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1 Introduction

Pomeron contribution

σt ∼ (s/m2)∆ , jP (t) = 1 + ∆ + j′P t

Pomeranchuck theorem and Odderon

σpp
t

σpp
t

→ 1 , σpp
t − σpp

t ∼ (s/m2)∆Odd

Pomeron and Odderon as glueballs

P = gg , O = ggg

Parton distributions in hadrons

nr(x) =
∫

d2k⊥nr(x,�k⊥)

DGLAP and BFKL equations

d nr(x)
d ln Q2

= −Wr nr(x) +
∑

s

∫ 1

x

dy

y
Ws→r(

x

y
) ns(y)

d n(x,�k)
d ln 1

x

= 2ω(−�k2)n(x,�k) +
∫

d2k′K(�k,�k′) n(x,�k′)



2 Gluon reggeization

Leading logarithmic approximation (LLA)

MA′B′
AB (s, t) = s αs

∞∑
n=0

(αs ln s)n an(t)

Region of applicability

αs ln s ∼ 1, αs =
g2

4π
→ 0

Born amplitude

MA′B′
AB (s, t)|Born = g T c

A′A δλA′λA

2s

t
g T c

B′B δλB′λB

Gluon reggeization

MA′B′
AB (s, t) = sω(t) MA′B′

AB (s, t)|Born

Gluon Regge trajectory in LLA

ω(−|q|2) = − αc

4π2
Nc

∫
d2k

|q|2
|k|2|q − k|2 ≈ −αc

2π
ln

|q2|
λ2



3 BFKL equation (1975)

Production amplitude in the MR kinematics

M2→1+n ∼ sω1
1

|q1|2 gT d1
c2c1

C(q2, q1)
sω2
2

|q2|2 ...C(qn, qn−1)
sωn

n

|qn|2
Reggeon-Reggeon-gluon vertex

C(q2, q1) =
q2 q∗1

q2 − q1

Impact parameter coordinates

ρk = xk + iyk , ρ∗k = xk − iyk , pk = i
∂

∂ρk
, p∗k = i

∂

∂ρ∗k

Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation

E Ψ(�ρ1, �ρ2) = H12 Ψ(�ρ1, �ρ2) , ∆ = −αsNc

2π
E

BFKL Hamiltonian

H12 = ln |p1p2|2 +
1

p1p∗2
ln |ρ12|2p1p

∗
2

+
1

p∗1p2
ln |ρ12|2p∗1p2 − 4ψ(1) , ρ12 = ρ1 − ρ2



4 Möbius invariance (1986)

Möbius transformations

ρk → aρk + b

cρk + dk

Möbius group generators

M
(r)
3 = ρr ∂r , M

(r)
+ = ∂r , M

(r)
− = −ρ2

r ∂r

Casimir operator for two gluons

M2 =

(
2∑

r=1

�M (r)

)2

= ρ2
12 p1 p2 , ρ12 = ρ1 − ρ2

Eigenvalue equations

M2f
m,m̃

= m(m−1)f
m,m̃

, M∗2f
m,m̃

= m̃(m̃−1)f
m,m̃

Principal series of unitary representations

m = 1/2 + iν + n/2 , m̃ = 1/2 + iν − n/2



5 Reggeized gluon interactions

Pomeron wave function (1986)

f
m,m̃

(−→ρ1,−→ρ2;−→ρ0) =
(

ρ12

ρ10 ρ20

)m(
ρ∗12

ρ∗10 ρ∗20

)m̃

Pomeron energy

E
m,m̃

= εm + ε
m̃

, εm = ψ(m) + ψ(1−m)− 2ψ(1)

BFKL Pomeron intercept

∆ = 4
αs

π
Nc ln 2

Violation of the Froissart bound

σ ∼ s∆ > c ln2 s

Effective Lagrangian for reggeon fields A± (1995)

L = LQCD + tr (j−A+ + j+A−) ,

j± =
1
g

∂± P exp
(

g

∫ x

−∞
v±(x′) dx′ ±

)



6 Holomorphic separability

Bartels-Kwiecinski-Praszalowicz equation (1980)

E Ψ(�ρ1, ..., �ρn) = H Ψ(�ρ1, ..., �ρn) , H =
∑
k<l

�Tk
�Tl

−Nc
Hkl

Holomorphic separability at large Nc (1989)

H =
h + h∗

2
, h =

n∑
k=1

hk,k+1

Pair hamiltonian

h12 = ln(p1p2) +
1
p1

ln ρ12 p1 +
1
p2

ln ρ12 p2 − 2Ψ(1)

Holomorphic factorization (1989)

Ψ(�ρ1, �ρ2, ..., �ρn) =
∑
r,s

ar,s Ψr(ρ1, ..., ρn) Ψs(ρ∗1, ..., ρ
∗
n)

Singularities

Ψr(ρ1, ..., ρn) ∼ ργ
ij



7 Integrability (1993)

Two different normalization conditions

‖f‖2
1 =

∫ n∏
r=1

d2ρr

|ρr,r+1|2 |f |2 ,

‖f‖2
2 =

∫ n∏
r=1

d2ρr

∣∣∣∣∣
n∏

r=1

pr f

∣∣∣∣∣
2

First integral of motion

A = qn = ρ12ρ23...ρn1 p1p2...pn , [h, A] = 0

Transfer and monodromy matrices

T (u) = tr t(u) , t(u) = L1L2...Ln =
n∑

r=0

un−r qr ,

Lk =

 u + ρk pk pk

−ρ2
k pk u − ρk pk , l̂ = u 1̂ + i P̂


Yang-Baxter equation (1993)

ts1
r′
1
(u) ts2

r′
2
(v) l

r′
1r′

2
r1r2 (v − u) = ls1s2

s′
1s′

2
(v − u) t

s′
2

r2(v) t
s′
1

r1(u)



8 Duality symmetry (1999)

Cyclic invariance at large Nc

ρi → ρi+1 , pi → pi+1

Two representations of the hamiltonian

h =
n∑

r=1

(
2 ln pr + p−1

r ln (ρr,r+1ρr,r−1) + 2γ
)

=

n∑
r=1

(
ρr,r+1 ln (prpr+1) ρ−1

r,r+1 + 2 ln ρr,r+1 + 2γ
)

Duality transformation

ρr,r+1 → pr → ρr−1,r

Duality equation

ψ
m,m̃

(−→ρ12, ...,−→ρn1) =

|λm|
∫ n−1∏

k=1

d2ρ′k−1,k

2π

n∏
k=1

2ei−−−−→ρk,k+1
−→
ρ′k∣∣∣ρ′k,k+1

∣∣∣2 ψ∗
m̃,m

(
−→
ρ′12, ...,

−→
ρ′n1)



9 Heisenberg spin model

Local Hamiltonian with Möbius spins �Mr

h =
n∑

r=1

h(M2
r,r+1) , M2

r,r+1 = −ρ2
r,r+1∂r∂r+1

Integrable pair interactions (L.(1994); F.,K.(1995))

h(M2
12) = Ψ(m̂12) + Ψ(1 − m̂12) − 2Ψ(1) = h12

Casimir operator and conformal weights

M2
12 = −m̂12(1 − m̂12)

Monodromy matrix parametrization

t(u) =

 A(u) B(u)

C(u) D(u)


Pseudovacuum state and the Bethe anzatz

C(u)Ω0 = 0 , Ω =
∏
k

B(uk)Ω0



10 Odderon wave function

Möbius symmetry

ψ(�ρ1, �ρ2, �ρ3, �ρ0) =
(

ρ23

ρ20ρ30

)m (
ρ∗23

ρ∗20ρ
∗
30

)m̃

φ
mm̃

(x, x∗)

Unharmonic ratio

x =
ρ12 ρ30

ρ10 ρ32

Holomorphic factorization

φ
m,m̃

(x, x∗) =
3∑

r,s=1

crsφ
(r)
m (x) φ

(s)

m̃
(x∗)

Duality symmetry operator

am = x(1 − x) p1+m , p = i
d

dx

Eigenfunctions for integral of motion (1993)

ama1−mφ(r)
m (x) = λφ(r)

m (x)



11 Odderon energy

Hamiltonian in the normal form (1999)

h

2
= − log(x) − 3ψ(1) +

∞∑
k=1

xk fk(P ) , P = x∂ ,

fk(P ) = −2
k

+
1
2

(
1

P + k − m
+

1
P + k

)
+

k∑
t=0

ct(k)
P + t

,

ct(k) =
(−1)k−t Γ(m + t) ((t − k) (m + t) + m k/2)

k Γ(m − k + t + 1) Γ(t + 1) Γ(k − t + 1)
Wave function expansion

Φm(P ) =
∞∑

n=0

µ−nΦn
m(P ) , Φ0

m(P ) = 1 , µ = iλ

Holomorphic energy: εm/2 =

log(µ)+3γ+
(

3
448

+
13
120

(m − 1/2)2 − (m − 1/2)4

12

)
1
µ2

+
(
− 4185

2050048
− 2151

49280
(m − 1/2)2 + ...

)
1
µ4

+ ... .

Odderon intercepts
∆Y W ∼ −0.1∆BFKL; ∆BLV = 0 , σpp − σp̄p → const



12 Baxter-Sklyanin picture

Pseudo-vacuum state (F.,K.)

Ω0 =
n∏

r=1

ρ−2
r , Ct(u)Ω0 = 0

Sklyanin wave function

Ω =
n−1∏
r=1

Q(ûr) Ω0 , Bt(û) = 0

Transfer matrix eigenvalue equation

(A(u) + B(u)) Ω = Λ(u) Ω

Baxter equation

Λ(u) Q(u) = (u + i)nQ(u + i) + (u − i)nQ(u − i)

Eigenvalues of integrals of motion

Λ(u) =
n∑

r=0

µri
run−r, µ0 = 1, µ1 = 0, µ2 = m(m − 1)



13 Baxter function and energy

Solutions of the Baxter equation (H.,L. ; D.,M.,K.)

Q(t)(u) =
∞∑

r=0

Pt−1(u)
(u − ir)t

+
∞∑

r=0

Pn−t−2(u)
(u + ir)n−t−1

Linear relations (V.,L.)

(δt + π coth(πu)) Q(t)(u) = Q(t+1)(u) + αtQ
(t−1)(u)

Holomorphic factorization

Q(�u) =
n−1∑
t,l=0

Ct,lQ
(t)(u)Q(l)(u∗)

Energy quantization (V.,L.)

ε = n + i
d

du
ln(u + i)tQ(t)(u)|u=i , t = 1, 2, ..., n − 1

Intercepts and anomalous dimensions

∆Odd = 0 , ∆4 ; γ3(ω) , γ4(ω)



14 Pomeron in a thermostat

Invariants in the t-channel

t = 4E2 , s = −2(�p)2(1 − cos θ)

Periodicity of fields at a finite temperature

φ(x4) = φ(x4 +
1
T

)

Regge kinematics in the s-channel

s >> T 2 ∼ −t > 0

BFKL equation (V.,L.)

H12Ψ = Ψ , H12 = h12 + h∗
12 , ρr → 2π

T
ρr

Holomorphic Hamiltonian

h12 =
2∑

r=1

[
Ω(pr) +

1
pr

G(ρ12) pr

]

Ω(p) =
πT

2λ
+

1
2

[ψ(1 + ip) + ψ(1 − ip) − 2ψ(1)]

G(ρ12) = −π T

2λ
+ ln

(
2 sinh

ρ12

2

)



15 Integrability at finite T

Conformal transformation

ρr = ln ρ′r

Integral of motion and Hamiltonian

A = −(ρ′12)
2 ∂

∂ρ′1

∂

∂ρ′2
,

h12 = ln(p′1 p′2)+
1
p′1

log(ρ′12) p′1+
1
p′2

log(ρ′12) p′2−2ψ(1)

Operator identity

1
2

[
ψ

(
1 + z

∂

∂z

)
+ ψ

(
−z

∂

∂z

)]
= ln z + ln

∂

∂z

Integrable Heisenberg model with spins

Mk = ∂k , M+ = e−ρk ∂k , M− = −eρk ∂k

Baxter function for the Pomeron state (V.,L.)

Q(p) = ψ(p,−p)



16 Pomeron in N = 4 SUSY

BFKL kernel in the two-loop approximation (K., L.)

ω = 4 â χ(n, γ) + 4 â2 ∆(n, γ) , â = g2Nc/(16π2)

Non-analytic terms in QCD

∆QCD(n, γ) = c0δn,0 + c2δn,0 + ...

Hermitian separability in N = 4 SUSY

∆(n, γ) = φ(M)+φ(M∗)−ρ(M) + ρ(M∗)
2â/ω

, M = γ+
|n|
2

,

ρ(M) = β′(M)+
1
2
ζ(2) , β′(z) =

1
4

[
Ψ′
(z + 1

2

)
−Ψ′

(z

2

)]

Maximal transcedentality

φ(M) = 3ζ(3)+Ψ
′′
(M)−2Φ(M)+2β

′
(M)

(
Ψ(1)−Ψ(M)

)
+

∞∑
k=0

(−1)k

k + M

(
Ψ′(k + 1) − Ψ(k + 1) − Ψ(1)

k + M

)



17 Anomalous dimensions

Operator expansion

< φ(−→ρ1) φ(−→ρ2) φ(−→ρ1′) φ(−→ρ2′) >∼

< φ(−→ρ1) φ(−→ρ2)
∑

n

|ρ1′2′ |2Γω(n)

(
ρ1′2′

ρ∗1′2′

) |n|
2

O|n|,νω
(−→ρ1′) >

Perturbative expansion

Γω = 1 +
|n|
2

− γn(ω) , γn(ω)|ω→0 =
g2Nc

4π2ω
+ O(g4)

Hypothesis (K., L. (2000))

lim
j→−r

γ(j) = lim
|n|→−r−1

γn(j + r)

Prediction (A.K., L.L. (2003))

γ(j)|j→−r =
g2Nc

4π2

1
j + r

+
(

g2Nc

4π2

)2 1 + (−1)r

2(j + r)3
+ ...

Earlier result (L.L. (1997))

γ(j) =
g2Nc

16π2
γLLA(j), γLLA(j) = 4

(
Ψ(1)−Ψ(j−1)

)
Integrable Heisenberg spin model (L.L. (1997))



One loop anomalous dimensions

Wilson twist-2 operators

Og
µ1,...,µj

= ŜGa
ρµ1

Dµ2Dµ3 ...Dµj−1G
a
ρµj

,

Õg
µ1,...,µj

= ŜGa
ρµ1

Dµ2Dµ3 ...Dµj−1G̃
a
ρµj

,

Oq
µ1,...,µj

= ŜΨ̄aγµ1Dµ2 ...DµjΨ
a ,

Õq
µ1,...,µj

= ŜΨ̄aγ5γµ1Dµ2 ...DµjΨ
a ,

Oϕ
µ1,...,µj

= ŜΦ̄aDµ1Dµ2 ...DµjΦ
a

Anomalous dimension matrix (L.L. (1999))

γgg = − 8
j − 1

+
8
j
− 8

j + 1
+

8
j + 2

+8S1(j) , γqϕ = −16
j

,

γgq = − 8
j − 1

+
8
j
− 4

j + 1
, γgϕ = − 8

j − 1
+

8
j

,

γqg = −16
j

+
32

j + 1
− 32

j + 2
, γqq = −16

j
+

16
j + 1

+8S1(j),

γϕg = − 24
j + 1

+
24

j + 2
, γϕq = − 12

j + 1
, γϕϕ = 8S1(j),

γ̃gg = −16
j

+
16

j + 1
+ 8S1(j) , γ̃gq = −8

j
+

4
j + 1

,

γ̃qg =
16
j

− 32
j + 1

, γ̃qq =
8
j
− 8

j + 1
+ 8S1(j)



Two-loop universal anomalous dimension

Diagonalization in the Born Approximation

8S1(j − 2) 0 0

0 8S1(j) 0

0 0 8S1(j + 2)

,

8S1(j − 1) 0

0 8S1(j + 1)

Universal anomalous dimension

UγU+ = γuni(j) , γ
(0)
uni(j) = −4S1(j−2) , Sr(j) =

j∑
i=1

1
ir

Most transcendental functions (A.K.,L.L. (2000))

γuni(j) = âγ
(0)
uni(j) + â2γ

(1)
uni(j) + â3γ

(2)
uni(j) + ...

Two-loop dimension (A.K.,L.L.,V.V (2003))

γ
(1)
uni(j+2)/8 = 2S1(j)

(
S2(j)+S−2(j)

)−2S−2,1(j)+S3(j)

+S−3(j), S−r(j) =
j∑

i=1

(−1)i

ir
, S−2,1 =

j∑
m=1

(−1)m

m2
S1(m)



Three-loop anomalous dimension

QCD dimension matrix (S.M., J.V., A. V. (2004)

γik
QCD(j) = ...., i, k = g, q

N=4 universal dimension (A.K.,L.L.,A.O.,V.V.)

γN=4
uni (j) = âγ

(0)
uni(j) + â2γ

(1)
uni(j) + â3γ

(2)
uni(j) + ... ,

γ
(2)
uni(j + 2)/32 = −12 (S−3,1,1 + S−2,1,2 + S−2,2,1)

+6 (S−4,1 + S−3,2 + S−2,3) − 3 S−5 − 2 S3 S−2 − S5

−2 S2
1 (3 S−3 + S3 − 2 S−2,1)−S2 (S−3 + S3 − 2 S−2,1)

+24 S−2,1,1,1 − S1

(
8S−4 + S2

−2 + 4S2S−2 + 2S2
2

)
−S1 (3S4 − 12S−3,1 − 10S−2,2 + 16S−2,1,1)

Harmonic sums

Sa(j) =
j∑

m=1

1
ma

, Sa,b,c,···(j) =
j∑

m=1

1
ma

Sb,c,···(m) ,

S−a(j) =
j∑

m=1

(−1)m

ma
, S−a,b,···(j) =

j∑
m=1

(−1)m

ma
Sb,···(m),

S−a,b,c···(j) = (−1)jS−a,b,...(j)+S−a,b,···(∞)
(
1−(−1)j

)



Comparison with other approaches
(A.K.,L.L.,A.O.,V.V.)

Singularities at j = 1 + ω → 0

γN=4
uni (j) = â

4
ω

− 32ζ3 â2 + 32ζ3 â3 1
ω

+ ...

DL resummation at j + 2r = ω → 0

γuni = 4
â

ω
+

γ2
uni

ω

Anomalous dimensions at large j

γuni = a(z) ln j , z =
αNc

π
= 4â

Perturbative results

a = −z +
π2

12
z2 − 11

720
π4z3 + ...

Polyakov AdS/CFT prediction

lim
z→∞ a = −z1/2 +

3 ln 2
4π

+ ...

Resummation

ã = −z +
π2

12
ã2 = −z +

π2

12
z2 − 1

72
π4z3 + ...



Eden-Staudacher approach

Anomalous dimension at large j

γ = 8 g2 σ(0) ln j = 4 g
√

2 f(0) ln j

σ(t) = ε f(x) , t = ε x , ε =
1

g
√

2
,

Eden-Staudacher equation

ε f(x) =
t

et − 1

(
J1(x)

x
−
∫ ∞

0

dx′ K(x, x′) f(x′)
)

,

K(x, y) =
J1(x) J0(y) − J1(y) J0(x)

x − y
.

Mellin transformation

f(x) =
∫ i∞

−i∞

d j

2π i
ex j φ(j) .

Anzatz for the solution

φ(j) =
∞∑

n=1

φn,ε(j) (δn,1 − an,ε) ,

φn,ε(j) =
∞∑

s=1

(√
(j + s ε)2 + 1 + j + s ε

)−n

√
(j + s ε)2 + 1



Analytic properties of the kernel

Linear set of equations

an,ε =
∞∑

n′=1

Kn,n′(ε) (δn′,1 − an′,ε) ,

Kernel

Kn,n′(ε) = 2n
∞∑

R=0

(−1)R 2−2R−n−n′

ε2R+n+n′

ζ(2R + n + n′)
(2R + n + n′ − 1)! (2R + n + n′)!
R! (R + n)! (R + n′)! (R + n + n′)!

Transcedentality with integer coefficients

γ(ε) = 8
∞∑

k=1

(
− 1

4ε2

)k∑
[st]

c[st]

∏
r

ζ(sr) ,
∑

t

st = 2k−2

Another representation for Kn,n′(ε)

Γ2(n+n′+1
2 ) Γ(n+n′

2 + 1) Γ(n+n′
2 )

π Γ(n) Γ(n′ + 1) Γ(n + n′ + 1)

∞∑
k=1

(
2
k ε

)n+n′

F

( −4
k2ε2

)
Finite distance singularity of the kernel

Kn,n′ ≈ n

π

(
2
ε

)n+n′

(1 +
4
ε2

) ln(1 +
4
ε2

)



Analytic properties of the solution

New variable

z = j +
√

j2 + 1

Dispersion representation

ξ(z) =
∫

L

dz′

2 π i

ξ(z′) − ξ(−1/z′)
z − z′

Linearized ”unitarity”

ξ(z) − ξ(−1/z)

2
√

j2 + 1
= 1−

∞∑
s=1

ξ
(
j + s ε +

√
(j + s ε)2 + 1

)
√

(j + s ε)2 + 1

ES equation at strong couplings

−ε z
∂

∂z
χ(z) =

1
z
−
∫

L

dz′

2 π i

z′2 + 1
z′

χ(z̃′)
z − z′

Singularity at z → 0

χsing(z) = − 1
J0(2 ε−1)

∫
L

d z′

2πi

exp z′2−1
ε z′

z − z′

Singular part of the anomalous dimension

γsing =
2
ε

J1(2ε−1)
J0(2ε−1)

≈ 2 g√
2

tan
(

2
ε
− π

4

)



Pomeron and graviton at N = 4 SUSY (OKLV)

BFKL Pomeron in a diffusion approximation

j = 2 − ∆ − D ν2

Anomalous dimension of twist-2 operators

γ = 1 +
j − 2

2
+ iν

Constraint from the conservation of Tµν

γ = (j − 2)

(
1
2
− 1/∆

1 +
√

1 + (j − 2)/∆

)

AdS/CFT for the graviton Regge trajectry

j = 2 +
α′

2
t , t = E2/R2 , α′ =

R2

2
∆

Large coupling asymptotics

γ|z→∞ = −
√

j − 2 ∆−1/2
|j→∞ =

√
πj z1/4

Pomeron intercept at large α and its perturbative
estimate

j = 2 − ∆ , ∆ =
1
π

z−1/2 ≈
√

3
2π

z−1/2



Resummation of the DGLAP and BFKL equations

Slope of the anomalous dimension

γ′(2) =
1
2
− 1

2∆
= −π2

6
z +

π4

72
z2 − π6

540
z3 + ...

Resummation equation

π2

6
z = −b̃ +

1
2
b̃2 , b = γ′(2)

Weak and strong coupling asymptotics

b̃ = −π2

6
z +

π4

72
z2 − π6

432
z3 + ... , ∆̃ =

√
3

2π
z−1/2

Two-loop BFKL results

ω0 = 1 − ∆ = 4 ln 2 z − a1 z2 + ...

D = 14 ζ(3) z − b1z
2 + ... , ζ(3) =

∞∑
n=1

1
n3

Resummation for large couplings

4 ln 2 z =
(1 − ∆) − (2 − a1 (4 ln 2)−2

)
(1 − ∆)2

∆2

14 ζ(3) z =
1 −√

1 − 2 D3 + cD4

D2



18 Discussion

1. High energies and the reggeized gluon calculus.
2. Pomeron and Odderon as gluon composite states.
3. Möbius invariance of the reggeon interactions.
4. Holomorphic separability and factorization.
5. Duality symmetry and signature degeneracy.
6. Integrability of the reggeon dynamics.
7. Heisenberg model with the Möbius spins.
8. Baxter-Sklyanin representation.
9. Integrability at finite T .
10.BFKL Pomeron in N=4 SUSY.
11.Transcedentality for anomalous dimensions.
12.AdS/CFT correspondence and resummation.
13.Diffusion and the graviton Regge trajectory.
14.Pomeron intercept at large coupling constants.


