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Motivation to study form factors (1)

= Form factors as bridge between purely on-shell amplitudes and
purely off-shell correlation functions [van Neerven (1985)]
[Boels, Bork, Brandhuber, Engelund, Gehrmann, Gurdogan, Henn, Huber,
Kazakov, Kniehl, Moch, Mooney, Naculich, Penante, Roiban, Spence, Tarasov,

Travaglini, Vartanov, Wen, Yang (2010-2014)]

Previous studies have focused on a special class of operators

— Study form factor of generic operator [MW(2014)]

-
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integrability

Connection between dilatation operator and amplitudes [Zwiebel (2011)] J

Photo by SARAH JANE. License: CC-BY 2.0

Motivated study of amplitudes at weak coupling via integrability [Ferro,
Lukowski,Meneghelli,Plefka,Staudacher, Chicherin,Derkachov,Kirschner, Frassek, Kanning,

Ko,Beisert,Broedel,Rosso,de Leeuw,Bargheer,Huang,Loebbert,Yamazaki (2012-2014)]
4

Form factors as bridge between on-shell methods and integrability

— Revisit spectral problem via on-shell methods, field-theoretic
derivation and extension of connection between dilatation operator
and amplitudes [MW (Oct.2014)],[Nandan,Sieg, MW, Yang (Oct.2014)]

[Loebbert,Nandan,Sieg, MW, Yang (Apr.2015)]
-

Further on-shell approaches to the dilatation operator via correlation

functions [Engelund,Roiban (2012)], [Koster,Mitev,Staudacher (Oct.2014)],
[Brandhuber,Penante, Travaglini,Young (Dec.2014,Feb.2015)]

-
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Super spinor helicity variables for super form factors

Fourier transform to momentum space

Fo(l,...,n;q) = /d4xe_iqx(1,...,n|(’)(x)|0>

= 5t <q— Zp,-) (1,...,n0(©)[0)
i=1

Spinor helicity variables: p% = pfafjo" = A?‘S\‘f“ (p? =0)

Nair's N' = 4 on-shell super field

_ 1 _
®=g" +ntPa+ 577“775 bag + 100 bagc + ntnPnint g

. ot
Colour-ordered super form factors

Fo(l...,ma)= Y wlT0...T*0]Fo(o(1),...,0(n):q)
OESn/Zn

+ multi-trace terms

A\
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Gauge-invariant local composite operators

Single-trace operators

O(x) = tr(WA(x)Wa(x) ... Wi(x))
with W; €
{ D(ald1 .. Dakdk 'Edkﬂo'zkﬂ) =) (aT)k+2(bT)k dfitdt2dt3dr | 0 > :

D(Oéldq T Dakdk /lEOIZkJrl)A = (aT)k—H(bT)k dTAdTBdTC | 0 >

D(aldl T Dakdk) baB = (aT)k (bT)k dAdi? | 0 >

D(aldl U Dakdk wakJrl)ABC = (aT)k (bT)k+1dTA | 0 > )

D(qul e Dakdk Fak+1ak+2) = (aT)k (bT)k+2 | 0 > }
Irreducible fields transforming in the singleton representation Vs of
psu(2, 2|4) in oscillator picture using (a:.fo‘, b}La, d:fA) [Giinaydin, Saclioglu
(1982)], [Giinaydin, Minic, Zagermann (1998)], [Beisert (2003)]

D
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Form factors as spin chains

Colour-ordered minimal (n = L) tree-level super form factor

for generic operator O

al® = 2
. Y
FO,... L q) =16 ( Z A“A“) :4“ : 22

in oscillator picture

= Minimal form factors yield the spin chain of N'=4 SYM
theory in super spinor helicity variables, making it accessible
to on-shell methods from the study of amplitudes

[MW(2014)]
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Spin chain, dilatation operator and integrability

Dilatation operator measures (anomalous) scaling dimensions
— Observables in a CFT

One-loop dilatation operator D>

= Hamiltonian of integrable spin chain J
Nearest-neighbour interaction: D, = Z,-L:l(@z)im-l J
Spectral problem can be solved by Bethe ansatz techniques )

[Minahan, Zarembo (2002)] [Beisert (2003)] [Beisert, Staudacher (2003)]
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General structure of loop corrections to from factors

£-loop minimal form factor

Z(®) are operators, as the O do not renormalise d|agonally!

General structure of divergences in 4 — 2¢ dimensions

(0) gt

VYeu _
log (7) = Zg”[ MJZ(—sum -
i=1

Z 26 + Finite(g?) + O(e)

Universal IR divergences [Mueller (1979)], [Collins (1980)], [Sen (1981)],
[Magnea, Sterman (1990)], [Bern, Dixon, Smirnov (2005)], ...

but operator-valued UV divergences

= We can compute 7 via on-shell methods and extract the
£-loop dilatation operator Doy

o
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General ansatz for one-loop minimal form factor

General ansatz from integral basis:

P1 P2

pPi—1 Pi—1 Pi

2 : ii41 2 : ii+1
ps= trlangle + Cbubble %><

Pi+2 Pi+2 Pit+1

+ rational terms

= Determilne coefficients via cuts
Cut: 5 — 5(17)0(h)
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Triple cut and triangle coefficient

Triple cut between p;1, p> and the rest of the diagram:

PL
1,2 »
Ctriangle 9. -
n
P3

=2 = —512.7:"((90)(1,2,3,...,L; q)

triangle
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Double cut and bubble coefficient

Double cut between p;1, p» and the rest of the diagram:

\
1,2 -
Ctriangle g Cbubble
B

= Guppe = B12£0) (1,23, Li q)

B1, operator!
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One-loop minimal form factor of a generic operator O

L
D, o) = PTVED(, . Lg), T =310,
i=1

P

Pi—1 Pi
1 . . .
I,.(,.J)rl = — 541 9B 141+ 9<:>< Bjit1 + rational terms
Pi+2 Pi+1

Pi+1

.

IR divergence, Universal

UV divergence = (D2)iit1 = —2B; 11

(2007)] after replacing (a:.ra, b:fd,d:[A) by (A%, A%, ).
Field-theoretic derivation of a connection between amplitudes and

), agrees with result of [Beisert (2003)] in formulation of [Zwiebel
dilatation operator which was observed in [Zwiebel (2011)]. J

[MW/(2014)]
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Konishi operator

@ Prime example of non-protected operators

o K = trlg'/]

@ No mixing

@ Anomalous dimension yx known via field theory up to five

loops [Eden, Heslop, Korchemsky, Smirnov, Sokatchev (2012)] and via
integrability up to ten loops [Marboe, Volin (2014)]

Subtleties in on-shell method occur
Observed missmatch for 7,(5)

[Boucher-Veronneau, Dixon, Pennington (private communication)]

Matthias Wilhelm Form Factors and the Dilatation Operator



Subtleties concerning the regularisation in D = 4 — 2¢

Four-dimensional-helicity scheme Dimensional reduction
[Bern, Kosower (1991)],. .. from D=10to D =4 — 2¢
[Siegel (1979)].. ..
Ng =6 Ny =6+ 2¢
Ko = %€ ABC Ptr(¢pasdcp) K =tr(¢'¢)

K and K¢ differ by 2¢ scalars,
similar to p? = E%:4 — 6%:4_25 terms

Four-dimensional on-shell methods yield form factors for Kg

.

But: Only K is primary operator of the Konishi multiplet with
known Konishi anomalous dimension! J

[Nandan, Sieg, MW, Yang (2014)]

Matthias Wilhelm Form Factors and the Dilatation Operator



Solution to subtleties

Group-theoretic decomposition of the contributions to

(0" ot tr(¢'¢5)10):
PL I K / K ! K
@
P2 J L J L J L
independent of N linear in Ny

Can obtain @ + @ from ]-' oUpD.2 and @ from F, IC62

= J-“,(Ce)2

.

Yields correct one- and two-loop Konishi anomalous dimensions )

Similar subtleties also arise for other operators and can be solved
analogously.

[Nandan, Sieg, MW, Yang (2014)]
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Form factors in the su(2) sector

Single-trace operators built from 1= ¢14 and |= ¢o4 J

Two-loop minimal form factor can be computed via unitarity

Sums of densities of range two and three. E.g.
(oot (e -)10)

T X X

(o At (e 1 )I0)

_ _%M Siitl — :&,“ si|+ zégm — ;%,H
i+2 i+2 i+2 i+2

= Two-loop dilatation operator )

[Loebbert, Nandan, Sieg, MW, Yang (2015)]
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Remainder functions in the su(2) sector

BDS remainder for form factors

RA = 10(e) - 2 (Z0(e))” ~ FOZM 22) + O(e)

Wlth 7 (E) —2(p — 2(3e — 2(46 [Bern, Dixon, Smirnov (2005)]

@ Operator, given by sum of densities
o su(2) Ward identities: [J4, R(®)] =0
@ Mixed tanscendentality, but highest transcendentality piece

universal and agrees with the result of [Brandhuber, Penante,
Travaglini, Wen (2014)] for tr(gbh)

.

Highest transcendentality piece universal also beyond su(2) sector
= Extension of maximal transcendentality principle

y
[Loebbert, Nandan, Sieg, MW, Yang (2015)]
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@ Study of form factors for generic operators in N' = 4 SYM

@ Minimal tree-level form factors yield the spin chain of
integrability in super spinor helicity variables

@ Cut-constructible part of one-loop minimal form factor
— Complete one-loop dilatation operator from generalised
unitarity (includes all sectors), field-theoretic derivation of

[Zwiebel (2011)] [MW (2014)]

@ Two-point two-loop form factor of the Konishi operator
— Two-loop Konishi anomalous dimension

@ Extension of the four-dimensional unitarity method
[Nandan, Sieg, MW, Yang (2014)]

@ Minimal two-loop form factors in the su(2) sector

— Two-loop dilatation operator and remainder function
[Loebbert, Nandan, Sieg, MW, Yang (2015)]
i
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@ Two-loop form factor for generic operator
— Complete two-loop dilatation opérator

@ Twistor action for form faGtors

@ On-shell diagrams, GraBmannians and Integrability for form
factors [Frassek, Meidinger, Nandamy MW (last week)] — Poster
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Bubble coefficient operator

Biﬂrlﬁ((g())(/\la N g) =

— ﬁ((go)(/\l R 7/\:'7/\:'+17 oo '7/\L; q))
with

Y [ cosf —sinb Ni [y Y& A
(N )= (50 ) (R ) 003t

Polynomial in cosf and sin 6

= Evaluates to Euler g-function or harmonic number

B(x,y) =2 /0? dé(sin 0)>*(cos §)> 1

h(y) = 2/0% df cot 0 (1 — (cos 0)*)

o
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Example: su(2) sector

Single-trace operators built from T= ¢4 and |= ¢34 )

Eg O = tr(tI1)) = )
F(1,2,3,4) = 6*(q — Sty M) (Bntndnimdndndnd + cyclic)

pi—1 pi
) \ :
Tiiv1 = —Siit1 ¢ B Lijp1— o (1L =P)jit1
pis2 Pis1

Pi+1

UV divergence = (D3);i+1 = 2(1 —P); 41 J

Hamiltonian of Heisenberg XXX spin chain )

[MW(2014)]
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One-loop Konishi form factor

Planar double cut

|/1 P1
S
‘/2 P2
1)
e _ P | /dPS, / (hh)(12) o (h2)(h1)
Ke,(¢,9) P FI(CO6)(¢ 0 o b <1/1><2/2> <12></1/2>

i Pt / 4 2 4 P
==+ olitP2) <
i P S12 | P

2 A

Lift and Passarino-Veltman reduction

(1) _ P P1
ooy = 72512 ’< N _6=O< X
—_—

(2)
feps 2 [Nandan, Sieg, MW, Yang (2014)]
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Two-point Konishi form factor

Planar double-double cut Non-planar double-double cut
I
b

P1
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Two-point Konishi form factor

Final result:

fBPS 2

P1 p1
) ) / /
= 6(/+ p1)°(I + p2) <4><]:[ +><<
P2 P2
P1
p2

[Nandan, Sieg, MW, Yang (2014)]
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Remainder functions in the su(2) sector

Can be written in terms of three functions

<R )§§§ —Lig(1 — uj) — Lig(u;) + Lia (—Ui71>—|°g<17ui) {Lh (—u’71>—Li3(1—uf)]
u; w; uj
“tog () [Uis [ =) s (=) s (E=2) — D og vy = Lregd 1 — )
e () | s | T s\ -5, | 5 log” () — 5 log i
u—1 v; . 1-y 1y
(Y (12 ) o (222 o+ e (222)]

1, 1, ) 1, w;
+— log" (1) — — log” (u;) log” (v;) — —log” (1 — ;) log (u;) log | —
24 8 2 vi

}| 1 Ylog? (u) 1 ' ll 3 (up) |
-3 og (1 — uj) log™ (u;) log (vi) — 5 g (u;) log (w;)

1— vy 1 1y 1
,Q[log(u;)log< vvv)+§|og2(7u> - 5 1o’ ()]

+¢3 log(u;) + % +G({1—uj,1 —ui,1,0},v;) + (4 <> v;) [Brandhuber, Penante, Travaglini, Wen(2014)]

. 2
(RO = {'—‘3( % ) log (u7) Liz < i )+ 2 tog (1 — ui) log (1) log (W—)
i w; 11—y 2 1—u

ujv;

L L I I L
— 5 *7’ Y og (u;) log (v;) log (w;) — 2 og”™ (w;) + (uj > v;)

. . 1 5 11—y 1 vi 1,
—Liz (1 — v;) + Lia (u)) — = log® (v}) log | —— | + == log — =" log (=sji417+2)
2 u; 6 w; 6

2

™

+Liz (1 — u;) + Lia (1 — v;) + log (u;) log (v;) — = Iog( Sip1it2) Iog( ) +2log (—sjjy1) + P 7
vi

2) ui . 7
(ROHGX = log(—s,‘l,u)log <7> — Lip (1= w) — log (u) log (v) + 5 108” (v)) + log (—siy1j42) — 2log (=si741) + 5
;

[Loebbert, Nandan, Sieg, MW, Yang (2015)]
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