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© Generalized hypergeometric functions and the Drinfeld associator

@ Generalized hypergeometric functions and recurrence relations
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Generalized hypergeometric functions and the Drinfeld associator

@ Knizhnik-Zamolodchikov (KZ) eq. with Lie algebra generators ey, e; for the generating series
®(x) of MPL:

%wx) = (% + ilx) o(x)

There are unique solutions ®g 20 w0 and &y 3 (1—x)"=
o Combination of unique solutions gives the Drinfeld associator ®xz(ep, €1) = ®1(x) ™1 dg(x)

with the expansion Z C(w)w =1+ (olen, e1] + ¢3([eo, [eo, e1]] — [e1, [en, e1]) +
we{eg,e1}*

@ Definition of generalized hypergeometric functions:

P
o IIa)™
a1, - =X (a+n)
:F_ s nzi’ >1’ ,b GR,
Y =pFp-1 [bl,_.,,bp, } mZ:O p—l(b‘)m ‘ml (a) ) p>1, as, br
LS
j=

@ They satisfy Fuchsian equations with polynomials a;, 8; symmetric in as, by :

—a-x L 0"1)+Z(a,—%) yrooy=0 . o=x9
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Generalized hypergeometric functions and the Drinfeld associator

.. this is equivalent to a system of first order differential egs. for 27 = (y, 0y, ...,0("=Dy):
dg _ (Bo B ) L
dx ( X + 1—x &

o We construct two fundamental solutions gy, g1 and compare their asymptotic behaviour

- x—0 x—0 o

g — 7 . ®g > xFo 8 =G . . .

L oxol with 1 5 2 . with connection matrices Cp, C;
8 —=m ;== (1—x)"5 gr=41G

@ Insertion in the def. of the Drinfeld associator: ®x~(Bo, B1) = Clgflgo C(;l

o x—1lgives:  ,Fp [Hbf,l.’,'.}iiip,l?l] = ®kz(Bo, B1)ly 4

_ ab ]_ 0 1) (o 0
e (i e (GRS R A e]

ai, az, as 0 1 0 0 0 0
3P { T ;1] =Py [(0 0 1 , 0 0 0
14+-b1,1+b2 0 —biby —by—by a3 amtaamtamaz—biby  aptataz—bi—by) |4

1,1
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In general:

0 1 0 0 0
0 0 1 0 0
By = :
0 0 1 0
0 0 0 0 1
0 -QF, -Q, - -
with
AL=PL—Q

and the symmetric products of the parameters aj,

p

PP = E aj ... ai,

iy iq=1
1<ip<...<ig

i1 <ip<...<ig

0
BP = :
» P1

0
Ap

a:17 7p7
...,apand by, ...

a:17 P
:8:17 ’p_l

0
ar

0
A3

, bp—1, respectively:
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Generalized hypergeometric functions and recurrence relations

Recurrence relations with non-commutative coefficients ¢;, (cacp # cpca):

n
u, = Z Calk_q for k> n and with initial values vy, for 0 < k <n

a=1
eg.: Ur=cClUg_1+ Quk 2 U =1 uv=cq
up = crui + cug = cf + o
uz = ciup + up = 613 +ac+aa
ue=»_ {, L}
J1+2p=k
e we introduce - {c', &?,...,c"} - sum of distinct permutations, with j; times the factor c;

. 2 _ 2 2
eg.: {c,a}=cao+aca+ acq

{c1,, a3} =aaa+aaa+ aaa+ aae + aaa + o

o related to the shuffle product

{c{l,céz,...,c{,”}:c1...cluJCQ...chLJ...LUc,,...cn.
—— N — N——
J1 times Jo times Jn times
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Generalized hypergeometric functions and recurrence relations

@ We are interested in the e-expansion: [Kalmykov et al., 0708.0803] [Boels, 1304.7918]

€ay,...,€ap k, p
pFp—1 <1+€b1,.‘ 1+€bp IX) ZE uk(X)
@ It can be written in terms of GPL
Liz(x) = 1(0)"~11(1)1(0)™711(1) ... 1(0)"LI(1)
x 1 x 1
with  1(1)F(x) :/ dt — 1 F(t) and 1(0)F(x) :/ de Lf(e)
0 11—t 0 t
o The differential equation

P
(1= 0P L) = Y [Pz = %og] 6P U a(x), 0= xdi'x

a=1

can be transformed into a recurrence relation: (take b.c. into account)

P
up(x) = Z chuf_ (x); k>p
a=1

with the coefficients
P = AP 1(0)P7L (1) 0P~ — QP 1(0)
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Generalized hypergeometric functions and recurrence relations

Already known:

—eca, ¢b
2F1 ( 161 62 ;X) =Y v

k>0

k—1
vi(x) = Y (=1)fHa op Y (=12 1) {1(1)F TP 1(0)* T 1(1,0073(1)
a=1 B

= I(O)al(l)k_a = Li(a+l,{1}k7"‘71)(x)
with I(a1, a, ... 7a,,) = I(a1)/(32) ... I(a,,), a; € {0, 1}
New result:
€ay, €az, €asz _ k
2 (3 T (%) =3 o)

_ H4b A m1 A m2 Am3+1 Al Ab
wy (x) = Z (=1)1T2AMA, A Q' Q@
my+h+2(h+my)+3m3=k—3

x 1(0,0) {/(0)’1, 1(0,0)%2, 1(1)™, I1(1,0)™, I(1,0, 0)'"3} 1(1)

How to transform these generalized operator products to GPLs?
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Generalized hypergeometric functions and recurrence relations

1(0) {1(0), 1(0,0)2, (1), 1(1, 00", 1(1,0,0)% } 1(1) = > Lig(x) (i j2,ja,Js)
w=j1+2jo+j3+2ja+3j5+2
d=j3+ja+js+1
with the weighting
S i—f — 27—a
W, jxs Jys Jz) = > > ( - )
B+7<1 &<|i—-f-27/2]

1B1=ly: |17]=jzi B1,m=0 |&|=j

We found the expansion in terms of GPLs for general p as well:
€a €a =
1,...,€dp . _ k, P
pFp—1 (1+eb1,...,1+ebp_1'x> = ;05 i (x)

up(x) = Z(—l)“ﬂ'(A’f)’”l(Az”)r"2 (DB )T (AR Q) (@D)2 . (@)
I,
x > Lig(x) wp(#; T; i)

w=k; ni=>p
d=my+my+...+mp+1
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String amplitudes

@ open superstring amplitudes at disk level: [Mafra, Schlotterer, Stieberger; 2011]

N N
AL = PO )AL

AN)

string — [V-point string amplitudes

AS/AQ — corresponding YM amplitudes

F(M) (o' — generalized Euler integrals

@ There are 2 independent gen. Euler integrals at N =5, e.g. (s;; = o/(pi + pj)z, Si = Sj,it1):

(5) F®)(s1,5)F®(s3, 5) 1451, 1+s1, 1—52
F3™7 = s13s4 F2 ;
(1+51+52)(1+S3+S4) 2+s1+5, 2+s3+s5

@ a’-expansion in terms of MZVs ((A) = Liz(1).

@ With kinematical part and the MZVs (contained in f(j1,...,j5)) separated, the all-order
expansion reads:

F2(5) = 51354 Z 5{15525%35?%5 f (1,42, J35 4> J5)

J1sej520

invariant w.r.t. cyclic permutation of (sp,...,ss5)
= The products of MZVs in f(ji,...,Js) are invariant w.r.t. cycl. perm. of (ji,...,Js).
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Identities for MZVs

oo k—1
FO(s,u) =1 -3 (-1)F S0 sk @u¢(a+ 1, {1}k
k=2 a=1

o F()(s,u) is invariant w.r.t. s < u, which generates ¢(a+1,{1}~1) = ¢(b+ 1, {1}~ 1).

FUr o srjands) = 3 C(h+ 11N (B + 1 {1}*7Y) - 37 (M Q@j -1
T

w=|j1—=|7+2
with ¢'(a+ 1,{1}>71) =¢(a+1,{1}>71) for a,b > 1; —1 for a, b =0 and O else.
e f(j1,-..,J5) is symmetric w.r.t cycl. permutations of (ji,...,j5), which generates e.g.:

a generalization of the sum theorem: Z ¢(m) = Z ¢(m
w=c w=c

d=a; n1>b d=b; nj>a

also: C(jo +j3+2,{1Y1) ==> ¢'(h+1,{1}2) > ¢(Awli—h,ja—h,d,d—js—1),

sk w=k—h—h

S i . B
with Wiy 60 8y) = ( x) (Jx‘f.'Jy 26y)2F1 [6y Jx> Oy 6x;1:|

Oy Jx — 8y 26y — jx —Jy
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Conclusion

Summary

o Two methods are provided to straightforwardly obtain compact and explicit expressions for
e-expansions of generalized hypergeometric functions.

o We established a connection between the Drinfeld associator and generalized hypergeometric
functions, which reduces the computation of higher orders in the expansion of these
functions to simple matrix multiplications.

o We found the general solution of linear recurrence relations with constant non-commutative
coefficients.

@ Using this general solution, we obtained a closed and compact expression for any order in the
e-expansion of generalized hypergeometric functions, which does not rely on its lower orders
to be computed in advance.

@ The all-order expansions are written explicitly in terms of GPLs.

o We obtained new representations for the N = 5 open string amplitude.

o New general identities for MZVs can be extracted from the all-order results.
Outlook

o Can we apply our methods to obtain expansion of other functions? (Feynman integrals,
string amplitudes, ...)

o Are there different representations for the weightings in the sums of GPLs/MZVs?
(Hypergeometric functions, Fibonacci numbers, ...)
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