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— Dynamics of D-Branes in N/ =4 SYM

(AA '06)

— Worldvolume description of membranes
(Work in progress)

— Lessons from Quantum Spin Chains in both
theories



N =4SYM on Rx S3
S = /d4:ctr [.7-"2 + (DD)? + g°[d!, PI]? 4+ Fermions
Computation of Anomalous Dimensions

1/N—O
Dilatation Operator — Matrix Model /—>

Spin Chain
D:D0+)\D1—|-)\2D2_|-

Local Composite Operators — States of the
Dilatation Operator

Traces — Closed Spin Chains
egtrZF = |11 1> tr(ZWZZ) — | 111>

Z = ®t 4 id2 W = d3 + id*: SU(2) Sector



Baryon Like operators of O(N): Giant Gravi-
tons ' .
Maximal BPS Giant: Charged Under U(1)

Multi-Charge BPS Giants:

J1JN-1JN i1 %N 1 iN
€.g. E’il'“iN—liN((Zjl ‘ JN 1)(W )
J1IN=1IN (741 7'N-1
e’il-'-iN_liN ((Z JN 1)(

Non-BPS Giants

e«g;;;;g]fvv_—llg]yqz;; s Zf’,% YWZZWZWW - W)N
SYM Picture of an open string ending on a
brane

Mixing of Non-BPS giants: Notions of pla-
narity etc are much more involved that those
for the traces



Non BPS Giants: |
@(ZN 1 Ne) _Ejz IN— 1JN( ;1 ZN 1)(C’LN)
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C=WZIWZIWWW .. ZW)

SYM picture of Open Strings Coupled To Gi-
ant Gravitons

<0(zZN-1,0),0(ZN~1,C) >pree~ (IN—1]1)3NICIH]
O(ZN~1, ZC") ~ Hdet[Z]tr[C']
Closure Under Dilatation...

D@(ZN_17 C) — Zz @(ZN_la CZ)



C=(WZIW...-ZZW)

h) A2
D=Dn+2Di4+ 2Dy 4+ 03
ot D1+ 5D2+ 07

One Loop:
Dy = —tr[ATZ, ATW][A,, Ay

Interaction of Boundary W with the Zs on the
Brane Does Not Produce Anything of O(1)

Mixing is Described Once Again by (Open)
Spin Chains

L—1
D1 =Y (NQ{Q75(I — P;11)Q7Q7
=1

(Berenstein and Vasquez '05)



The One Loop Bethe Ansatz:
Ground State:

Jz ‘IN-1JN ...y IN-1 iN
i iN_1iN Zjl JN— YJWWWW - WWW)

2 Magnon State

Wy >= > V(z,y)|z,y >
<y

with
Wz, y) = 3 0 (p) Ak, ko)el(k1o1+k22)

P
alk;)B(ki) _ 1l S(—ki, k;)
a(=k)B(=ki) iz S(ki kj)

Oz(—k) 627jk . eik
B(k) = ei(L—l)k_eiLk

S(k1, ko) = 1 — 2¢eth2 4 gilk1tk2)

E = 4>\zi: (sinz(%))



One Loop Dilatation Operator — Heisenberg
Chain with Open Boundary Conditions

Closed Chains in su(2) Sector € Well Known
Integrable Long Ranged Spin Chains (Till O()\3))

Not So in the Open String Sector



C=WZIW.---ZZW)

Two Loops:

D = tr(5 1Az, AwllATZ, [Az, (417, ATV]

1Az AwllATY, [y, (A7, Awll]

+N[AT, AW (A, Aw])
(BKS 2003)
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H=Y —(2\)Q7Q%(I - P 141)Q1Q%
=1
22 J—2 7 Z 7
_I_? 12:1 QZ1Q5 (I — Pl,l—|-2)Q1 Q7
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Asymptotic solutions.
Boundary scattering

a(—k) = (1—2g)+ ge ™ — ge’* — gE1 (k)
B(k) = IV ((1—2g) 4 ge' — ge ™ — gE1 (k)

Bulk scatterring

a(k)B(k) D
a(—k)B(—k;) Jgis(_kukj)s(k],kz)

_ ¢(p) — o(p') £
¢(p) — o(p') — 1

2
b(p) = %cot (g) J 1 + 8\sin2 <%>

Not the solution to the two |loop problem!

S(p,p")




Spin Chains for Bosonic Membranes



Matrix quantum mechanics with discrete spec-
tra

H = Tr(N,MN; + u2X, X, + Interaction Terms
1

Expamples

—Dilatation operator of N = 4 SYM on RxS3.
—Matrix theories on plane wave backgrounds
Perturbative computation of large N spectrum

H = Tr(uA"4; + )

Single trace states

1
NJ/Q

Tr(ATil...ATiJ> 0 >=|i1i0- 45 >

Eo =nip1 +nop + - -

Corrections

d&g <+ Quantum spin chains



Matrix Models and Spin Chains (Rajeev and
Lee '98)

. A\ L
H=Tr (AT’LAZ- y waf}AT@ATJAkAl v )

[(A)G, (AT)H] = &]600

B
Single trace states < Spin chains
1 . .
Tix ... ATig — |88 000 d
NJ/QTr (A A > 0 >=|i1in-- 15 >

1 L
NTr(ATZATJAkAl)m g >=

5zm5lm+ |21 - - - tp—199mt0 g >
e.g

1 L .
NTF(ATZAT]AZAJ> = ZPZ,Z—I—lv TF(ATZAZ> = J
[



Bosonic membranes in D + 2 flat background

S = —T/d30‘\/—d€thaﬁ

The brane tension

1
B E]
27Tlp

Gauge fixed matrix regularized Hamiltonian
3 1 S E R
H = g3Tr (M;N) — —5Tr ([X*, X7][x*, X7]),
4g3
1,7=1---D and
g> = 2nl3.

—Classical flat directions e.g [X* X7] =0
—Numerical and other analyses suggest that
quantum spectrum of Bosonic membranes is
discrete.

—Quantum mechanical effective potential has
a mass term

— Matrix models with discrete spectra <« Quan-
tum spin chains



Dynamical mass generation

1
S=/ﬁ =

. h
Tr (Dz'Dz' + m?D;D; — —[D;, Dj]2> -
29y s 2

2
h/dt ’I”r:; Tr(D;D;).
295 m

m? = m% + km3 + h*m3 + - - -

Propagator
535557;]-

(DR (D)NG(~p)) = ﬁ(zﬁ + m2 — hm?2) 4+ =(p)

>(p) = hX1(p) + A2Zo(p) + - --
One |loop gap equation
hm%

3
9y M

1
= h¥y. = m; = ((d—1)N)3g

1 1
A=gN3 —>m=Ap,p=(d—1)3

Two loops:

h
m=m1<1—6(d_1)>.




Canonical quantization
1 m2 g3 s S
— ~(n.n. e n. 2 NIDE DI
H="Tr (2 (MiNy) + = -TrD;D; =< <[D . DI|[D", D ])
Introduce the matrix creation and annihilation
operators

H' = \Tr (uA“AZ- - [A; + AT A + ATI]2 :)

16u2N
@ acts a dimensionless expansion parameter for
perturbation theory.



Matrix models with Chern-Simons couplings:
Myers Model

1. g3 ig3/2K
S = /dtTI’ <§X@2 — Z[AXPZ,AXVJ]2 — TG’L]]CXZX]X]{ :

—0 Brane QM in IIA theory.
— k= Strength of four form flux

K = Bg°

1
m> =2X32f(8), f(B) =1 - 558+ =N

't Hooft coupling A3 = Ng3

Canonically quantized Hamiltonian with the dy-
namically generated mass

1
1642

eiin(A; + AT (A; + AV) (4, + ATF))

H = \Tr(uAT*A; —

Y
3(23/2N3/2)

[A; + AT][A; + A1)




One Loop Spin Chains

§E1 ~< WV |W >

1
1 —
Hsoty = g2 Zl (2T 141 — 4P41 + 2K1041)

1
His = g2 2 (24 OIyt1 + (0= 4P
+(2-0)K;4+1)

_ B
3u2
These chains are generically not integrable

v



Exception: Bosonic membrane in D=4
QM with 2 matrices: [Dy, D5]2—SO(2) invari-
ance

19 1.2
H=>(=J - Z( Y [l 4+ 1) +c*(Do*(I+ 1)
=1

24
+30Y(D)o? (1 + 1)]))
2_ [0 - . 2 D
M= = (8J+i; <1 + sin (2)>>

e/ = I S pj)
(j#k)=1

1 + et(P1t+p2) 4 2g5eip2

S(p1,p2) = P 26e’i291’5 = -3

prJ = 2nim 4+ ©(p1,p2)

oo ()
=1




Enhancement of integrability in the large J
limit
R matrix for so(n) spin chains in the vector

representation.
R € End(V1 ® Vo)

h h n
Rw)ij = Lig+ L Pij + 5 Kijp g = (1 - 5)

The transfer matrix
T (u) = Ro1(u)Ro2(u) - Roy(u)
[H, TroT] =0
Most general nearest neighbor Hamiltonian is

J
H=aY (9Put+1—Blut+1+ Kit1)
=1

Relative coefficient of P and K operators is g.



Large J limit as a classical limit

h
hg — u

R(U)Ly — 5,u1/1(’i) + Zsuu(i) + S;w(i)

[S,(8), Sap(d)] = 165 5 (8vaSyus — S,u3San)
RTT relations

1 1
ﬁ[Tab(u)a Tcd(v)] + m (Tad(u)ch('U) — Tad(U)ch(u))
—1
= e — (a—0) (00,6 T1c(W) Tig(v) — 8c.qTo () Ty (w))
Rescaled variables
hzzl u’ v’zﬁl U—/ 8=§
J J’J’ J

1
tap = P <€f ulw)
ab
{wij, W} = dywjg — 65w — dipwjp + Opwy

{t(u) @ t(v)} = [r(u' =), t(u) @ t(v)]

=) = —— (P — )
T —y



Hamiltonian

h = a/Tr(aw(‘?w)

{h, Trt(u)} =0

h from coherent state expectation value

J— A
%:(APZ,H—l + BKl,l—I—l) = ﬁ/Tr((‘?w@w)

Equation of motion

ow = —4ad[w, Ow]
ot

LLax connection

1
Ax:—w
Uu

4 4
Ay = ——[w,0u] + 5w
u u

HEINRESS

[0: + At, Or + Az] = 0 & EOM
Monodromy

top = P (ef %w)
ab



Generic Spectrum at one loop
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Finite Temperature Computations

3
— Jo distr ((DoDi>2+w2DiDi——<€©g [Dl,DzP)

g = /[dDz-]e

w = BA IS a natural expansion parameter
Static gauge

(Do)ap = dapda

Integrate out the matrices and introduce

1 n
p(0) = 1 3 60— 8dy)
1=1

p = »-minimizes the effective action
T

, 21— 2B ,
S = /d@d@ p(0)p(8)) 3 ——— cosn(0—0')
n=1

Hagedorn temperature

A
Ty = ——
L] In 2



Potential application to Supermembranes

— Finite temeperature M(atrix) theory com-
putations through dynamical mass generation
and spin chains

— Mass deformed supermembrane theories other
than the BMN matrix model



