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1 Introduction

Pomeron contribution

or ~ (s/m*)2, jp(t) =1+ A+ jpt
Pomeranchuck theorem and Odderon
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Zi_ 1, oPP — oPP ~ (s/m?2)R0ud
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Pomeron and Odderon as glueballs

P =gg, O=ggg

Parton distributions in hadrons

n. () = /koJ_nr(xang_)

DGLAP and BFKL equations




2 Gluon reggeization

Leading logarithmic approximation (LLA)
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M4E (5,1) = s a Z (as Ins)"” ay,(t)
n=0

Region of applicability
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Born amplitude
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Gluon reggeization

MA B’( ) w(t) MA B/(S, t)|Born
Gluon Regge trajectory in LLA
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3 BFKL equation (1975)

Production amplitude in the MR kinematics

w1 W2 Wn
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Ak (@ 4n-1) |qn |2

S1 S

M2—>1—|—n ~ nglclc(QQa Q1)
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Reggeon-Reggeon-gluon vertex

q2 q1
d2 — g1

C(Q27 QI) —

Impact parameter coordinates

0 o,

Pk = Tk + Wk, P, = Tk — WYk , pk_l— P =1 "

Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation

L L as N
p2) =Hi2¥(p1,p2), A=———EF

BFKL Hamiltonian

1 *k
Hyz = In |[p1p2|* + —~In |p12*P1D%
P1Po
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" In \ﬂ12|2p>{p2 —4Y(1), pi2 = p1 — p2
P1DP2




4  Mobius invariance (1986)

Mobius transformations

apr + b
cpr + di

Pk

Mobius group generators

M =, 8,, M =08, M" = —p2 9,

Casimir operator for two gluons
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MQ_(ZM(T)> :,0%2]91]92,?12:,01—@
r=1

Eigenvalue equations

MPf ~=m(m=1)f ~, M“f ~=mm-1)f, ~

m,m m,m ,m ,m

Principal series of unitary representations

m=1/2+iv+n/2, m=1/2+4+iv —n/2




5 Reggeized gluon interactions

Pomeron wave function (1986)
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P12 - P1 N
fmgl(m,m;po) — ( ) ( % 12* )
’ P10 P20 P10 P20

Pomeron energy

~=égmte~ , em=v(m)+P(l—m)—2¢(1)

m,m

BFKL Pomeron intercept

AZZL%NC In 2
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Violation of the Froissart bound

o~ s> >cln’s

Effective Lagrangian for reggeon fields A4 (1995)

L =Lqocp +tr(j-Ay +j+A-),
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6 Holomorphic separability

Bartels-Kwiecinski-Praszalowicz equation (1980)

e Bo) = HY(G, ) s H

Holomorphic separability at large N. (1989)

h+h* -
H = EE h:;hk,kﬂ

Pair hamiltonian
1 1
his = In(pip2) + o In p12 p1 + Dy In p12 po — 2¥(1)
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Holomorphic factorization (1989)

\Ij(ﬁla 527 2909 ﬁn) — Zar,s \Ijr(pla A ,On) \Ijs(pi 7p7*1)

Singularities

\Ijr(pla L) pn) ~ p;Yj




Integrability (1993)

Two different normalization conditions

&p,
MMQ/H| z

7“7’—|—1|2

vmafﬂfmlh%

First integral of motion

A=gq, = P12P23---Pnl P1P2---Pn , [hv A] =0

Transfer and monodromy matrices

=trt(u), t(u) = L1Ls...L,, = Z u" " g,
r=0

U+ Pk Pk Pk
Ly = ) ..
—ppPk  U—pPgPk, l=ul+1P

Yang-Baxter equation (1993)




8 Duality symmetry (1999)

Cyclic invariance at large N,

Pi — Pi+1, Pi — Pi+1

Two representations of the hamiltonian

h = Z (2 In p, +p;1 In (,07“,7’—|—1pr,7°—1) + 2”}/) —
r=1

n

Z (/0?“,7“-|-1 In (prT—Fl) p;,?%—l—l +2In Pror+1 T+ 27)
r=1

Duality transformation

Pror+1 = Pr = Pr—1,r

Duality equation

Uy (P12, -, Pni) =

e [

k=1
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9 Heisenberg spin model

Local Hamiltonian with Mobius spins Mr

h = Z h(Mq?,rH) ) Mo?,r—l—l — _p72“,7“+1a7“a7“+1

r=1

Integrable pair interactions (L.(1994); F.,K.(1995))

h(M7y) = ¥(mia) + (1 — 1h12) — 2U(1) = hig
Casimir operator and conformal weights

A

M7y = —1n1a(1 — 1i12)

Monodromy matrix parametrization

Pseudovacuum state and the Bethe anzatz

C(u) =0, Q=] [ Bur)




10 Odderon wave function

Mobius symmetry

~

S s 4 S p23 05 "
w(plap%p&p(}):( ) ( = ) ¢

P20P30 320030

Unharmonic ratio

v — P12 P30
P10 P32

Holomorphic factorization

3

~(z,2%) = Y crad® () ¢ ()

r,s=1

Duality symmetry operator

d
1—i—m’ p:Z_
dx

Eigenfunctions for integral of motion (1993)

am = (1 —x)p

Am@1—m @ (2) = A\ (2)




11 Odderon energy

Hamiltonian in the normal form (1999)

—log(x) — 39 (1 +Za:' fr(P
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Wayve function expansion

=) pren(P
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Holomorphic energy:
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Odderon intercepts
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12 Baxter-Sklyanin picture

Pseudo-vacuum state (F.,K.)

n

Qp = H p 2, CHu)Qp =0

r=1
Sklyanin wave function
n—1

Q=] Q@) 0, B(a)=0

r=1

Transfer matrix eigenvalue equation

(A(u) + B(w)) Q = Alu) Q

Baxter equation

Alw) Q(u) = (u+1)"Q(u +14) + (v —1)"Qu — )

Eigenvalues of integrals of motion

Alu) = Z,uriru”_r, po = 1,1 =0, uo = m(m — 1)
r=0




13 Baxter function and energy

Solutions of the Baxter equation (H.,L.; D., M., K.)

oo

QW@ =3 2=t

— o
— (u—ir)

Linear relations (V.,L.)

(6: 4+ 7 coth(mu)) Q¥ (u) = QY (u) + QY ()

Holomorphic factorization

Q@) = 3 QD (wQW (u*)

t,1=0

Energy quantization (V.,L.)

d
e=n-+ zd— In(u+3)'QW (u)|yei, t=1,2,....,n—1
u

Intercepts and anomalous dimensions

ANodd =0, Ayg; 13(w), va(w)




14 Pomeron in a thermostat

Invariants in the ¢t-channel

t =4FE%, s = —2(p)*(1 — cosf)
Periodicity of fields at a finite temperature

1

P(x4) = P(w4 + T)

Regge kinematics in the s-channel

§>>T? ~ ~t >0
BFKL equation (V.,L.)

2T

HioW =V, Hig = hia + hiy, pr = = Pr

Holomorphic Hamiltonian

hia = Z {Q(pr) + pi G(pi2) pr




15 Integrability at finite T

Conformal transformation

pr = 1n pj,
Integral of motion and Hamiltonian

, 0 0
Opy Op

A= _(,0’12)

1 1
hi2 = In(p] p’2)+]7 log(pls) Pi+— log(pls) po—21(1)

1 Pa

Operator identity

1 0 0 0
— 1 N —z— || =1 In —
2[¢< +Z8z>+¢< Z@z)] nz+naz
Integrable Heisenberg model with spins
My=0, , M,=e "0, , M_=—e 0

Baxter function for the Pomeron state (V.,L.)




16 Pomeron in N =4 SUSY

BFKL kernel in the two-loop approximation (K., L.)
w=4a x(n,v)+4a*An,v), &= g°N./(167%)
Non-analytic terms in QCD
Agcp(n,vy) = codno + c20n0 + ...

Hermitian separability in N = 4 SUSY

(M) + p(M*)
20,/ w ’

A(n,7) = ¢(M)+p(M*)-"L

(M) 5C(2), B = 5 v (]

Maximal transcedentality

B(M) = 3C(3)+" (M) —20(M)+28 (M) ( (1)~ ¥ (M))

+ (\Iﬂ(k +1) —

U(k+1) — W(1)
)




17 Anomalous dimensions

Operator expansion

< ¢(p1) 9(pz) P(p17) ¢(p27) >~

|7

o p 19/ 2
<o) 9(7) Y lova P (52 ) 7 Oy 1) >

plf U
Perturbative expansion
g*Ne
42w

Hypothesis (K., L. (2000))

mn
To =1+ @), @)oo =

- +0(g)

lim v(j) = lim y,(j+7)

j——r |In|——r—1
Prediction (A.K., L.L. (2003))
g°N,. 1 <g2N0>2 1+ (1)

(
A72 j+r A2 2(j +1)3

V(j)‘jﬁ—r — + ...

Earlier result (L.L. (1997))

1) = S Neqreag), 1A G) = a(w()—w(-1)

Integrable Heisenberg spin model (L.L. (1997))




One loop anomalous dimensions

Wilson twist-2 operators

G%, Du,D,,..D,. G

PH1 PG I

SG®, D,,D,,..D,. ,G"

PH1 PG I

o, =S50, D, D, T

= S\TJQ%WMDW...DM\I!“ :

eyl

by S(i)aD,UlD,uz'“D,uj P

Anomalous dimension matrix (L.L. (1999))

8 8 8 8 16

= = — — 85 .’ = ——,
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—— + = — ——, Yoo = : T
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24 24 12
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- 16 16 . 8

— 2 1881(), Ay = — o
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Two-loop universal anomalous dimension

Diagonalization in the Born Approximation

851 (j—2) 0 0
0 851 (5) 0
0 0 85:1(j+2)

851(j — 1) 0

0 851(j +1)

Universal anomalous dimension

UYUt = yuni(5), 720 (5) = —481(j—2), 5-(5)

Most transcendental functions (A.K.,L.L. (2000))
N oA (0) o a2 (1) s A3 (2) /.
Yuni(G) = @70 (5) + @25 (1) + 28 () + ..
Two-loop dimension (A.K.,L.L.,V.V (2003))

vE.(542)/8 = 251(5) (S2(5)+5—2(5)) —25—2.1 () +S5(5)




Three-loop anomalous dimension

QCD dimension matrix (S.M., J.V., A. V. (2004)
= ..., ,k=g,q

N=4 universal dimension (A.K.,L.L.,A.O0.,V.V.)
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Harmonic sums




Comparison with other approaches

(A.K.,L.L.,A.O.,V.V.)
Singularities at j =14+ w — 0

a

1
— 32(3 G- + 32(3 a’ — + ..

W
DL resummation at 3 +2r =w — 0

A 2
a .
Yumi = 4 — + Jund
w W

Anomalous dimensions at large j

N, )
Yuni = a(z) Inj, z = e 4a
s

Perturbative results

7.‘.2

11
. 2 4 3
a = z—|——12z —7207'(' z° 4+ ...

Polyakov AdS/CFT prediction

31n2
lim a:—z1/2—|— -

A
Resummation
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R e S e S SRV
a = z—|—12a — z—|—12z 727Tz + ...




Eden-Staudacher approach
Anomalous dimension at large j

v=8¢0(0) Inj =4gv2f(0) Inj

!
gVv2’

Eden-Staudacher equation

r@) = 5 (M- [Tk 1)

ef(r), t=cx, ¢

et —1 T

J1(2) Jo(y) = J1(y) Jo(z)

K(x,y) = p—

Mellin transformation

flz) = / A gy).

oo 2T

Anzatz for the solution

Cb(]) — Z ¢n,e(]) (571,1 — an,e) )

(¢(j+56)2+1+j+56)‘”
V(j+se?+1




Analytic properties of the kernel

Linear set of equations

o

Ap.e = Z Kn,n’(e) (5n’,1 — an’,e) )

e s 2—2R—n—n/
K (€) = 2n Z (=1) 2R4ntn’
R=0

2R+n+n"—1)2R+n+n")!
RI(R+n)(R+n)(R+n+n)

C2R+n+n')

Transcedentality with integer coefficients
1\ *
L) e T, Yon =20
(5¢] r t

Another representation for K, ,(¢)

FQ(n—Fg,—'—l)P(%n/ _|_1) F(n—gn’) 00 9 n+n’'
ml'(n)I’'(n’ + 1) T'(n+n"+1) Z (E) F (

k=1

Finite distance singularity of the kernel

/

(2)n+n (1+ 212) In(1 + ;%)
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Analytic properties of the solution

New variable

2=+

Dispersion representation

()= [ L g

;. 2ma z— 2

Linearized "unitarity”

£(2) — £(—1/2) . Z (j—|—se—|—\/j—|—se) —|—1)

2./52 + 1 VG +se?+1

ES equation at strong couplings

/ 12 =7
ez x(@) = - [ g B M)

0z 2z ; 2mi 2 z—2

Singularity at z — 0

(2) 1 / dz exp %
sing\<) — — 5

Xsing Jo(2e 1) J; 2w z— 2
Singular part of the anomalous dimension

- 2 J1(2€_1) " 2_g
Vsing = - JO(2€_1) ~




Pomeron and graviton at N =4 SUSY (OKLV)

BFKL Pomeron in a diffusion approximation

j=2—A—Dv?

Anomalous dimension of twist-2 operators

— 2
7—1+]T+w

Constraint from the conservation of 7},,

(1 1/A
v = 2)<2 T /it ]_2/A>

AdS/CFT for the graviton Regge trajectry

/ 2
Y R

-9 —t t=E?/R?, — A
J=2+ 5t / B}

Large coupling asymptotics
T A —1/2 -
/y|z—>oo — J — 2A|j—/>oo — ] Z1/4

Pomeron intercept at large « and its perturbative

estimate

1=2-A A:lz_l/ingz_l/2
’ 7 2T




Resummation of the DGLAP and BFKL equations

Slope of the anomalous dimension
1 2 i 4 5 70 3
- — — = ——2z4+ — 2" — —2" 4 ..
2 2A 6 72 540

Resummation equation

7T2

~ 1~
—z=-b+ b, b=7(2

Weak and strong coupling asymptotics

2 4 6

~ 7 7 7

b= 4T 2 T 3.,
6 T a3t "

Two-loop BFKL results

wo=1—A=4In2z—a;z*>+ ...

D=14¢3)z -tz +..., ((3) =)

n=1

1
n3

Resummation for large couplings
(1-A)—(2—a1(41n2)72) (1 — A)?
A2
1—+v1-2D3+¢D*

4In2z =

14¢(3) z




18 Discussion

High energies and the reggeized gluon calculus.
Pomeron and Odderon as gluon composite states.
Mobius invariance of the reggeon interactions.
Holomorphic separability and factorization.
Duality symmetry and signature degeneracy.
Integrability of the reggeon dynamics.
Heisenberg model with the Mobius spins.
Baxter-Sklyanin representation.

Integrability at finite 7.

10.BFKL Pomeron in N=4 SUSY.

11.Transcedentality for anomalous dimensions.
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12.AdS/CFT correspondence and resummation.
13.Diffusion and the graviton Regge trajectory.

14.Pomeron intercept at large coupling constants.




