 = i

⇣
2

⌘4
stAtree

N=4(1, 2, 3, 4)
h
A(1)

Q (1, 2, 3, 4) +A(1)
Q (1, 3, 4, 2) +A(1)

Q (1, 4, 2, 3)
i

Linear	
  Combina1on	
  of	
  one-­‐loop	
  YM	
  amplitudes	
  

1

2 3

4

FIG. 2: The one-loop box diagram. The one-loop color factor c(1)1234 is obtained by dressing each

vertex with an f̃abc.

duality holds automatically when it holds in higher-dimensional pure Yang-Mills theory. We
will not need duality-satisfying representations of the nonsupersymmetric amplitudes, given
that we have them on the maximal super-Yang-Mills side.

B. Amplitude relations at one and two loops

As explained in Refs. [13, 31, 32], the one- and two-loop four-point amplitudes of pure
half-maximal supergravity are easily obtained from corresponding amplitudes in nonsuper-
symmetric gauge theory. Here we extend this slightly by noting that the same holds for
half-maximal supergravity amplitudes including abelian-vector multiplets.

The double-copy construction of a half-maximal supergravity amplitude starts by writing
the corresponding nonsupersymmetric gauge-theory amplitude in a convenient color decom-
position, then replacing color factors by super-Yang-Mills numerators that satisfy the duality
between color and kinematics. A color-dressed four-point one-loop gauge-theory amplitude
with all particles in the adjoint representation can be expressed as [35]

A(1)(1, 2, 3, 4) = g4
[

c(1)1234A
(1)(1, 2, 3, 4) + c(1)1342A

(1)(1, 3, 4, 2) + c(1)1423A
(1)(1, 4, 2, 3)

]

. (2.5)

The c(1)1234 are the color factors of a box diagram, illustrated in Fig. 2, with consecutive
external legs (1, 2, 3, 4) and with vertices dressed with structure constants f̃abc, defined in
Eq. (2.2). The A(1) are one-loop color-ordered amplitudes [36]. This color decomposition
holds just as well whether the external particles are adjoint scalars or gluons and does not
depend on supersymmetry.

To obtain the one-loop half-maximal supergravity amplitudes, we simply replace the
gauge coupling with the gravitational one and the color factors in Eq. (2.5) with maximal
super-Yang-Mills duality-satisfying kinematic numerators [31],

c(1)ijkl → n(1)
ijkl , g4 → i

(κ

2

)4
, (2.6)

where [37]

n(1)
1234 = n(1)

1342 = n(1)
1423 = stAtree

Q=16(1, 2, 3, 4) , (2.7)

and Atree
Q=16(1, 2, 3, 4) is the four-point tree amplitude of maximal 16-supercharge super-Yang-

Mills theory, valid for all states of the theory. (See for example Eq. (2.8) of Ref. [38] for the

6

²  Renormalisability	
  of	
  Yang-­‐Mills	
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  UV	
  of	
  different	
  colour-­‐ordered	
  amplitudes	
  

²  In	
  precisely	
  the	
  combina#on	
  that	
  appears	
  in	
  the	
  gravity	
  
amplitude	
  

A(1)

Q (1, 2, 3, 4) +A(1)

Q (1, 3, 4, 2) +A(1)

Q (1, 4, 2, 3)
���
UV pole

= 0
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This means that divergences proportional to the one-loop color tensor vanish:

A(1)(1g, 2g, 3g, 4g)
∣

∣

D=4div.
= 0 + · · · ,

A(1)(1g, 2g, 3φ, 4φ)
∣

∣

D=4div.
= 0 + · · · , (4.1)

where the label g or φ indicates that an external leg is a gluon or scalar, respectively, and as
before, “+ · · ·” signifies that we dropped divergences proportional to the tree color tensor.

On the other hand, renormalizability does not protect divergences in the four-scalar
amplitude because operators of the form b(1),abcd1 φaφbφcφd are perfectly valid counterterms.
Carrying out the computation, we find that for four identical external scalar states the
divergence is

A(1)(1φ, 2φ, 3φ, 4φ)
∣

∣

D=4div.
=

i

ϵ

1

(4π)2
g4b(1)1

3(Ds − 2)

2
+ · · · , (4.2)

where Ds − 4 is the number of distinct real scalars that circulate in the loop. In this case,
for consistency we should take the state-counting parameter Ds ≥ 5 so that we have at
least one scalar state. Taking the state-counting parameter to be an integer which leaves
the number of gluon states (for each color) at their four-dimensional values is equivalent to
using the four-dimensional helicity scheme [47].

For a pair of distinct external scalars, we find the divergence,

A(1)(1φ1
, 2φ1

, 3φ2
, 4φ2

)
∣

∣

D=4div.
=

i

ϵ

1

(4π)2
g4b(1)1

Ds − 2

2
+ · · · . (4.3)

As expected, the case with identical scalars follows from the one with distinct scalars by
summing over the 3 distinct permutations corresponding to the distinct ways of connecting
the external scalar legs. The number of scalar states circulating in the loop is again given
by Ds − 4, so for consistency we should take Ds ≥ 6 to have two scalars. In both Eqs. (4.2)
and (4.3), the terms containing Ds, and therefore those due to scalar states in the loop,
arise from contact diagrams of the form displayed in Fig. 6(a). We will find this useful in
Section V for understanding the structure of the two-loop divergences in D = 4.

Using the double-copy replacement (2.12) for the color factor in terms of the N = 4 super-
Yang-Mills BCJ numerator, we obtain the corresponding divergences in N = 4 supergravity
with nV = Ds − 4 matter multiplets:

M(1)(1H, 2H, 3H, 4H)
∣

∣

D=4div.
= 0 ,

M(1)(1H, 2H, 3V, 4V)
∣

∣

D=4div.
= 0 ,

M(1)(1V, 2V, 3V, 4V)
∣

∣

D=4div.
= −1

ϵ

1

(4π)2

(κ

2

)4

stAtree
Q=16

3(Ds − 2)

2
,

M(1)(1V1
, 2V1

, 3V2
, 4V2

)
∣

∣

D=4div.
= −1

ϵ

1

(4π)2

(κ

2

)4
stAtree

Q=16

Ds − 2

2
, (4.4)

where, as noted in Section IIIB, the label H indicates that a leg is a state of the graviton
multiplet while a subscript V indicates that the leg is a state of a vector multiplet. The cases
with subscripts V1 and V2 indicate that the legs belong to distinct vector multiplets. Cases
with an odd number of external matter multiplet legs vanish trivially. The total number
of matter vector multiplets is given by nV = Ds − 4, and the supersymmetric prefactor

19

including external states from vector multiplets:

M(1)(1H, 2H, 3H, 4H)
∣

∣

D=6div.
= 0 ,

M(1)(1V, 2V, 3V, 4V)
∣

∣

D=6div.
= 0 ,

M(1)(1V1
, 2V1

, 3V2
, 4V2

)
∣

∣

D=6div.
=

1

ϵ

1

(4π)3

(κ

2

)4

stAtree
Q=16

26−Ds

12
s , (4.10)

M(1)(1H, 2H, 3V, 4V)
∣

∣

D=6div.
= −1

ϵ

1

(4π)3

(κ

2

)4

stAtree
Q=16

26−Ds

24
(ε1 · ε2 s− 2k1 · ε2 k2 · ε1) .

C. Eight dimensions

In eight dimensions at one loop, nonsupersymmetric Yang-Mills theory has an F 4 di-
vergence containing a one-loop color tensor. Therefore the corresponding half-maximal
supergravity diverges at one loop [13]. The explicit value of the divergences for four ex-
ternal graviton multiplets is given in Eq. (3.19) of Ref. [13], with the number of vector
supermultiplets given by nV = Ds − 8; the pure supergravity divergence was first computed
in Ref. [48]. Yang-Mills operators generating divergences for external scalars in D = 8,
specifically D2φ2F 2 and D4φ4, can also be contracted with one-loop color tensors. Thus
it is no surprise that cases with external matter multiplets also diverge in half-maximal
supergravity.

For four identical scalars in Yang-Mills theory, the divergence proportional to the one-loop
color tensor is

A(1)(1φ, 2φ, 3φ, 4φ)
∣

∣

D=8div.
=

i

ϵ

1

(4π)4
g4 b(1)1

Ds + 18

120
(s2 + t2 + u2) + · · · . (4.11)

For two pairs of distinct external scalars, we have have the gauge-theory divergence,

A(1)(1φ1
, 2φ1

, 3φ2
, 4φ2

)
∣

∣

D=8div.
=

i

ϵ

1

(4π)4
g4b(1)1

(Ds − 2)s2 − 40tu

120
+ · · · , (4.12)

while the two-scalar two-gluon divergence is

A(1)(1g, 2g, 3φ, 4φ)
∣

∣

D=8div.
=

i

ϵ

1

(4π)4
g4b(1)1

1

180

[

(Ds − 2)s(2k1 · ε2k2 · ε1 − ε1 · ε2 s)

+ 60(2k3 · ε1k4 · ε2 t+ 2k4 · ε1k3 · ε2 u+ ε1 · ε2 tu
]

+ · · · .

(4.13)

In these eight-dimensional expressions the number of real scalars circulating in the loops is
Ds − 8.

As before, we obtain the corresponding half-maximal supergravity divergences with nV =
Ds−8 matter multiplets by substituting the color factors in the Yang-Mills expressions with

21
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²  Only	
  two	
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  (and	
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  to	
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  graphs	
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  same	
  
²  Implies	
  vanishing	
  of	
  triangle-­‐graph	
  numerators	
  

1

2 3

4(a) 1

2 3

4(b)

FIG. 3: The planar and nonplanar double-box graphs. The cP1234 and cNP
1234 color factors are obtained

by dressing each vertex with an f̃abc.

The situation is similar for two-loop four-point amplitudes. At two loops any color-dressed
gauge-theory amplitude with only adjoint-representation particles can be conveniently writ-
ten as [31, 32, 35]

A(2)(1, 2, 3, 4) = g6
∑

x∈{P,NP}

[

cx1234A
x(1, 2, 3, 4) + cx3421A

x(3, 4, 2, 1) + cx1423A
x(1, 4, 2, 3)

+ cx2341A
x(2, 3, 4, 1) + cx1342A

x(1, 3, 4, 2) + cx4231A
x(4, 2, 3, 1)

]

, (2.13)

where the sum runs over the planar and nonplanar contributions. Here cP1234 and cNP
1234 are the

color factors obtained by dressing the planar and nonplanar double-box graphs in Fig. 3 with
structure constants f̃abc, defined in Eq. (2.2). The AP and ANP are planar and nonplanar
partial amplitudes.

To obtain supergravity amplitudes, we replace the gauge coupling with the gravitational
one and the color factors in Eq. (2.13) with the super-Yang-Mills numerators,

cPijkl → nP
ijkl , cNP

ijkl → nNP
ijkl , g6 → i

(κ

2

)6
. (2.14)

where [25, 26]

nx
1234 = sK , nx

3421 = sK , nx
1423 = tK ,

nx
2341 = tK , nx

1342 = uK , nx
4231 = uK , (2.15)

and x ∈ P,NP. The factor K is the fully crossing-symmetric prefactor,

K = stAtree
Q=16(1, 2, 3, 4) . (2.16)

In this way we immediately obtain the four-point two-loop amplitude of half-maximal su-
pergravity [31, 32],

M(2)
Q=16(1, 2, 3, 4) = i

(κ

2

)6
stAtree

Q=16(1, 2, 3, 4)
∑

x∈{P,NP}

[

s(Ax(1, 2, 3, 4) + Ax(3, 4, 2, 1))

+t(Ax(1, 4, 2, 3) + Ax(2, 3, 4, 1)) + u(Ax(1, 3, 4, 2) + Ax(4, 2, 3, 1))
]

.

(2.17)
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1

2 3

4(a) 1

2 3

4(b)

FIG. 3: The planar and nonplanar double-box graphs. The cP1234 and cNP
1234 color factors are obtained

by dressing each vertex with an f̃abc.

The situation is similar for two-loop four-point amplitudes. At two loops any color-dressed
gauge-theory amplitude with only adjoint-representation particles can be conveniently writ-
ten as [31, 32, 35]

A(2)(1, 2, 3, 4) = g6
∑

x∈{P,NP}

[

cx1234A
x(1, 2, 3, 4) + cx3421A

x(3, 4, 2, 1) + cx1423A
x(1, 4, 2, 3)

+ cx2341A
x(2, 3, 4, 1) + cx1342A

x(1, 3, 4, 2) + cx4231A
x(4, 2, 3, 1)

]

, (2.13)

where the sum runs over the planar and nonplanar contributions. Here cP1234 and cNP
1234 are the

color factors obtained by dressing the planar and nonplanar double-box graphs in Fig. 3 with
structure constants f̃abc, defined in Eq. (2.2). The AP and ANP are planar and nonplanar
partial amplitudes.

To obtain supergravity amplitudes, we replace the gauge coupling with the gravitational
one and the color factors in Eq. (2.13) with the super-Yang-Mills numerators,

cPijkl → nP
ijkl , cNP

ijkl → nNP
ijkl , g6 → i

(κ

2

)6
. (2.14)

where [25, 26]

nx
1234 = sK , nx

3421 = sK , nx
1423 = tK ,

nx
2341 = tK , nx

1342 = uK , nx
4231 = uK , (2.15)

and x ∈ P,NP. The factor K is the fully crossing-symmetric prefactor,

K = stAtree
Q=16(1, 2, 3, 4) . (2.16)

In this way we immediately obtain the four-point two-loop amplitude of half-maximal su-
pergravity [31, 32],

M(2)
Q=16(1, 2, 3, 4) = i

(κ

2

)6
stAtree

Q=16(1, 2, 3, 4)
∑

x∈{P,NP}

[

s(Ax(1, 2, 3, 4) + Ax(3, 4, 2, 1))

+t(Ax(1, 4, 2, 3) + Ax(2, 3, 4, 1)) + u(Ax(1, 3, 4, 2) + Ax(4, 2, 3, 1))
]

.

(2.17)

8
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FIG. 3: The planar and nonplanar double-box graphs. The cP1234 and cNP
1234 color factors are obtained

by dressing each vertex with an f̃abc.

The situation is similar for two-loop four-point amplitudes. At two loops any color-dressed
gauge-theory amplitude with only adjoint-representation particles can be conveniently writ-
ten as [31, 32, 35]

A(2)(1, 2, 3, 4) = g6
∑

x∈{P,NP}

[

cx1234A
x(1, 2, 3, 4) + cx3421A

x(3, 4, 2, 1) + cx1423A
x(1, 4, 2, 3)

+ cx2341A
x(2, 3, 4, 1) + cx1342A

x(1, 3, 4, 2) + cx4231A
x(4, 2, 3, 1)

]

, (2.13)

where the sum runs over the planar and nonplanar contributions. Here cP1234 and cNP
1234 are the

color factors obtained by dressing the planar and nonplanar double-box graphs in Fig. 3 with
structure constants f̃abc, defined in Eq. (2.2). The AP and ANP are planar and nonplanar
partial amplitudes.

To obtain supergravity amplitudes, we replace the gauge coupling with the gravitational
one and the color factors in Eq. (2.13) with the super-Yang-Mills numerators,

cPijkl → nP
ijkl , cNP

ijkl → nNP
ijkl , g6 → i

(κ

2

)6
. (2.14)

where [25, 26]

nx
1234 = sK , nx

3421 = sK , nx
1423 = tK ,

nx
2341 = tK , nx

1342 = uK , nx
4231 = uK , (2.15)

and x ∈ P,NP. The factor K is the fully crossing-symmetric prefactor,

K = stAtree
Q=16(1, 2, 3, 4) . (2.16)

In this way we immediately obtain the four-point two-loop amplitude of half-maximal su-
pergravity [31, 32],

M(2)
Q=16(1, 2, 3, 4) = i

(κ

2

)6
stAtree

Q=16(1, 2, 3, 4)
∑

x∈{P,NP}

[

s(Ax(1, 2, 3, 4) + Ax(3, 4, 2, 1))

+t(Ax(1, 4, 2, 3) + Ax(2, 3, 4, 1)) + u(Ax(1, 3, 4, 2) + Ax(4, 2, 3, 1))
]

.

(2.17)
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1
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FIG. 3: The planar and nonplanar double-box graphs. The cP1234 and cNP
1234 color factors are obtained

by dressing each vertex with an f̃abc.

The situation is similar for two-loop four-point amplitudes. At two loops any color-dressed
gauge-theory amplitude with only adjoint-representation particles can be conveniently writ-
ten as [31, 32, 35]

A(2)(1, 2, 3, 4) = g6
∑

x∈{P,NP}

[

cx1234A
x(1, 2, 3, 4) + cx3421A

x(3, 4, 2, 1) + cx1423A
x(1, 4, 2, 3)

+ cx2341A
x(2, 3, 4, 1) + cx1342A

x(1, 3, 4, 2) + cx4231A
x(4, 2, 3, 1)

]

, (2.13)

where the sum runs over the planar and nonplanar contributions. Here cP1234 and cNP
1234 are the

color factors obtained by dressing the planar and nonplanar double-box graphs in Fig. 3 with
structure constants f̃abc, defined in Eq. (2.2). The AP and ANP are planar and nonplanar
partial amplitudes.

To obtain supergravity amplitudes, we replace the gauge coupling with the gravitational
one and the color factors in Eq. (2.13) with the super-Yang-Mills numerators,

cPijkl → nP
ijkl , cNP

ijkl → nNP
ijkl , g6 → i

(κ

2

)6
. (2.14)

where [25, 26]

nx
1234 = sK , nx

3421 = sK , nx
1423 = tK ,

nx
2341 = tK , nx

1342 = uK , nx
4231 = uK , (2.15)

and x ∈ P,NP. The factor K is the fully crossing-symmetric prefactor,

K = stAtree
Q=16(1, 2, 3, 4) . (2.16)

In this way we immediately obtain the four-point two-loop amplitude of half-maximal su-
pergravity [31, 32],

M(2)
Q=16(1, 2, 3, 4) = i

(κ

2

)6
stAtree

Q=16(1, 2, 3, 4)
∑

x∈{P,NP}

[

s(Ax(1, 2, 3, 4) + Ax(3, 4, 2, 1))

+t(Ax(1, 4, 2, 3) + Ax(2, 3, 4, 1)) + u(Ax(1, 3, 4, 2) + Ax(4, 2, 3, 1))
]

.

(2.17)

8
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N=4	
  Supergravity	
  in	
  D=4	
  

times the same prefactor. Combining the direct terms (5.6) with the subtraction terms (5.7)
flips the sign of the 1/ϵ2 terms and cancels the 1/ϵ terms, as given in Eq. (5.4). The terms
that are subleading in Ds are more complicated because other diagrams contribute. Once
all pieces are added together, we find that all 1/ϵ terms cancel for the divergence, as for the
D2

s terms. Since the supergravity divergence is inherited from the gauge-theory one, it too
will not have 1/ϵ contributions.

Converting the lack of gauge-theory divergences in Eqs. (5.1) and (5.3) to supergravity
divergences using the double-copy substitution in Eq. (2.22) gives us the following finiteness
results:

M(2)(1H, 2H, 3H, 4H)
∣

∣

D=4div.
= 0 ,

M(2)(1H, 2H, 3V, 4V)
∣

∣

D=4div.
= 0 ,

M(2)(1V, 2V, 3V, 4V)
∣

∣

D=4div.
= 0 . (5.8)

These hold for all external states in the respective multiplets, independent of the number of
matter multiplets added to the theory. The vanishing of the divergences in the four identical-
matter-multiplet case can also be seen from its symmetry. From dimensional analysis, after
extracting the crossing-symmetric factor of stAtree

Q=16, there is an additional factor of s which
can appear only in the crossing symmetric form s + t + u = 0, implying the vanishing of
the divergence. We can think of this cancellation as “accidental,” similar to the vanishing
of one-loop divergences in pure Einstein gravity. Interestingly, all the above finite results
exhibit cancellation separately in both the unsubtracted pieces and in the subtractions when
a uniform mass infrared regulator is used. This is true even when one-loop divergences imply
the presence of subdivergences in higher-loop amplitudes. Another notable case where this
happens is three-loop N = 4 supergravity in four dimensions with internal matter [12].

Finally, applying the substitution rule (2.22) to the gauge-theory amplitude with a pair
of distinct scalars gives the nonvanishing divergence for a four-point supergravity amplitude
with external states from a pair of distinct vector multiplets,

M(2)(1V1
, 2V1

, 3V2
, 4V2

)
∣

∣

D=4div.
= − 1

ϵ2
1

(4π)4

(κ

2

)6

s2tAtree
Q=16

(Ds − 2)2

4
, (5.9)

where the state-counting parameter takes the value, Ds = nV + D, with D = 4 in the
four-dimensional helicity scheme [47]. Since the divergence is for a pair of distinct matter
multiplets, for consistency we need nV ≥ 2.

The fact that in D = 4 the two-loop divergence (5.9) looks similar to the result from
iterating the one-loop divergences raises the question1 of whether it might follow from the
one-loop divergences in Eq. (4.4). To definitively settle any such potential question, we have
also computed the complete set of three-loop N = 4 supergravity divergences in D = 4.

1 We thank G. Bossard, K. Stelle and P. Howe for raising this question.
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²  Pure	
  graviton	
  amplitudes	
  are	
  UV	
  finite	
  at	
  two	
  loops	
  in	
  D=5	
  
²  No	
  known	
  symmetry	
  explana#on	
  
²  But	
  follows	
  from	
  YM	
  renormalisability	
  arguments	
  similar	
  to	
  

4D	
  	
  
²  i.e.	
  Follows	
  because	
  double	
  copy	
  directly	
  links	
  SUGRA	
  UV	
  to	
  YM	
  UV	
  

²  Also	
  see	
  sugges#ve	
  10-­‐Ds	
  factors	
  
²  Just	
  numerology?	
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N=4	
  Supergravity	
  in	
  D=5	
  
M(2)(1H , 2H , 3H , 4H)

���
D=5 div.

= 0

M(2)(1V , 2V , 3V , 4V )
���
D=5 div.

=
1

✏

1

(4⇡)5

⇣
2

⌘5
stAtree

Q=16
(10�Ds)⇡

3
(s2 + t2 + u2)

M(2)(1V1 , 2V1 , 3V2 , 4V2)
���
D=5 div.

=
1

✏

1

(4⇡)5

⇣
2

⌘5
stAtree

Q=16
(10�Ds)⇡

6
(3s2 + 2tu)

M(2)(1H , 2H , 3V , 4V )
���
D=5 div.

= �1

✏

1

(4⇡)5

⇣
2

⌘5
s2tAtree

Q=16
(10�Ds)⇡

6

⇥ ("1 · "2s� 2k1 · "2k2 · "1)
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²  Numerators	
  sa#sfy	
  BCJ	
  duality	
  

²  Factor	
  of	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  pulls	
  out	
  of	
  
every	
  graph,	
  but	
  loop	
  
momentum	
  dependence	
  
remains	
  

²  Graphs	
  with	
  triangle	
  
subdiagrams	
  have	
  vanishing	
  
numerators	
  

Colour-­‐dual	
  numerators	
  

stAtree
4

⌧ij = 2ki · lj

Bern,	
  Carrasco,	
  Johansson	
  (2010)	
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ü  Series	
  expand	
  the	
  integrand	
  and	
  select	
  the	
  logarithmic	
  terms	
  
ü  Reduce	
  all	
  the	
  tensors	
  in	
  the	
  integrand	
  
ü  Regulate	
  infrared	
  divergences	
  
ü  Subtract	
  subdivergences	
  
ü  Evaluate	
  vacuum	
  integrals	
  

ü  The	
  sum	
  of	
  all	
  12	
  graphs	
  is	
  finite!	
  

N=4	
  Supergravity	
  in	
  D=4	
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  Dennen,	
  Huang	
  (2012)	
  



N=4	
  Supergravity	
  in	
  D=4	
  

²  The	
  vanishing	
  of	
  the	
  pure	
  supergravity	
  divergence	
  remains	
  
unexplained	
  through	
  symmetry	
  understandings	
  

²  Although,	
  there	
  is	
  an	
  understanding	
  from	
  string	
  theory	
  

²  Another	
  puzzle:	
  R4	
  counterterm	
  is	
  allowed	
  by	
  known	
  symmetries	
  
²  This	
  is	
  one	
  of	
  the	
  cri#cal	
  L=N-­‐1	
  cases.	
  	
  
²  What	
  about	
  N=5	
  and	
  L=4?	
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M(3)
(1H , 2H , 3H , 4H)

���
D=4 div.

= 0

M(3)
(1H , 2H , 3V , 4V )

���
D=4 div.

= 0

M(3)
(1V , 2V , 3V , 4V )

���
D=4 div.

= � 1

(4⇡)6

⇣
2

⌘6
(s2 + t2 + u2

)stAtree
Q=16

(Ds � 2)

2

4

⇥
✓
Ds � 2

2✏3
� 1

✏2
+

1

✏

◆

M(3)
(1V1 , 2V1 , 3V2 , 4V2)

���
D=4 div.

= (ugly and not very interesting)

Tourkine,	
  Vanhove	
  (2012)	
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Colour-­‐dual	
  numerators	
  
²  82	
  colour-­‐dual	
  

numerators	
  in	
  N=4	
  SYM	
  
theory	
  at	
  four	
  loops	
  

²  Too	
  lengthy	
  to	
  put	
  
here	
  

²  Factor	
  of	
  	
  
pulls	
  out	
  of	
  every	
  
numerator	
  

²  Up	
  to	
  two	
  powers	
  of	
  
loop	
  momentum	
  in	
  
numerators	
  

stAtree
4

Bern,	
  Carrasco,	
  Dixon,	
  Johansson,	
  Roiban	
  (2012)	
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N=5	
  Supergravity	
  in	
  D=4	
  
graphs (divergence)× u(4π)8/(−⟨12⟩2[34]2stAtree(κ2 )

10)

1–30

− 1
ϵ4

[

297863
3981312s

2 + 7115179
7962624st+

1230523
2654208 t

2
]

+ 1
ϵ3

[

183507269
318504960s

2 − 121097629
106168320st−

125340203
159252480 t

2
]

+ 1
ϵ2

[

ζ3
(

−54780317
3686400 s

2 − 364821169
22118400 st−

19297919
7372800 t

2
)

− ζ2
(

297863
1990656s

2 + 7115179
3981312st+

1230523
1327104 t

2
)

− S2
(

1602535
73728 s2 + 10330175

442368 st− 14079343
442368 t2

)

− 80222068879
28665446400s

2 − 949461174731
57330892800 st−

17877740021
19110297600 t

2
]

+ 1
ϵ

[

ζ5
(

42165713
92160 s2 + 12876011

9216 st+ 10040753
46080 t2

)

+ ζ4
(

1162609
7372800s

2 + 183267071
14745600 st+

110749763
14745600 t

2
)

− ζ3
(

10506518408983
71663616000 s2 + 30289233413171

71663616000 st− 2013863213191
35831808000 t2

)

− ζ2
(

970317931
159252480s

2 + 59367181
5898240 st

− 719420377
79626240 t

2
)

− T1ep
(

1602535
995328 s

2 + 10330175
5971968 st−

14079343
5971968 t

2
)

− S2
(

33354691993
53084160 s2

+ 19386147397
10616832 st+ 9723954001

8847360 t2
)

−D6
(

4137589
552960 s

2 + 2283701
184320 st+

527011
138240 t

2
)

− 20252328329611
143327232000 s2 − 534679988685821

1146617856000 st− 8363829769903
1146617856000 t

2
]

31–60

1
ϵ4

[

1788617
3981312s

2 + 20728021
7962624 st+

2452169
2654208 t

2
]

+ 1
ϵ3

[

527762531
318504960s

2 + 1120727089
106168320 st+ 122147731

53084160 t
2
]

+ 1
ϵ2

[

ζ3
(

6081287
345600 s

2 + 13983243
819200 st+ 98182043

22118400 t
2
)

+ ζ2
(

1788617
1990656s

2 + 20728021
3981312 st+

2452169
1327104 t

2
)

+ S2
(

3516907
73728 s2 + 31188941

442368 st− 15998365
442368 t2

)

+ 545203990507
28665446400 s

2 + 4109230335503
57330892800 st+ 142686680113

19110297600 t2
]

+ 1
ϵ

[

ζ5
(

−160438583
245760 s2 − 311758955

147456 st− 119748949
368640 t2

)

− ζ4
(

5925797
921600 s

2 + 460780679
14745600 st+

126445477
14745600 t

2
)

+ ζ3
(

11662905491459
53747712000 s2 + 54035183618969

71663616000 st+ 8467395805631
214990848000 t2

)

+ ζ2
(

3059935571
159252480 s

2 + 789428243
17694720 st

− 197819569
26542080 t

2
)

+T1ep
(

3516907
995328 s

2 + 31188941
5971968 st−

15998365
5971968 t

2
)

+ S2
(

2658637313
53084160 s2

+ 2611873009
10616832 st+ 23301734753

26542080 t2
)

+D6
(

6050189
552960 s

2 + 10479103
552960 st+ 233987

46080 t
2
)

+ 455464156513
1911029760 s2 + 173334911330293

229323571200 st+ 673760034799
25480396800 t2

]

61–82

− 1
ϵ4

[

248459
663552s

2 + 756269
442368st+

610823
1327104 t

2
]

+ 1
ϵ3

[

−17781745
7962624 s

2 − 5553497
589824 st−

24110299
15925248 t

2
]

+ 1
ϵ2

[

ζ3
(

−30260233
11059200s

2 − 1590799
2764800st−

20144143
11059200 t

2
)

− ζ2
(

248459
331776s

2 + 756269
221184st+

610823
663552 t

2
)

− S2
(

53177
2048 s

2 + 3476461
73728 st− 319837

73728 t
2
)

− 38748493469
2388787200 s

2 − 9752373953
176947200 st−

31202235023
4777574400 t2

]

+ 1
ϵ

[

ζ5
(

28798009
147456 s2 + 35247593

49152 st+ 876065
8192 t2

)

+ ζ4
(

15414589
2457600 s

2 + 11563067
614400 st+ 7847857

7372800 t
2
)

− ζ3
(

15920366514887
214990848000 s2 + 4001452799633

11943936000 st+ 20550575084777
214990848000 t2

)

− ζ2
(

52240441
3981312 s

2 + 30566335
884736 st

+ 12596167
7962624 t

2
)

− T1ep
(

53177
27648s

2 + 3476461
995328 st−

319837
995328 t

2
)

+ S2
(

767401367
1327104 s2

+ 1397856199
884736 st+ 587012725

2654208 t2
)

−D6
(

47815
13824s

2 + 22675
3456 st+

17495
13824 t

2
)

− 434546648527
4478976000 s2 − 9221628964379

31850496000 st− 5488842949013
286654464000 t2

]

sum 1
ϵ su

1
72 (264 ζ3 − 1)

TABLE IV: The divergence in the four-graviton amplitude of pure N = 4 supergravity. The first

three entries correspond to the sum over diagrams 1–30, 31–60 and 61–82 listed in Figs. 6 and 7,
while the final row gives the sum over all diagrams. Subdivergences automatically cancel amongst
themselves and are not included. Our choice of external helicity states and reference momenta are

as in Table II.
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graphs (divergence)× u(4π)8/(−⟨12⟩2[34]2stAtree(κ2 )
10)

1–30

1
ϵ4

[

607
1990656s

2 − 1323773
1990656st−

14255
41472 t

2
]

+ 1
ϵ3

[

4865671
19906560s

2 + 149977
3317760st−

20170049
19906560 t

2
]

+ 1
ϵ2

[

ζ3
(

−3733153
230400 s

2 − 5900609
276480 st+

3883097
691200 t

2
)

+ ζ2
(

607
995328s

2 − 1323773
995328 st−

14255
20736 t

2
)

− S2
(

625357
36864 s

2 + 5161189
110592 st−

1428583
55296 t2

)

− 7648139167
3583180800s

2 − 22568882383
3583180800 st− 55681241

59719680 t
2
]

+ 1
ϵ

[

ζ5
(

−225641
1024 s2 − 12931021

18432 st− 2378855
18432 t2

)

− ζ4
(

4044329
460800 s

2 + 3646153
921600 st−

2056603
153600 t

2
)

+ ζ3
(

6076575618157
17915904000 s2 + 3396579085657

3583180800 st+ 2089036585637
8957952000 t2

)

− ζ2
(

51416459
9953280 s

2 + 801749
51840 st

− 65544931
9953280 t

2
)

− T1ep
(

625357
497664s

2 + 5161189
1492992st−

1428583
746496 t

2
)

− S2
(

8055438013
16588800 s2

+ 555755309
414720 st+ 555207793

614400 t2
)

−D6
(

715513
138240s

2 + 718247
76800 st+

285839
172800 t

2
)

+ 1916368326173
71663616000 s2 + 7258817218703

71663616000 st+ 3175133834231
35831808000 t2

]

31–60

1
ϵ4

[

509381
1990656s

2 + 3991391
1990656st+

242555
331776 t

2
]

+ 1
ϵ3

[

50554927
19906560s

2 + 13023425
1327104 st+

8356667
3317760 t

2
]

+ 1
ϵ2

[

ζ2
(

509381
995328s

2 + 3991391
995328 st+

242555
165888 t

2
)

+ ζ3
(

990949
57600 s

2 + 570691
1382400st−

10906963
691200 t2

)

+ S2
(

1380997
36864 s2 + 9202651

110592 st−
821453
27648 t

2
)

+ 65553264229
3583180800 s

2 + 27992599379
447897600 st+ 12366245939

1194393600 t2
]

+ 1
ϵ

[

ζ5
(

10240481
23040 s2 + 96847583

92160 st+ 3535453
30720 t2

)

+ ζ4
(

816643
76800 s

2 − 6008467
307200 st−

51227
2048 t

2
)

− ζ3
(

8235182625383
13436928000 s2 + 25298224196579

17915904000 st+ 11561841643253
53747712000 t2

)

+ ζ2
(

174844657
9953280 s2 + 31428727

663552 st

−8072393
1658880 t

2
)

+T1ep
(

1380997
497664 s

2 + 9202651
1492992st−

821453
373248 t

2
)

+ S2
(

2385329963
16588800 s2

+ 1077896293
3317760 st+ 1501624967

2073600 t2
)

+D6
(

233051
46080 s

2 + 4649023
691200 st+

77389
172800 t

2
)

− 273686499733
2654208000 s2 − 10212410685517

35831808000 st− 501121685203
4777574400 t2

]

61–82

− 1
ϵ4

[

42499
165888s

2 + 148201
110592st+

128515
331776 t

2
]

+ 1
ϵ3

[

−27710299
9953280 s

2 − 21805693
2211840 st−

29969953
19906560 t

2
]

+ 1
ϵ2

[

ζ3
(

−25627
25600s

2 + 1607353
76800 st+ 3511933

345600 t
2
)

+ ζ2
(

−42499
82944s

2 − 148201
55296 st−

128515
165888 t

2
)

+ S2
(

−10495
512 s2 − 673577

18432 st+
71441
18432 t

2
)

− 9650854177
597196800 s

2 − 7458218987
132710400 st−

11252621119
1194393600 t

2
]

+ 1
ϵ

[

ζ5
(

−10327117
46080 s2 − 1788471

5120 st+ 321979
23040 t

2
)

+ ζ4
(

−855529
460800s

2 + 10835777
460800 st+ 892711

76800 t
2
)

+ ζ3
(

14908078591061
53747712000 s2 + 1396836736049

2985984000 st− 972377870569
53747712000 t2

)

+ ζ2
(

−61714099
4976640 s

2 − 35277233
1105920 st

− 17110573
9953280 t

2
)

+T1ep
(

−10495
6912 s

2 − 673577
248832st+

71441
248832 t

2
)

+ S2
(

113402161
331776 s2

+ 1122715393
1105920 st+ 119104427

663552 t2
)

+D6
(

409
3456s

2 + 2269
864 st+

4169
3456 t

2
)

+ 2736085919309
35831808000 s2 + 1462778758259

7962624000 st+ 1166557609583
71663616000 t2

]

sum − 1
ϵ su

1
72 (264 ζ3 − 1)

TABLE V: The additional contributions in N = 5 supergravity. These include internal states that
arise from a direct product of the N = 4 sYM states and a Majorana fermion. The sum of these
contributions together with the ones in Table IV vanishes, showing that the N = 5 supergravity

amplitude is ultraviolet finite. Subdivergences automatically cancel amongst themselves and are
not included. Our choice of external helicity states and reference momenta are as in Table II.

We note that while our calculation proves that there are no four-loop four-point diver-

22

Bern,	
  Davies,	
  Dennen	
  (2014)	
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N=5	
  Supergravity	
  in	
  D=4	
  
²  Surprise	
  

²  Second	
  example	
  of	
  L=N-­‐1	
  case	
  UV	
  finite,	
  unexplained	
  

²  How	
  much	
  further	
  can	
  we	
  go?	
  

²  N=6	
  is	
  out	
  of	
  reach	
  (requires	
  L=5	
  BCJ	
  numerators)	
  

²  We	
  could	
  look	
  at	
  L=4	
  N=4	
  
²  Above	
  the	
  cri1cal	
  L=N-­‐1	
  line.	
  	
  
²  Mul1ple	
  counterterms	
  allowed	
  by	
  symmetry.	
  
²  Solidly	
  in	
  the	
  territory	
  of	
  amplitudes	
  that	
  should	
  diverge	
  



²  Double	
  copy	
  makes	
  SU(4)	
  R-­‐symmetry	
  manifest	
  
²  Three	
  dis#nct	
  counterterms	
  
²  -­‐-­‐++	
  is	
  4-­‐graviton	
  sector	
  
²  The	
  laxer	
  two	
  configura#ons	
  would	
  vanish	
  if	
  duality	
  symmetry	
  

were	
  not	
  anomalous	
  
²  E.g.	
  in	
  N>4	
  SG	
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N=4	
  Supergravity	
  in	
  D=4	
  
M4-loop

N=4

���
div

=
1

(4⇡)8

⇣
2

⌘
10 1� 264⇣

3

288✏
stAtree

N=4

�O��++ + 3O�+++ + 60O++++

�

²  All	
  three	
  independent	
  configura#ons	
  have	
  a	
  similar	
  divergence!	
  
²  How	
  much	
  can	
  we	
  really	
  read	
  into	
  this?	
  There	
  is	
  very	
  lixle	
  

informa#on	
  in	
  the	
  transcendental	
  coefficient.	
  

Bern,	
  Davies,	
  Dennen,	
  Smirnov2	
  (2013)	
  



²  Couple	
  to	
  maxer	
  mul#plets	
  to	
  get	
  more	
  info	
  
²  Requires	
  honest	
  subtrac#on	
  of	
  subdivergences,	
  since	
  maxer	
  

amplitudes	
  diverge	
  already	
  at	
  one	
  loop	
  
²  Kinema#c	
  factor	
  is	
  the	
  same	
  as	
  pure	
  SUGRA	
  
²  Transcendental	
  constants	
  factorize	
  out	
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Mager	
  Mul1plets	
  in	
  the	
  Loops	
  
M4-loop

N=4

���
div

=
1

(4⇡)8

⇣
2

⌘
10 1� 264⇣

3

288✏
stAtree

N=4

�O��++ + 3O�+++ + 60O++++

�

(nV + 2)

4608

✓
6(nV + 2)nV

✏2
+

(nV + 2)(3nV + 4)� 96(22� nV)⇣3
✏

◆

Fischler	
  (1979)	
  



²  All	
  three	
  independent	
  configura#ons	
  s#ll	
  have	
  a	
  similar	
  
divergence	
  

²  Peculiar	
  because	
  the	
  nonanomalous	
  sector	
  should	
  naively	
  
have	
  a	
  very	
  different	
  analy#c	
  structure.	
  Not	
  related	
  by	
  any	
  
supersymmetry	
  Ward	
  iden##es.	
  

²  Factoriza#on	
  of	
  transcendental	
  constants	
  is	
  (slightly)	
  less	
  trivial	
  
than	
  it	
  looks	
  

²  𝜁4	
  and	
  𝜁5	
  cancel	
  away	
  unexpectedly	
  
²  nV	
  dependence	
  is	
  apparently	
  consistent	
  with	
  U(1)	
  anomaly	
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The	
  Structure	
  of	
  the	
  Result	
  
M4-loop

N=4

���
div

=
1

(4⇡)8

⇣
2

⌘
10 1� 264⇣

3

288✏
stAtree

N=4

�O��++ + 3O�+++ + 60O++++

�

(nV + 2)

4608

✓
6(nV + 2)nV

✏2
+

(nV + 2)(3nV + 4)� 96(22� nV)⇣3
✏

◆



²  There	
  is	
  an	
  anomaly	
  in	
  a	
  U(1)	
  subgroup	
  of	
  the	
  SU(4)	
  x	
  SU(1,1)	
  
duality	
  symmetry	
  

²  Scalar	
  degrees	
  of	
  freedom	
  parameterize	
  SU(1,1)/U(1)	
  
²  Can	
  gauge	
  the	
  U(1)	
  to	
  linearize	
  the	
  ac#on	
  of	
  SU(1,1)	
  	
  

²  scalars	
  become	
  complex	
  doublet	
  under	
  global	
  SU(1,1)	
  
²  Pick	
  up	
  a	
  phase	
  under	
  local	
  U(1)	
  

²  Anomalous	
  means	
  different	
  gauge	
  choices	
  for	
  the	
  U(1)	
  give	
  
different	
  theories	
  at	
  the	
  quantum	
  level	
  

²  Theories	
  differ	
  by	
  a	
  local,	
  finite	
  term	
  in	
  the	
  effec#ve	
  ac#on	
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U(1)	
  Anomaly	
  

�↵�↵ = 1 �0
↵

= e�i�(x)U�

↵

�
�

Marcus	
  (1985)	
   Carrasco,	
  Kallosh,	
  Tseytlin,	
  Roiban	
  (2013)	
  



²  As	
  pointed	
  out	
  by	
  Carrasco,	
  Kallosh,	
  Tseytlin	
  &	
  Roiban,	
  the	
  
anomalous	
  sectors	
  are	
  poorly	
  behaved	
  and	
  contribute	
  to	
  a	
  four-­‐
loop	
  UV	
  divergence	
  (unless	
  somehow	
  cancelled,	
  as	
  they	
  are	
  at	
  
three	
  loops)	
  

²  Anomalous	
  sector	
  feeds	
  poor	
  UV	
  behavior	
  into	
  MHV	
  sector	
  

²  Key	
  Feature:	
  Each	
  anomaly	
  inser#on	
  gives	
  a	
  factor	
  of	
  (nV+2)	
  
²  This	
  cut	
  contributes	
  (nV+2)2	
  #mes	
  a	
  two-­‐loop	
  integral	
  
²  To	
  get	
  𝜁3	
  requires	
  a	
  three-­‐loop	
  integral,	
  which	
  leaves	
  only	
  

enough	
  room	
  for	
  one	
  anomaly	
  inser#on.	
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Anomalies	
  in	
  unitarity	
  cuts	
  

Figure	
  from	
  arXiv:1303.6219	
  
Carrasco,	
  Kallosh,	
  Tseytlin,	
  Roiban	
  



²  Result	
  looks	
  consistent	
  with	
  being	
  en#rely	
  due	
  to	
  the	
  anomaly	
  
²  (nv+2)2	
  for	
  ra#onal	
  numbers	
  
²  (nV+2)	
  𝜁3	
  consistent	
  with	
  a	
  single	
  anomaly	
  inser#on	
  

²  Boxom	
  line:	
  This	
  divergence	
  looks	
  specific	
  to	
  N	
  =	
  4	
  SG,	
  and	
  likely	
  
due	
  to	
  the	
  anomaly.	
  	
  

²  Though	
  the	
  high	
  loop	
  order	
  prevents	
  a	
  detailed	
  analysis	
  

10
	
  Ju

ly
,	
  2
01
5	
  

Am
pl
itu

de
s	
  @

	
  E
TH

	
  Z
ur
ic
h	
  

40	
  

Connec1on	
  Between	
  Sectors?	
  
M4-loop

N=4

���
div

=
1

(4⇡)8

⇣
2

⌘
10 1� 264⇣

3

288✏
stAtree

N=4

�O��++ + 3O�+++ + 60O++++

�

(nV + 2)

4608

✓
6(nV + 2)nV

✏2
+

(nV + 2)(3nV + 4)� 96(22� nV)⇣3
✏

◆



²  In	
  light	
  of	
  a	
  forthcoming	
  paper,	
  one	
  might	
  worry	
  that	
  we’ve	
  
done	
  something	
  bad	
  in	
  N=4:	
  

²  In	
  the	
  presence	
  of	
  anomalies,	
  UV	
  divergence	
  and	
  
renormaliza#on	
  scale	
  dependence	
  can	
  become	
  unlinked	
  

²  Then	
  UV	
  divergence	
  isn’t	
  a	
  good	
  proxy	
  for	
  log(M2)	
  terms	
  
²  Two-­‐loop	
  calcula#ons	
  in	
  Einstein	
  gravity	
  show	
  this	
  explicitly	
  

for	
  the	
  conformal	
  anomaly	
  

²  Not	
  a	
  problem	
  in	
  our	
  case	
  –	
  verifica#on	
  of	
  subdivergence	
  
cancella#ons	
  

²  Although	
  U(1)	
  duality	
  symmetry	
  is	
  anomalous	
  in	
  N=4,	
  UV	
  is	
  
s#ll	
  linked	
  to	
  log(M2)	
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Quantum	
  (in)equivalence	
  

Bern,	
  Cheung,	
  Chi,	
  Davies,	
  Dixon,	
  Nohle	
  (to	
  appear)	
  

*	
  See	
  also	
  Zvi	
  Bern’s	
  talk	
  at	
  Strings	
  



10
	
  Ju

ly
,	
  2
01
5	
  

42	
  

Am
pl
itu

de
s	
  @

	
  E
TH

	
  Z
ur
ic
h	
  



²  We’ve	
  seen	
  three	
  examples	
  of	
  vanishing	
  of	
  expected	
  UV	
  
divergences.	
  	
  

²  How	
  exo#c	
  are	
  these	
  cancella#ons?	
  

²  Among	
  the	
  symmetry	
  considera#ons:	
  
²  Björnsson	
  &	
  Green	
  developed	
  a	
  first-­‐quan#zed	
  formula#on	
  of	
  

N=8	
  sugra	
  based	
  on	
  Berkovits’	
  pure	
  spinors	
  
²  BEFKMS	
  Used	
  duality	
  symmetry	
  to	
  exhaus#vely	
  rule	
  out	
  N=8	
  

counterterms	
  un#l	
  7	
  loops	
  (L=N-­‐1)	
  
²  Bossard,	
  Howe,	
  Stelle,	
  Vanhove	
  extended	
  the	
  L=N-­‐1	
  

counterterm	
  to	
  N=4,	
  5	
  &	
  6	
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Enhanced	
  Cancella1ons	
  



²  All	
  paths	
  lead	
  to	
  the	
  same	
  conclusion:	
  L=N-­‐1	
  has	
  an	
  allowed	
  
counterterm	
  

²  From	
  a	
  unitarity	
  perspec#ve,	
  symmetry	
  arguments	
  essen#ally	
  
expose	
  the	
  power	
  coun#ng	
  on	
  maximal	
  cuts	
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Enhanced	
  Cancella1ons	
  

8 

Maximal Cut Power Counting  

Maximal unitarity cuts of diagrams poorly behaved: 

Equivalent to Björnsson and Green approach:  
Expose susy, identify poorly behaved terms and count. 

N = 8 sugra should diverge at 7 loops in D = 4.            
N = 8 sugra should diverge at 5 loops in D = 24/5 
N = 4 sugra should diverge at 3 loops in D = 4          
N = 5 sugra should diverge at 4 loops in D = 4          

This diagram is log divergent  

N = 4 sugra:  pure YM  x N = 4 sYM 
already log divergent 

N = 4 
sugra 

ZB, Davies, Dennen (2014) 

All other groups agree this is where divergences should be.   

Bet with David Gross 
Bet with Kelly Stelle 

Unfortunately no bets 

p q
1 
2 3 

4 ni ⇠ s3tAtree
4 (p · q)2 "1 · p "2 · p "3 · q "4 · q + . . .

Any UV cancellation beyond this is “enhanced cancellation”. 

²  N=4	
  sugra	
  is	
  (pure	
  YM)	
  x	
  (N=4	
  SYM)	
  
²  Pure	
  YM	
  is	
  already	
  log	
  divergent	
  on	
  the	
  

maximal	
  cut	
  of	
  the	
  ladder	
  diagram	
  
²  No	
  amount	
  of	
  standard	
  symmetry	
  

transforma#ons	
  can	
  push	
  these	
  log	
  
divergences	
  into	
  other	
  diagrams	
  

²  Any	
  cancella#ons	
  beyond	
  these,	
  such	
  as	
  those	
  between	
  different	
  
diagrams	
  on	
  maximal	
  cuts,	
  we	
  term	
  “enhanced	
  cancella#ons”	
  

²  Enhanced	
  cancella#ons	
  are	
  not	
  present	
  in	
  non-­‐abelian	
  gauge	
  
theories	
  



²  Known	
  explicit	
  examples	
  of	
  enhanced	
  cancella#ons	
  
²  D=4,	
  N=4	
  pure	
  sugra	
  is	
  finite	
  at	
  3	
  loops	
  

²  D=4,	
  N=5	
  pure	
  sugra	
  is	
  finite	
  at	
  4	
  loops	
  

²  D=5	
  half-­‐maximal	
  sugra	
  is	
  finite	
  at	
  2	
  loops	
  

²  No	
  known	
  standard	
  symmetry	
  explana#on	
  for	
  any	
  of	
  these	
  
	
  
²  Enhanced	
  cancella#ons	
  appear	
  to	
  be	
  a	
  qualita#vely	
  new	
  

mechanism	
  controlling	
  the	
  UV	
  
²  Though	
  s#ll	
  mysterious!	
  
²  Awaits	
  bold	
  new	
  ideas	
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Summary	
  


