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Introduction & Results
AdS/CFT duality: Strong/Weak duality
Integrability⇒ possibility to constructall-loopcorrespondence

su(2|2) Spin-Chain Model [’05 Beisert]

The common∞ symmetries were discovered.
=Yangian symmetry

•Better understanding ofYangian symmetry
⇒ Better understanding ofall-loopcorrespondence

AssumptionEvaluation Rep.Jn|χ〉 = unJ |χ〉 of Yangian.
If the Assumptiondoes not hold→∞ sym. in AdS/CFT6= Yangian!?

Results� �

(I) We proved theAssumption.(Ev. Repis valid!)
(II) We constructed higher grade generators.
� �

Ev. Rep⇒ Reminiscent of String Worldsheet(open problem)
(1) Current alg Jn = znJ

?↔ Jn|χ〉 = unJ |χ〉
(2) KZ eq κ ∂

∂zi
Φ =

∑
i 6=j

(JA)i⊗(JA)j
zi−zj Φ

?↔Rij = 1 + ~
(JA)i⊗(JA)j
ui−uj + · · · ,

Classicalr-matrix [’07 Beisert-Spill, Moriyama-Torrielli]

su(2|2) Spin-Chain Model (review)

Why ‘su(2|2)’?� �

Vacua|0〉 = Tr(ZZ · · · Z)fixed,

psu(2, 2|4) broken−−−→ [psu(2|2)]2 n R
� �

Why ‘Spin-Chain’?� �

Tr(· · · X · · · Y · · · Z · · · ) ←→
Spins： Fundamental Rep.2|2 of su(2|2)

� �

Remarkable fact� �

Algebradetermines 2-particleR(scattering) matrix up-to overall factor.

(∵) ”Off-Shell” formalism (Central extension)
Tr( · · · X · · · Y · · · Z · · · ) −→ [ · · · X · · · Y · · · Z · · · ]∞

psu(2|2) n R −→ psu(2|2) n 〈C,P,K〉
� �

Yangian Symmetry� �

[∆ĴA,R12]|χ1χ2〉 = 0 ∀ĴA ∈ Y(psu(2|2) n R3)

Coproduct ∆ĴA = ĴA ⊗ 1 + 1⊗ ĴA + 1
2J

B ⊗ JCfCBA︸ ︷︷ ︸
Non-local

if we assumea Representation (Evaluation Rep.)!
Ĵ |χ〉 = uJ |χ〉 (u : spectral parameter)

� �

Serre Relation (review)

Yangian algebra� �

Generators Grade-0 J(Lie alg) & Grade-1 Ĵ
Commutation Relation & Jacobi id.

[JA, JB] = JCfC
AB, [JA, ĴB] = ĴCfC

AB, [J (A, [JB, JC)]] = 0

Serre Relation
[Ĵ (A, [ĴB, JC)]] = − 1

24fL
AIfM

BJfN
CKfIJK{JL, JM , JN}

= − 1
24 {JL, JM , JN}

Notation fABC ←→
A

B C

� �

The role of the Serre relation� �

(1)Assurance of Homomorphism of Coproduct∆

[[∆J (A,∆ĴB],∆ĴC)] = ∆[[J (A, ĴB], ĴC)]

(2)Constraint on Grade-2 generators(LHS)︸ ︷︷ ︸
Grade-2

= (RHS)︸ ︷︷ ︸
Grade-0

� �

(I) Proof of the compatibility
Proof of Serre Relation� �

Ev. Rep.Ĵ |χ〉 = uJ |χ〉 is compatible with Serre relation?
[Ĵ (A, [ĴB, JC)]]|χ〉 = {JL, JM , JN}|χ〉

Since(LHS) = u2 × (Jacobi id)|χ〉 = 0 ,

We proved(RHS) = {JL, JM , JN}|χ〉 = 0 ∴ Yes!
� �

cf. [’08 Spill-Torrielli] with two evaluation parameters!?

Difficulty-(1)� �

Killing form gAB of psu(2|2) n R3 is degenerate.
[Solution] Exceptional Lie superalgebrad(2, 1; ε)� �

•d(2, 1; ε) ε→0−−→ psu(2|2) n R3

•Non-degenerate Killing formgAB
� �
� �

Difficulty-(2)� �

The computations are complicated.
[Solution] 3-dimensionalγ-matrix formalism� �

d(2, 1; ε) ⊃ su(2)R × su(2)L × su(2)C su(2) = so(3)

(γA)KL = (γAA′)
K
L = −

√
2
(
δKA′δ

A
L −

1

2
δKL δ

A
A′
)

Clifford algebra (γA)KL(γB)LM + (γB)KL(γA)LM = 2δKMg
AB

� �
� �

(II) Higher Grade Generators
[Def] Grade-2 generators� �

[ĴB, ĴC] =
̂̂
J
A
fA

BC + XBC with X (A|DfD|BC)= J3-(A)

(∵) Serre relation[Ĵ (A|, ĴD]fD
|BC)= J3.

Gauge transformation：XBC → XBC − Y AfA
BC

� �

Canonical Gauge (... Too Strong)� �

XBCfCB
A = 0⇒ ̂̂

JA =
1

c2
[ĴB, ĴC]fCB

A (fA
BCfCBD = c2gAD)

However,c2 = 0 for d(2, 1; ε) ( ε→0−−→ psu(2|2) n R3).
� �

Alternative Suitable Gauge� �

XBC|χ〉 = 0 -(B)
(∵) Consistent with Evaluation Representation.

[ĴB, ĴC]|χ〉 =
̂̂
JAfA

BC|χ〉 + XBC|χ〉
Solution to(A)& (B)� �

XBC =
C

B J3 − 6JAfA
BC

� �
� �

Symmetry of R-matrix (valid forc2 = 0)� �

∆
̂̂
JA =

̂̂
JA ⊗ 1 + 1⊗ ̂̂

JA + 1
2 (Ĵ ⊗ J + J ⊗ Ĵ)

+ 1
24 (J2 ⊗ J + J ⊗ J2)

⇒ [∆
̂̂
J,R12]|χ1χ2〉 = 0

� �

†Address for correspondence: Graduate School of Mathematics, Nagoya University, Furocho, Chikusaku, Nagoya, Japan / POSTAL CODE: 464-8602 / PHONE: +81-52-789-2429 / FACSIMILE: +81-52-789-2829


