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Classical string theory

gl
6 Semiclassical string theory

\ + string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections

Need finite J (volume) solution of the spectral problem
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Classical integrable models: sin(e/h)-Gordon theory
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L= 3%(8¢)? — %(1 — cos 3d) L= 2(8¢)% — m5-(coshbg — 1)
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Classical % ﬂ /M
finite energy | x | x | x
solutions:
sine-Gordon theory ‘ soliton anti-soliton breather

Integrability: 0, A; — 0t Az + [Az, Al = 0 — T(u) = Pexp ¢§ A(x)pdz?
_ 2 POt _ COos By —isin Py
Aalp) = 5( — B0+ —;M ) A(p) = ﬁ( isin By —Cos By )
2
conserved Q1] = El] + Pli] = [ {3(0:¢)2 + 5(1 — cos fp) | do
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Classical integrable models: sin(e/h)-Gordon theory

sine-Gordon AR target OOZBH (3« 1b | sinh-Gordon _— target |
2 2
L= 2%(8¢)? - 7z (1 — cos §¢9) L= 2(8¢)° - M- (coshbg — 1)
@ @ ®
Classical % ﬂ A
finite energy | X | x | X
solutions:
sine-Gordon theory soliton anti-soliton breather

Integrability: 0, A; — Ot Az + [Az, Al = 0 — T(u) = Pexp § A(x)pdz?
Tt tAx Ty 1t - -
Aoy = & < 2p BOty ) A(p) = L ( cos By —isin By ) E!!

—B0+p —2u 4ip \ isin By — Cos By R
Classical factorized scattering: time delays sums up AT7 (v1,vo,...,vn) = >.; ATy (v1,v;)
T -0 Vi > V2 >..>  Vp

j\ f\ N o "2 < Vg T—@




Classical integrability: AdS |

Asymptotic Bethe Ansatz

Semiclassical string theory
+ string loop corrections
[} ¢
T 15}
uantum String theon o |
S
onperturbative gauge theon
| + gauge loop corrections
AdS o model target ’

L = 8aXM8aXM - 8aYM8aYM + fermions
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Classical integrability: AdS

AdS o model target i@

L = R2 (%XM@‘LXM -+ 8aYM8aYM + fermions

Oé

Classical solutions are found, for example magnon:

Zarembo]
oset NLo model: g € SOP(iggi’égz@ J = g_ldg = J|| +J|

Z 4 graded structure: [Metsaev, Tseytlin 03]
T — Jo, J1, Jo, J3 L o< STr(Jo A xJ>) — STr(J1 A J3)

Integrability from flat connection: dA — AN A =0
Ap) =Jo+p bt 4+ (w2 + 17 2)Jo/2 + (w2 4+ p=2)Jo/2 + pJ3

Conserved charges from the trace of the monodromy matrix o
S
— 1

T(pn) =Pexp ¢ A(zx) dxH oTg— ]
SOt U
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Perturbed Conformal Field Theory Lagrangian perturbation theory
2
LopT + Aﬁpe’rt — %(aqb)Q + A(Vﬁ‘l' V-ﬁ) Lo+ Vpert — %(8¢)2 — m7¢2 — 62U
hg = (32 definite scaling Vg =: e0?P semiclassical=free

Quantum conservation laws [Zamolodchikov] CorrelatorSZZloopS Feynman diagrams
0-Ng =0 —0_Ng =2X01,0> Asymptotic states F'(p) = \/p2 + m?
(A =2 - hg, [A4] = 4, S-matrix«—correlators LSZ
Nonlocal symmetries Uq(sl2) unitarity, crossing symmetry, analyticity

T

Bootstrap scheme

Quantum integrability: AdS no proof !
Perturbative integrability see [Zarembo]s talk and also

[Lipatov, Zarembo, Minahan, Staudacher, Beisert, Kristjansen, Bena, Polchinski, Roiban]
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Bootstrap program

Asymptotic states |p1, po, - - . ,pn>m/0ut
form a representation of global symmetry:

Lorentzz: P = >, p; E=>,FE(p;)
dispersion relation E(p) = \/’m2 + p2

Scattering matrix S: |out) — |in)
commutes with symmetry [S, A(Q)] = O [Torielli]

Higher spin concerved charge
factorization + Yang-Baxter equation

S123 = 523513512 = 512513523

S-matrix = scalar . Matrix

K > /p2 >.> k
\pr’n </p’2<...</;’1

AQ \

A(Q)/ \
/o] BN




Bootstrap program

Asymptotic states |p1, po, - . . ’p”>in/out / / \
: P.>.> P
form a representation of global symmetry:

Lorentz: P = Zz pi B = ZZ E(pz) \pr’n< p <..< p’l
dispersion relation E(p) = \/m2 + p? @\

Scattering matrix S: |out) — |in)
commutes with symmetry [S;, A(Q)] = O [Torielli]

Higher spin concerved charge
factorization + Yang-Baxter equation

S123 = 523513512 = 512513523

S-matrix = scalar . Matrix

Unitarity S12521 = Id X
Crossing symmetry S1o = S57

Maximal analyticity: all poles have physical origin — boundstates, anomalous thresholds
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Diagonal scattering: | S-matrix = scalar | S(p1,pp) = S(61—6>) >< p = msinh6

Unitarity S(0)S(—60) = 1
Crossing symmetry S(6) = S(im — 6)

Maximal analyticity: all poles have physical origin

Minimal solution: S(0) = 1 Free boson v
V ~ cosh b < /87T+b2—p>0

CDD factor: S(0) = 5:223_7_12?@7; Sinh-Gordon




Bootstrap program: diagonal

Diagonal scattering:

S-matrix = scalar

Unitarity S(0)S(—60) = 1

Crossing symmetry S(6) = S(im — 6)

S(p1,p2) = S(61—0>) ><p = mSinh

XXX

Maximal analyticity: all poles have physical origin

Minimal solution: S(6) = 1 Free boson

CDD factor: S(0) =

Maximal analyticity: S(0) =

2
Vwcoshbqb\>8ﬁb_|_b2=p>0

SINNIG=sSINPT = ¢;h h  Coreon

sinh @+ sin pr

pole at # = ipm —boundstate B2

sinh 84 sin pm
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new particle if p = % otherwise Lee-Yang



Bootstrap program: diagonal

Diagonal scattering: | S-matrix = scalar | S(p1,p2) = S(61—05) >< p = msSinh o

Unitarity S(0)S(—60) = 1 X X X
Crossing symmetry S(6) = S(im — 6)

Maximal analyticity: all poles have physical origin

2
Minimal solution: S(6) = 1 Free boson V ~ cosh bg « 87rb—|—b2 =p>0
CDD factor: S(0) = SINNO—iSINPT Ginh_Gordon

sinh 0+ sin pr
: y o __ sinhf@4:sinpn
Maximal analyticity: S(6) = SR
pole at # = ipm —boundstate B2
18

bootstrap: S12(0)=511(0 — £)S11(6 + £2F)

new particle if p %= % otherwise Lee-Yang b . [
Maximal analyticity: < < <
i o 11 12 In
all poles have physical origin e
—ssine-Gordon solitons -z
ipm 3ipm/2
ipTt/2
B2 B3. B"




Bootstrap program: sine-Gordon

. . : . . S
Nondiagonal scattering: | S-matrix = scalar . Matrix | soliton doublet ( _ )

S
Matrix: . \ A / ( —1 0 0 O \
global symmetry Uq(SZQ) O sir1_>\s(i7r;—)|\—7f;9) sinS;\?;ifie) O
2d evaluation reps @ 0 sin i\0 —sin A 0
— sin \(w+1:0) sin A(7w+1i0)
(S, A(Q)] = 0 > Lo ™G SR




Bootstrap program: sine-Gordon

. . : . . S
Nondiagonal scattering: | S-matrix = scalar . Matrix | soliton doublet ( . >

Matrix: . \ A / ( —1 0 0 O \
global symmetry Uq(SZQ) O sir1_>\s(i7r;—)|\—7f;9) sinsirgiifz’é’) O
2d evaluation reps @ 0 sin i\0 —sinAw 0
— sin \(w+1:0) sin A(7w+1i0)
(S, A(Q)] = 0 > Lo ™G SR

Unitarity | |
S(0)S(—6) = 1 >.< e, [ rU-D)A2) (2iA+14229) 10 — —0)

F((2I-1A+2) M ((21-1)A+1+4+28)
Crossing symmetry
S(0) = SA(im — QX



Bootstrap program: sine-Gordon

. . : : . S
Nondiagonal scattering: | S-matrix = scalar . Matrix | soliton doublet ( - >

Matrix: \ 2@ / ( —1 0 O O \
= 0 —Sin Am Sin A0 0
global symmetry Uq(sl2) Sin A(TF0)  Sin A(r+-if)
: sin i —sin\w
2d evaluation reps 0 SR A(T8) S M (nki0) 0
5, A(Q)] =0 > Lo 0 o 1)

/ ) \

Unitarity O BLECIGR VS e DN S SRS
S(0)S(—0) =1 =1 | T (QI-)A2D)r ((21-1)A+1420)

Crossing symmetry
S(0) = S (im — 9><

Maximal analyticity:

/(60 — —0)

all poles have physical origin
either boundstates or
anomalous thresholds
p=A"1
[Zamolodchikov

7]



Bootstrap program: sine-Gordon

. . : : . S
Nondiagonal scattering: | S-matrix = scalar . Matrix | soliton doublet ( : >

Matrix: \ AQ / ( — L O 0 O \
. —~ 0 — Sin A Sin \@ 0
global symmetry Ug;(slo) sinS>i\rg7T>—\|éi0) sin AS(Ig—)I\—iG)
C 1 — T
2d evaluation reps 0 o5 N +i0) SnA(rFid) 0
5, A(Q)] =0 ) Lo 0 0 1
/ ) \ _ '
o A6 A6
Unitarity e, r(2(l—1)A;Z_re7)r(2l/\+1+?A)w 16— — 0)]
S(0)S(—0) =1 — = | T(QRI=DA=2)T((2I-1)A+1427)
Crossing symmetry
S(0) = S1(im — 0) - ©

Maximal analyticity:
all poles have physical origin

either boundstates or
anomalous thresholds
p=X"

[Zamolodchikov

’]



Bootstrap program: AdS 9

+ string loop corrections

Nondiagonal scattering: | S-matrix = scalar . Matrix s

Nonperturbative gauge theory

S — matrix

Asymptotic Bethe Ansatz

+ gauge loop corrections
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Bootstrap program: AdS

Nondiagonal scattering: | S-matrix = scalar . Matrix

Matrix: [Beisert]
global symmetry PSU(2|2)?

by by
_ bo bs
Y= L= f2 | @ f3
fa Ja

\ e /

/

A@Q

1S, A(Q)] =0 @
\



Nondiagonal scattering:

Matrix: [Beisert]

global symmetry PSU(2|2)?

Bootstrap program: AdS

S-matrix = scalar . Matrix

(1
A . b

S a
bi b . 4.
b- . ) L A ..
2 R
/3 T

fa

b1

_ b2
Q = 1 reps fs ®

fa

[S,A(Q)] =0

N\ / SRR

. —~h . . h
Y

N N

Asymptotic Bethe Ansatz

. e . )
. C . . —cC
. e
g . .
. a ) ..
. B . . —1
) g .
- g



Bootstrap program: AdS

Nondiagonal scattering: | S-matrix = scalar . Matrix

Asymptotic Bethe Ansatz

Matrix: [Beisert]

global Symmetry PSU(2|2)2 ( . A d . -b . . . - ; s =@ . C . \
b1 by o o LT e
Q=1lreps| 2 |a| 7 S T S
/3 f3 : . . . .od . e .. : S
Ja fa : . . . R . . e

Q A S S - SRS
[S, A(Q)] =0 SR S S S

) \ \
Unitarity |
S(z1,22)S8(20,21) =1 S%% = Zi:gi;gezze(zl’@) [Beisert,Eden,Staudacher]
Crossing symmetry [Janik]| [Volin] u = 2 cotLE(p) p = 2am(z)

S(z1,22) = S (20,21 + w2)



Nondiagonal scattering:

Bootstrap program: AdS

S-matrix = scalar . Matrix

Matrix: [Beisert]

global symmetry PSU (2[2)2
by by

__ b2
@ = 1 reps e
Ja \ (J:fl /

(5, A(Q)] =0

) \
Unitarity

S(z1,22)8(22,21) =1
Crossing symmetry [Janik] [Volin]

S(z1,22) = S8 (20,21 + w2)

Maximal analyticity:

boundstates atyp symrep: (Q € N
anomalous thresholds
[N.Dorey,Maldacena,Hofman,Okamura]

11 _ u1—up—1 320(z1,22)
S11 = wi=usFi®

u = 2 cotLE(p)

Q 1
Q1
1 0 Physical domain?

[Frolov]

( 1 L o
. A . . =b . .
. d . . . . e
-b . d ) .
) A .
. 1 .
. . . . .ood o . e
. . . . . d
. —h . h .
\ ) h —h )

Asymptotic Bethe Ansatz

i . . B .
<. B o

[Beisert,Eden,Staudacher]

p = 2am(z2)

W2

W,/2

-wq/2

w,/2




Finite volume spectrum

QFTs in finite volume
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QFTs in finite volume

~—_B

Finite volume spectrum

CFT  Luscher Bethe-Yang
Q
E \
2m \
X
\ ©
m || [N_ T =
N




Luscher

QFTs in finite volume crr
E

. . n
Finite volume spectrum 2m
\

N

Bethe-Yang

S—matrix




QFTS in finite volume CFT  Luscher Bethe-Yang
Q
E
Finite volume spectrum - \
\

Infinite volume spectrum:

S—matrix




QFTs in finite volume CfT

E
Finite volume spectrum -
Infinite volume spectrum: m
E(p1,---,pn) =2;E(pi) P ER .

Luscher

N

(

Polynomial volume corrections:
Bethe-Yang; p; quantized. Diagonal

Bethe-Yang

S—matrix




QFTs in finite volume CFT L“SCher\
E \
Finite volume spectrum 2m
. \
Infinite volume spectrum: m || [ Ne
E(p1,...,pn) =2 E(pi) pi€ER .
Polynomial volume corrections: )
|/

Bethe-Yang; p; quantized. Diagonal

e?ilS(pj,p1)...S(pjpn) = -1 ; S(0) = -1

Bethe-Yang

CCeCe 0000 0o o0 o

S—matrix

p;L+ Y +109 S(pj,pr) = (2n + 1)in

<2n
L

p



QFTs in finite volume cFT Luscher Bethe-Yang
Q

E

Finite volume spectrum —e" om
=
. \ @
Infinite volume spectrum: m | | N K
)}

E(p1,.--,pn) =2 E(p;)) pi€ER .

Polynomial volume corrections: |

|/ L

Bethe-Yang; p; quantized. Diagonal
e?ilS(p;,p1)...S(pjpn) = -1 ; S(0) = -1

p;L + Y1109 S(pj,pr) = (2n + 1)in

Non-diagonal, sine-Gordon

ePilS(pi,p1)...Swj,pn)W = -V S(0) =P

CCeCe 0000 00 00 C0




Bethe-Yang

QFTs in finite volume crr_ Luscher

E

0 0 n
Finite volume spectrum 2m

N

| T R | | y | | y | y y
T L — T T T T T T T T T

Infinite volume spectrum: m || [N
E(p1,---,pn) =i E(pi)) piER .
Polynomial volume corrections: )
Bethe-Yang; p, quantized. Diagonal
it S(pj,p1) .. S(pj,pn) = -1 ; S5(0) = —1

~2n
ij+Zk%|Og S(pj;pk) = (2n+4+ 1l)irn L

Non-diagonal, sine-Gordon

ePilS(p;,p1)...Swj,pn)W = -¥ S(0) =P

Inhomogenous XXZ spin-chain spectral problem e*ZSINN HJT(QJ-)SO(QJ-) = -1

Hf

S—matrix



QFTs in finite volume G tuscher Bethe-Yang

Q
E
Finite volume spectrum @'

Infinite volume spectrum: m || [N I
E(p1,...,pn) =2 E(pi) pi€ER .

Polynomial volume corrections: ) N
Bethe-Yang; p; quantized. Diagonal

1pj L . . — : —
S p1). - Spjppn) = =15 S(0) = —1 00000 000008 000 Co
p;L + i 1109 S(pj,p) = (2n + 1)iw :

Non-diagonal, sine-Gordon
ePitS(pj,p1) ... S(pjpn)W = —W S(0) = —P

Inhomogenous XXZ spin-chain spectral problem e*% Smhng(Qj)So(Qj) = -1

T(0)Q(0) = Q(O+im)To(0—5)+Q(0—im)To(0+Z) = QTTT+Q T

S—matrix



CFT  Luscher Bethe-Yang

S—matrix

QFTs in finite volume _ Q
o ~- pn &
Finite volume spectrum 2m
Infinite volume spectrum: . \¥ |
E(p1,...,pn) =2 E(pi) pi€ER
0
Polynomial volume corrections: |
Bethe-Yang; p, quantized. Diagonal Lf
ePi"S(pj,p1) ... S(pjpn) = =1 ; S(0) = -1 Coeoelesoeleeloebloe
<2n p
piL + Y1 7109 S(pj, ) = (2n + 1)in L

Non-diagonal, sine-Gordon

ePitS(p;,p1) ... S(pjypn)W = —W S(0) = —P

Inhomogenous XXZ spin-chain spectral problem e*ZSINN HJ'T(QJ-)SO(QJ-) = -1
T(0)Q(0) = Q(O+im)To(0— D) +Q(0—im)Tp(0+F) = QT TT+Q T

Q(8) = l15Sinh(A(0 —wg)) Bethe Ansatz: TO(wa_%)Q(wO‘_HEW) — Tci_I_Q++
To(0) = Hj sinh(A(6 — 6;)) To(wa~+75)Q(wa—i) THQ—

o = —1




Bethe-Yang=Asymptotic Bethe Ansatz

. . ~— p [ Semiclassical string theory ~
n T
Finite volume spectrum fEm— Ly
£ |
Quantum String theory g |E
i .
Nonperturbative gauge theory 5’
+ gauge loop corrections

12



Bethe-Yang=Asymptotic Bethe Ansatz

Finite volume spectrum

Infinite volume spectrum: J

E(p1,...,pn) = i E(p;))  E(p) =/1+ (4gsinB)2  p; € [~

Asymptotic Bethe Ansatz




Bethe-Yang=Asymptotic Bethe Ansatz

Finite volume spectrum

Infinite volume spectrum:

E(p1,---,pn) = ¥ E(pi) E(p) = /1+ (4gsin5)2  p; € [-m, 7]

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
ePi"S(pj,p1) - - S(pjspn) W = =W S(0) = —P




Bethe-Yang=Asymptotic Bethe Ansatz

Finite volume spectrum

Infinite volume spectrum:

E(p1,...,pn) = i E(p;))  E(p) =/1+ (4gsinB)2  p; € [~

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
e?itS(p;,p1)...S(pj,pn)¥ = -V S(0)=-P

. ++(., . )
Inhomogenous Hubbard? spin-chain: eZijSg(uj)g“__((S?))T(uj)T(uj) = —1
4 Uy



Bethe-Yang=Asymptotic Bethe Ansatz

Finite volume spectrum

Infinite volume spectrum:

E(py,...,pn) =% E(p;)  E(p) = /1 + (4gsinb)?

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
e?ilS(p;,p1)...S(wj,pn)W = -V S(0) =P

T |
Inhomogenous Hubbard? spin-chain: e*/Pi 52 (uj)gd'__((Z‘?))T(uj)T(uj) = -1
4 Uy

e = ByBTR; P [Q; @f R, Toi L @3er By Pop
BBy R, O [ @05 B, Po; T Q0f B0

[Beisert,Staudacher]

k

Qj (u) = —R,; (U)B (u) and R(i) =[], x(%]F (i) =11, \/ﬁ

[Kazakov,Gromov|



Bethe-Yang=Asymptotic Bethe Ansatz

~_P

Finite volume spectrum

Infinite volume spectrum:

E(p1;--.,pn) = X E(p;i) E(p) = /1 + (4gsin §)?

Polynomial volume corrections:

Asymptotic Bethe Ansatz; p; quantized, .
e?ilS(p;,p1)...S(wj,pn)W = -V S(0) =P

2 L QF T (uy) :
Inhomogenous Hubbard? spin-chain: " 52 5w ) Qi_(u?) T(u;)T (u;) = —1
4 (U
- [o=—0F rOo+ otto- p+tHo-
T(u) = By Bs By @ Q3 Ry Qg —+ @ @y By O [Beisert,Staudacher]

BYfByR; 7 | @Q3 R Po;  @@7  BfTof

&

Q;(u) = —R;(u)Bj(u) and RS =T], A= B&Y = [Kazakov,Gromov]

V. IS
Q;Bﬁh 1 Qi@m?, " , Q3RS
QEBSL_H QI TQQ5 QQR(-I-)

3 =1 [Frolov]

Bethe Ansatz:



Liischer correction of multiparticle states

Finite volume spectrum

13



Liischer correction of multiparticle states

Finite volume spectrum

CFT  Luscher Bethe-Yang
Q
E \

2m \
X
\ ©
m || |N__ — =
N

/ L




Liischer correction of multiparticle states . .. .o

Finite volume spectrum
m I

0

S—matrix




Liischer correction of multiparticle states

P

Finite volume spectrum

Liischer originally: O(e™™L) mass correction

V3
m(L) = @m(—iRESG_QﬂS)B_TmL
=73

— [ 2 cosh0(S(0 + F) — 1)e-mLcosho

C

E

2m

m

0

FT  Luscher Bethe-Yang

S—matrix




Liischer correction of multiparticle states

Finite volume spectrum

Liischer originally: O(e™™L) mass correction

V3
m(L) = @m(—iRESG_QﬂS)B_TmL
=3

— [ 2 cosh0(S(0 + F) — 1)e-mLcosho

Multiparticle Liischer correction [ZB,Janik]

CFT  Luscher

E

2m

m

0

BY: S(pj,p1) .- S(pj, pp)V = —e~Pitw
T(p7p17 c e 7pn)w — t(pap]_a « ey Py \U)\U

Bethe-Yang

S—matrix




Liischer correction of multiparticle states . ..

Finite volume spectrum

Liischer originally: O(e™™L) mass correction

V3
m(L) = @m(—iRESG_QﬂS)B_TmL
=73

— [ 2 cosh0(S(0 + F) — 1)e-mLcosho

Multiparticle Liischer correction [ZB,Janik]

BY: S(pj,p1) .- S(pj, pp)V = —e~Pitw
T(p7p17 c e 7pn)w — t(pap]_a « ey Py \U)\U

Modified momenta:

ij —ilogt(pj,p1,..- o0, W) = (2n+ 1)7 + P,

__rdq d _
=L t(q 1, pa, W LEW

E

2m

m

0

Bethe-Yang

S—matrix




CFT  Luscher

E

Liischer correction of multiparticle states

2m

m

Finite volume spectrum

0

Liischer originally: O(e™™L) mass correction

V3
m(L) = %gm(—iRese_QﬂS)e_TmL
=3

— [ 2 cosh0(S(0 + T) — 1)e-mLcosho

Multiparticle Liischer correction [ZB,Janik]

BY: S(pj,p1) .- S(pj, pp)V = —e~Pitw
T(p7p17 c e 7pn)w — t(pap].? -+ -y Pn, W)W

Modified momenta:
p; L —ilogt(pj,p1,-..,0n, VW) = 2n+ 1)m + P,

dq d _
;= [42At(q,p1,. .., pn, W) LEW

Modified energy:
E(p].) s e 7pn) - Zk E(pk —I_ 5pk) f 2 t(q p17 s e 7pn7 W)G_LE(q)

Bethe-Yang

S—matrix




Liischer /wrapping correction in AdS

i ical string theory

+ string loop corrections

Finite volume spectrum

Quantum String theory

Nonperturbative gauge theory

Asymptotic Bethe Ansatz
S

[Ambjorn,Janik,Kristjansen]

+ gauge loop corrections
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Liischer /wrapping correction in AdS

Finite volume spectrum

Asymptotic Bethe Ansatz

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski] )

A(L) = (~ — E'(D)E'(50) ) (—iResppy T S)e™ P PE
b %% 22(1 — E'(0)E'(5) ) (Spa(5,p) — 1)e~ EDIL




Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

A(L) = (1 - E'(0)E (B0)) (~iResp=g, Ty S)e~ FDIE
S5 %% 22 (1 — E' () E'(5)) (Sha (5, p) — 1)e~ PDE

Two particle Liischer correction (Konishi) [ZB,Janik]

BY: j = 1,2 S(pj,p1)S(pj,p2)V = —e Pilw
T(p,p1,p2)V = t(p,p1,p2, V)W




Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

A(L) = (~ — E'(D)E'(50) ) (—iResppy T S)e™ P PIL
b %% 22(1 — E'(0)E'(5) ) (Spa(5,p) — 1)e~ EDIL

Two particle Liischer correction (Konishi) [ZB,Janik]

BY: ] — 172 8(p]7p1)8(p]7p2)w — _e_iijw
T(p,p1,p2)V = t(p,p1,p2, V)W

Modified momenta: [Janik]

pjL —ilogt(p;,p1,p2, V) = (2n+ 1)7 + &,

[ 8 A t(5,p1,p2, W) LED) £ &) = — [ B (LS (F,p1))S(B, p2)e LED)




Liischer /wrapping correction in AdS

Finite volume spectrum

[Ambjorn,Janik,Kristjansen]

One particle correction: [Janik, Lukowski]

A(L) = (1 - E' () E (50)) (—iResj—p, st)ejE(ﬁ)L
b %% 22(1 - E'()E'(5)) (Se(5,p) — 1)e EBIL

Two particle Liischer correction (Konishi) [ZB,Janik]

BY: j = 1,2 S(pj,p1)S(pj,p2)¥V = —e Pilw
T(p,p1,p2)V = t(p,p1,p2, V)WV

Modified momenta: [Janik]
p; L —ilogt(p;,p1,p2, W) = 2n+ 1)w + P,

[ 8 A t(5,p1,p2, W) LED) £ &) = — [ B (LS (F,p1))S (B, p2)e LED)

Modified energy:
E(p1,p2) = Sk E(py, + 0pp)— [ 544(q, p1,p2, W)e LEW@



Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly ©

[Zamolodchikov]

15



Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly ©

[Zamolodchikov]

CFT  Luscher Bethe-Yang
Q
E \
2m \
X
\ ©
m N | |E
N




Thermodynamic Bethe Ansatz:

Ground-state energy exactly
[Zamolodchikov]

>

diagonal CFT  Luscher

E

2m

m

0

Bethe-Yang

N

[

|

S—matrix




Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly ©

[Zamolodchikov]

Euclidien partition function:

Z(L,R) =p_ o0 Tr(e HL)E)
Z(L,R) =n o e—EO(L)R(l + B—AER)

.. - ==

CFT  Luscher

Bethe-Yang

E
2m

m

[

|

0

S—matrix




Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly © <

[Zamolodchikov]

Euclidien partition function:

Z(L,R) =p_.o, Tr(e H(LR)
Z(L,R) =p_,o e Fo(LIR(1 4 ¢~ AER) R

.. - ==

Exchange space and Euclidien time =

Z(L7 R) — R—00 TF(G_H(R)L) =R 00 Zn e_En(L)R

E

2m

m

0

CFT  Luscher Bethe-Yang

[

N

|

S—matrix

SHRL




Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly © <

[Zamolodchikov]

Euclidien partition function:

Z(L,R) =p_.o, Tr(e H(LR)
Z(L,R) =p_,o e Fo(LIR(1 4 ¢~ AER) R

.. - ==

Exchange space and Euclidien time =

Z(L7 R) — R—00 TF(G_H(R)L) =R 00 Zn e_En(L)R

E

2m

m

0

CFT  Luscher

Bethe-Yang

N

[

|

S—matrix

SHRL

| T R | | y | | y | y y
T T T T T T T T T T T

<2

Dominant contribution: finite particle/hole density p, py,: L

P



Thermodynamic Bethe Ansatz: diagonal

Ground-state energy exactly © <

[Zamolodchikov]

Euclidien partition function:

Z(L,R) =p_.o, Tr(e H(LR)
Z(L,R) =p_,o e Fo(LIR(1 4 ¢~ AER) R

.. - ==

Exchange space and Euclidien time =

Z(L7 R) — R—00 TF(G_H(R)L) =R 00 Zn e_En(L)R

E

2m

m

0

CFT  Luscher

Bethe-Yang

N

[

|

S—matrix

SHRL

| T R | | y | | y | y y
T T T T T T T T T T T

<2

Dominant contribution: finite particle/hole density p, py,: L

En(R) =Y, E(pi) — [ E(p)p(p)dp

P

piR+ Y, 2109 S(pj,pr) = (2n+1)ir  — R+ [(—idy 109 S(p,p"))p(p)dp = 27(p+ pn)



Thermodynamic Bethe Ansatz: diagonal CFTQ

Ground-state energy exactly ©

[Zamolodchikov]

Euclidien partition function:

Z(L,R) =p_,o, Tr(e H(LR)
Z(L, R) =P oo e—EO(L)R(l _|_ B—AER)

Exchange space and Euclidien time

>

R

.. - ==

Z(L7 R) — R—00 TF(G_H(R)L) =R 0o Zn e_En(L)R

Bethe-Yang

E

2m

m

[

|

0

S—matrix

e—H(R) L

Dominant contribution: finite particle/hole density p, py,:

En(R) =Y, E(pi) — [ E(p)p(p)dp

| T R | | y | | y | y y
T T T T T T T T T T T

P

piR+ Y, 2109 S(pj,pr) = (2n+1)ir  — R+ [(—idy 109 S(p,p"))p(p)dp = 27(p+ pn)

Z(L,R) = [d[p, pyle~ LEER)=[((ptpn) In(otpn)—pIn p—pp, In pp)dp



Thermodynamic Bethe Ansatz: diagonal EK

Ground-state energy exactly

Zamolodchikov]
uclidien partition function:

Z(L,R) =R_.00 Tr(e H(DR)
Z(L,R) =R o0 e FOIBR(L 4 = AER) ) e

Exchange space and Euclidien time K,/

>

<.

.- c—

CFT  Luscher Bethe-Yang

[

2m

|

S—matrix

m

0

QOOO. .0.0 OO. 0.0 OO

€2T[

Dominant contribution: finite particle/hole density p, py,:

En(R) =Y, E(pi) — [ E(p)p(p)dp

p

— R+ [(—idylog S(p,p'))pp)dp = 27 (p+ pr)

Z(L,R) = [d[p, pyle~ LEER)=[((pFpn) In(otpn)—pIn p—pp, In pp)dp

Saddle point : (p) = In 2408 | ¢(p) = E(p)L + [ Lidylog S, p) log(L + e=<?))

p(p)

Ground state energy exactly:

Eo(L) = — [ 2 log(1 4 e~<P))

Lee-Yang, sinh-Gordon




Thermodynamic Bethe Ansatz: non-diagonal <

Ground-state energy exactly ©

[Tateo]

Euclidien partition function:

Z(L,R) =p_oo e—Eo(L)R(l + e~ AER)

>

R

2m

m

0

Luscher

Bethe-Yang

N

S—matrix

L

Z(L, R) — R—00 TI’(G_H(R)L) =R oo Zn e_En(L)R

e—H(R)L

16



Thermodynamic Bethe Ansatz: non-diagonal cr s

Bethe-Yang

© 2m \
Ground-state energy exactly © R

[

|

[Tateo]

0

S—matrix

Euclidien partition function: )

Z(L,R) =p_,o, e Bo(L)R(1 4 ¢~ AERy |70

Z(L,R) =R 0 Tr(e_H(R)L) =R—00 2n e~ En(L)R } e Ok !"‘-\
. . . O O c . o periodicity TT /P
Finite particle/hole + Bethe root density p*, py, p*, p}, - . - ° . o ¢
(Tt O e O
T T Q+t 2 oo * ° o
tLp L= 0 — O
€ TSO|] —_— 1, T(S'_Q__|a— 1 mp | : [
- o006 € O 6.



Thermodynamic Bethe Ansatz: non-diagonal cr s

Bethe-Yang

[

|

© 2m \
Ground-state energy exactly © R

[Tateo]

0

S—matrix

Euclidien partition function: )

Z(L,R) =p_,o0 ¢ BollIR(] 4 o=AERy |70

Z(L, R) =R—cc Tr(e—H(R)L) =R—00 2n e~ En(D)E // HRIL
Finite particle/hole + Bethe root density p°, p9, p*, pt . iy T
PR P Pho - *,90 4 8 o
iL Ty Q1T 27 So0s e 0 .
) pTSO|j:_1’ T;Q——|a:_1 mp : o
En(R) =3, E(pi) — [ E(p)p°(p)dp 6
= ~ZTT p

RSZ + [ K'(p,p)p"(p )dp = 27 (p™ + p")



Thermodynamic Bethe Ansatz: non-diagonaIECET

Ground-state energy exactly ©

[Tateo]

Euclidien partition function:

Z(L,R) —R—o0 G_EO(L>R(1 o e~ AL R)

TO—Q-I—-I—
Ty Q——
En(R) =), E(pi) — [ E(p)p°(p)dp

einTSO|j — —1,

o = —1

Luscher

Bethe-Yang

S—matrix

> 2m :::::::::::::::::::
R
m |
0
L
[mom
b
___R
periodicity TT /P
. . O ®
[ )
[us o "o C o
2 O °
© o
mp |
e o006 €. O 0.
<21

RSZ + [ KI'(p,p)p"(p )dp = 27(p™ + p")

Z(L,R) = [dlp, pi |~ LE =20 [ (') InCo'+0} ) =" In p'—pj, I pf )dp



CFT  Luscher

Bethe-Yang

S—matrix

Thermodynamic Bethe Ansatz: non-diagonal:
RCD - \¥
Ground-state energy exactly © m — |
[Tateo] 0
Euclidien partition function: J
. . SHOR
Z(L,R) =g e PODIER(1 4 ARy L/ L
Z(L, R) =R oo Tr(e By =p | 57 o7 EnlLIE o :
- - () periodicity TT /P
Finite particle/hole + Bethe root density p, p%, p's Py, - . :O. . s .
Y o—© @
. T-O0++ > e%e ® O e
e'LPT Spl; = -1, TO_|_C£2|04:—1 w7 ° e
0
En(R) =3, E(pi) — [ E(p)p°(p)dp 506086066 080808508.
/ / =2 P
ROG + [ K (p,p)p" (p )dp = 27 (p™ + p7*) )

Z(L,R) = [d[p, pz]e—LE(R)—Zif((pr@ In(pi4pi ) —p? In pi—pi In pt Ydp

Saddle point : €(8) = —In 2% | ¢i(9) = ‘%E(p)L — Kg(p’,p) log(1 + e~ @)y

0, (p)

Ground state energy exactly: | Eg(L) = — [ g—g log(1 + 6_60(9>)d9




Thermodynamic Bethe Ansatz: AdS

>

Bombardelli, Tateo,Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak]

Euclidien E2 + (4gsin %)2 — 1 partition function:

Ground-state energy exactly

Z(L,R) =R_oo e FOlLIR(1 4 o~ AER)

Z(L,R) =p_.oo Tr(e  HRILY =1 5~ o=En(L)R

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections

SHRL \

17

Asymptotic Bethe Ansatz

S — matrix




Thermodynamic Bethe Ansatz: AdS

+ string loop corrections

© Quantum String theory
Ground-state energy exactly © I

R Nonperturbative gauge theory

S — matrix

Asymptotic Bethe Ansatz

+ gauge loop corrections

Bombardelli, Tateo,Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak]

Euclidien E2 + (4gsin %)2 — 1 partition function:

Z(L, R) =R_o0 e FOLIR(1 4 o~ AER D
Z(L) R) :R—>OO Tr(e_ﬁ(R)L) :R—>OO Zn e_En(L)R f e—H(R)L \\\
Finite particle/hole + Bethe root density p®, Pf?, ot pi o oy

o ® P

® o O O o

o0 0
L N
O
O
L N



Thermodynamic Bethe Ansatz: AdS

+ string loop corrections

© Quantum String theory
Ground-state energy exactly © I

R Nonperturbative gauge theory

Asymptotic Bethe Ansatz

+ gauge loop corrections

Bombardelli, Tateo,Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak|

Euclidien E2 + (4gsin p)2 1 partition function:

JR— _ e—H(L)R 7

Z(L, R) —R—oo € EO(L)R(]- + e NG R) b L :"
Z(L’ R) :R—>OO Tr(e_H(R)L) :R—>OO ZTL e_En(L)R fe—H(R)L i’\.\.
Finite particle/hole + Bethe root density p<, p;?, oL, p'ﬁl: o noperodety

® o o

° ® O O °
_ ~ ~ N U9 90698 900 - 0.
En(R) — E@Q EQ(pl) = EQ fEQ(p>,0Q(p)dp O Y o O O o
1Lp Q2 QI+ i - Qz — Q;_Ql Qs Qz R, [ [
e PSoo=TTla=—-1 B<+>| =1gFg 02 =1 Gxmls :

[ KI(p, ﬁ’)pn(ﬁ,)dﬁj = 27n(p"™ + p}')  [Frolov,Kazakov,Gromov]



Thermodynamic Bethe Ansatz: AdS

\ + string loop corrections
© uantum String theor
Ground-state energy exactly © Q g teary '

R Il
Nonperturbative gauge theory

Asymptotic Bethe Ansatz

Bombardelli, Tateo,Fioravanti,Frolov,Arutyunov,
romov,Kazakov,Viera,Kozak]

+ gauge loop corrections

Euclidien E2 4 (4gsin %)2 — 1 partition function: J
Z(L,R) =p_,o e BoLIR(1 4 ¢~ AER) N
S ) ]
Z(L, R) — R—00 TI’(G_H(R)L) — R—0o0 Zn G_En(L)R f SHRIL i'\.\l
Finite particle/hole + Bethe root density p<, p;?, o, p;;l: i : nopertodiely
O O

e e O O o
_ _ ~ o e 5000000090000
. e . — =)
P SFE=T Tla = -1 QQBHA =1 otk =-1 20l =1 S °

[ KI"(p, ﬁ’)pn(ﬁ/)dﬁ/ = 27n(p" + p}')  [Frolov,Kazakov,Gromov]

Z(L,R) = [d[p’ p%]e_LE(R)_Zif((pi-l-pZ)|n(pi-|-p2)—piln pi—pi In pi )dp



Thermodynamic Bethe Ansatz: AdS

g
© \ + string loop corrections
R | '

Ground-state energy exactly cwrmmape

Nonperturbative gauge theory

ombardelli, Tateo,Fioravan
Hsromov Kazakov Viera, ozatk

F
Euclidien E2 + (4g sin ]p)2 — 1 partition function:

rolov,Arutyunov,

+ gauge loop corrections

Z(L.R) =p_,.. e Eo(l)R(q —AER s
(L,R) =R—x € (1+e ) T L ;

Z(L, R) =R—oo TI’(G_H(R)L) =R oo Zn e—En(L)R } SHRIL F:\.‘-\
Finite particle/hole + Bethe root density pQ, pg, oL, pz; | : . no periodicity .

® e O O e
E.(R) =30 Ee@) — >0 | Eq(®)p?(p)dp —900-0-0000-080060-
eilp g29:i" TT] — _1 QIBS >‘ — 1 Q;‘Q1Q3‘ — 1 QF RS >‘ [ ®@ O O [

0Q, Qngf) FQ.0; Q; R(+) ) [ ()
®

[ KI'(p, ﬁ’)pn(ﬁ/)dﬁ/ = 27n(p"™ + p}')  [Frolov,Kazakov,Gromov]

Z(L,R) = [d[p’ pz]e_LE(R)—Zif((P”+p§,,)ln(pi+p§;)—piln p'=p, 1N p})dp

Asymptotic Bethe Ansatz

Saddle point : (5) = ~In 28 | &(0) = 5, EQ(F)L — | K] (5,7) 10g(1 + e~ P))dp

Ground state energy exactly: | Eq(L) = — >0 i g_g log(1 + e_eQ(ﬁ))dﬁ




Excited states TBA, Y-system: diagonal

~

. pn
Excited states exactly
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CFT  Luscher Bethe-Yang
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\ ©
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CFT  Luscher Bethe-Yang
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2m

m

[

|

1 o™ i
Excited states exactly 2 eseececcesse
0

S—matrix

By lattice regularization: sinh-Gordon [Teschner]

e(0) = mLcoshd —|—/—zd9 log S(6 — 6 )log(1+e~ E(9,>)

do
By (L) = _m/Z cosh 0 log(14-¢—<()

-
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do
By (L) = _m/Z cosh 0 log(14-¢—<()
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m |

1 o™ i
Excited states exactly 2 eseececcesse
0

By lattice regularization: sinh-Gordon [Teschner]

e(0) = mLcosh 0+ 3 log S(6 — 0, )—I—/—zd9|0g S(0—0)10g(1+ e

do
E{nj}(L) = ?Zsinh 03‘—m/Z cosh 6 Iog(1_|_€—e(9))



CFT  Luscher Bethe-Yang

Exci TBA, Y- : di | -
xcited states system: diagona : \¥

m |

1 o™ i
Excited states exactly 2 eseececcesse
0

By lattice regularization: sinh-Gordon [Teschner]

e(9) = mLcosh6+4 > log S(O — 6, )—|—/—zd9Iog S(0—6)log(1l+e™ E(9,>)

| do . e
B,y (L) = ?Zsmh ej—m/Z cosh § log(1+e~¢)): v (9,) = %) = —1



CFT  Luscher Bethe-Yang

Excited states TBA, Y-system: diagonal - \

2m

m

[

|

1 o™ i
Excited states exactly 2 oeeececcesese
0

S—matrix

By lattice regularization: sinh-Gordon [Teschner]

e(9) = mLcosh6+4 > log S(O — 6, )—|—/—zd9Iog S(0—6)log(1l+e™ E(9,>)

| do . e
B,y (L) = ?Zsmh ej—m/Z cosh § log(1+e~¢)): v (9,) = %) = —1

in/6 genee000000@

By analytical continuation: Lee-Yang [P.Dorey, Tateo] -6 eeceee00008

e(0) = mL cosh @ -|-/ —Zde log S(6— 0 Ylog(l4e~ (¢’ ))
o db

En (L) = —~ m/ 5 coshdlog(1+e —<(0))

Liischer corrections: differ by 1 term

-



CFT  Luscher Bethe-Yang

Excited states TBA, Y-system: diagonal - \

2m

m

[

|

1 o™ i
Excited states exactly 2 oeeececcesese
0

S—matrix

By lattice regularization: sinh-Gordon [Teschner]

e(9) = mLcosh6+4 > log S(O — 6, )—|—/—zd9Iog S(0—6)log(1l+e™ E(9,>)

| do . e
B,y (L) = ?Zsmh ej—m/Z cosh § log(1+e~¢)): v (9,) = %) = —1

in/6 genee000000@

By analytical continuation: Lee-Yang [P.Dorey, Tateo] -6 eeceee00008
N S(6—-9;) y
e(6) = mLcosh6+ ) log —zdglog S(0—0) log(14e€0 )
=i S0 — 03") co 2T
o db
En (L) = —~ m/ 5 coshdlog(1+e —<(0))

Liischer corrections: differ by 1 term

-



CFT  Luscher Bethe-Yang

Excited states TBA, Y-system: diagonal - \

2m

m

[

|

1 o™ i
Excited states exactly 2 eseececcesse
0

S—matrix

By lattice regularization: sinh-Gordon [Teschner]

e(9) = mLcosh6+4 > log S(O — 6, )—|—/—zd9Iog S(6—0)log(1l+e™ 6(9,>)

| do . e
B,y (L) = ?Zsmh ej—m/Z cosh § log(1+e~¢)): v (9,) = %) = —1

in/6 genee000000@

By analytical continuation: Lee-Yang [P.Dorey, Tateo] -6 eeceee00008
N S(6—-9;) y
e(9) =mLcosh6+ »  log ! —zdglog S(0—6) log(1+4e <))
=i S0 — 0 - co 2T

E{nj}(L) = —im Y (sinh§, — — sinh 67) —m/OO @ cosh 6 log(1 + e 6((9))

Liischer corrections: differ by 11 term

-



CFT  Luscher Bethe-Yang

E

Excited states TBA, Y-system: diagonal

2m

i TU/2 g

] “ahn eeo98c0cCOeeee
Excited states exactly 0

\&

By lattice regularization: sinh-Gordon [Teschner]
/

L4

e() = mLcosh 6+ log S(6 — 6,) —I—/;Z—Hid@ 09 S(0—8') 10g(1 4 e~
7T

| do . 0
B,y (L) = ?Zsmh 9]-—m/Z cosh @ log(1+e =€) : v (9,) = %) = —1

in6 genee000000®

By analytical continuation: Lee-Yang [P.Dorey Tateo] 76 90000000066
N
S0 — /
6(9) — mJL cosh 6+ Z log SE@ 9* —I—/ —ZdQ log S(Q Q ) |Og(1+€ e(0 ))
J=1 B
oo df
E{n]}(L) = —im » (sinh§, — —sinh 67) — m/ N Coshe log(1l + e 6(0))

Liischer corrections: differ by 11 term

S(O—-2)S(O+F)=50) - Y(O+L)Y(O-F)=1+Y(0)

Y-system-+analyticity=TBA <« scalar . Matrix [Bazhanov,Lukyanov,Zamolodchikov]



Excited states TBA, Y-system: Non-diagonal

Excited states exactly
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Excited states TBA, Y-system: Non-diagonal

Excited states exactly

CFT  Luscher Bethe-Yang
Q
E \
2m \
X
\ ©
m || [N T =
N




Excited states TBA, Y-system:

Excited states exactly

CFT  Luscher

Bethe-Yang

Non-diagonal. \

m

[

|

S—matrix

0




CFT  Luscher Bethe-Yang

Excited states TBA, Y-system: Non-diagonal.
. sy 70/ 2m &
Excited states exactly T —ele s ) 5
i 0 e 0
L
49;@22-@&00“@“@0@_@9;

Y-system: sine-Gordon T

Ye(0+ Z)Ye(0 - ") = (14 Y 1)1+ Yiy1) @-0-0-0-0-00—.

iTp _imp
(628+€ 28) logYs = Y, Isr l0g(1 4 Y7) ._O_O_O_O_O_O\Opﬂ



CFT  Luscher

Bethe-Yang

Excited states TBA, Y-sys:terrp:;dwml\/!on-dlagonalzm \¥
Excited states exactly 1 ——ele s ———e ) —
mp : © e 0
00000 0000000.05 50~ )
Y-system: sine-Gordon T °
Yo(0+ Z)Ys(0 - ) = (14 Ys1)(1+ Yiy1) €-0-0-0-0-0-0— .
/O p

imp _imp
(e2?4+e2109Ys =X, Isr log(1l + V)

Excited states: analyticity from Liischer [Balog, Hegedus]



CFT  Luscher

Bethe-Yang

S—matrix

Excited states TBA, Y-system: Non-diagonal: N |
) periodicity (TT /p 2m ¥
Excited states exactly Tooe el e " —
_E Ve :
L
£00C0 0000008505 G0 )
Y-system: sine-Gordon - "

V(0 + Z2)Ys(0 — Z2) = (1 + Ys_1)(1 + Yey1)

imp _imp
(e2 0 +e 2 8) logYs =3, Isr109(1 + Y7)

Excited states: analyticity from Liischer [Balog, Hegedus]

Lattice regularization: X

[Destri,de Vega,Ravanini,Fioranvanti,...]




CFT Luscher Bethe-Yang

Excited states TBA, Y-system Non-diagonal K

(/

periodicity (TT /P

Excited states exactly i - i ’
—©£00C0 0000000000 -
Y-system: sine-Gordon T "
YS(9+W_P)YS(9_mp) = (14 Ys_1)(1+ Y,41) /o
p

(628_'_6 a) IogYSZZ?«Isrlog(l_l_Yr)
Excited states: analyticity from Liischer [Balog, Hegedus]

Lattice regularization: G

[Destri,de Vega,Ravanini,Fioranvanti,...]

Z(0) = MLsinh 04source(0|{0.})+2Sm [ deG(0—x—ie) l0g [1 — (—1)56752(97""56)}
source(0[{0;.}) = > rsgni.(—i) log S++(9 1) kernel: G(0) = —i0ylog S++(9)
Energy: £ = M Y} sgni. cosh 0, —2MSm [ dxeG(6+ie) l0g [1 — (—1)5eiz(x+i€)]

Bethe-Yang e Z(0r) = 1



Excited states TBA, Y-system: AdS

gl
Semiclassical string theory

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

Excited states exactly

+ gauge loop corrections
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Excited states TBA, Y-system: AdS

Excited states exactly

Asymptotic Bethe Ansatz

e e 0O O o r
Y-system: AdS [Gromov,Kazakov, Viera] e °

Ya,s(0+5)Ya,s(0—%) _ (1+4Ya,s-1)(14Yo 541)
YCL—I-].,SYCL—].,S (1+Ya—|—1,s)(1+Ya—1,s>




Excited states TBA, Y-system: AdS

+ string loop corrections

Quantum String theory

Nonperturbative gauge theory

Asymptotic Bethe Ansatz

Excited states exactly

no periodicity + gauge loop corrections

® 00
[ N )
O

O

[ N )

[ X N J
[ N )
O

O

[ N )

Y-system: AdS [Gromov,Kazakov,Viera]

Ya,S(e‘I‘%)Ya,S(Q—%) — (1+Ya,s—1)(1+Ya,s—|—1>
Ya—l—l,sYa—l,S (1+Ya—|—1,s)(1+Ya—1,s)

Excited states: analyticity from Liischer [Gromov,Kazakov]

Assumption on analytical structure —excited state TBA [Gromov,Kazakov,Kozak,Viera]

NO u terms!
NEEDs ANALYTICAL CHECKS: 5 loop Konishi

Cannot be the final answer — Lattice regularization: 7



Conclusion
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+ gauge loop corrections
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Conclusion
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Semiclassical string theory

S-matrix = scalar . Matrix

\ + string loop corrections

Quantum String theory

Nonperturbative gauge theory

a
©
S
[
0

physical sheet, explanation of all the poles

+ gauge loop corrections




Conclusion

S-matrix = scalar . Matrix

physical sheet, explanation of all the poles

Excited states = analiticity . Y-system

Analytical structure of all excited states
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Semiclassical string theory

\ + string loop corrections

Quantum String theory
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+ gauge loop corrections

S — matrix
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Analytical structure of all excited states
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Semiclassical string theory

\ + string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections

S — matrix
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S-matrix = scalar . Matrix

physical sheet, explanation of all the poles

Excited states = analiticity . Y-system

Analytical structure of all excited states

lattice?

g

Semiclassical string theory

\ + string loop corrections

Quantum String theory

Nonperturbative gauge theory

+ gauge loop corrections

S — matrix







