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∑
i∆T1(v1, vi)

Τ vvv1 2 n> > ... >

.

v Τ
1

v <2
< ... <vn



Classical integrability: AdS
g

Classical string theory

Semiclassical string theory

J

1 loop perturbative gauge theory

+ string loop corrections

Nonperturbative gauge theory

Quantum String theory

S
 −

 m
at

rix

+ gauge loop corrections

A
sy

m
pt

ot
ic

 B
et

he
 A

ns
at

z

W
ra

pp
in

g/
Lu

sc
he

r 
co

rr
ec

tio
n

AdS σ model
τ

σ target

AdS5

S
5

L = R2

α
′
(
∂aXM∂aXM + ∂aYM∂aYM

)
+ fermions

5



Classical integrability: AdS
g

Classical string theory

Semiclassical string theory

J

1 loop perturbative gauge theory

+ string loop corrections

Nonperturbative gauge theory

Quantum String theory

S
 −

 m
at

rix

+ gauge loop corrections

A
sy

m
pt

ot
ic

 B
et

he
 A

ns
at

z

W
ra

pp
in

g/
Lu

sc
he

r 
co

rr
ec

tio
n

AdS σ model
τ

σ target

AdS5

S
5

L = R2

α
′
(
∂aXM∂aXM + ∂aYM∂aYM

)
+ fermions

Classical solutions are found, for example magnon:

[Zarembo]

S5

p

−p

J



Classical integrability: AdS
g

Classical string theory

Semiclassical string theory

J

1 loop perturbative gauge theory

+ string loop corrections

Nonperturbative gauge theory

Quantum String theory

S
 −

 m
at

rix

+ gauge loop corrections

A
sy

m
pt

ot
ic

 B
et

he
 A

ns
at

z

W
ra

pp
in

g/
Lu

sc
he

r 
co

rr
ec

tio
n

AdS σ model
τ

σ target

AdS5

S
5

L = R2

α
′
(
∂aXM∂aXM + ∂aYM∂aYM

)
+ fermions

Classical solutions are found, for example magnon:

[Zarembo]

S5

p

−p

J

Coset NLσ model: g ∈ PSU(2,2|4)
SO(4,1)×SO(5) J = g−1dg = J||+ J⊥

Z4 graded structure: [Metsaev, Tseytlin 03]

J⊥ → J0, J1, J2, J3 L ∝ STr(J2 ∧ ∗J2)− STr(J1 ∧ J3)



Classical integrability: AdS
g

Classical string theory

Semiclassical string theory

J

1 loop perturbative gauge theory

+ string loop corrections

Nonperturbative gauge theory

Quantum String theory

S
 −

 m
at

rix

+ gauge loop corrections

A
sy

m
pt

ot
ic

 B
et

he
 A

ns
at

z

W
ra

pp
in

g/
Lu

sc
he

r 
co

rr
ec

tio
n

AdS σ model
τ

σ target

AdS5

S
5

L = R2

α
′
(
∂aXM∂aXM + ∂aYM∂aYM

)
+ fermions

Classical solutions are found, for example magnon:

[Zarembo]

S5

p

−p

J

Coset NLσ model: g ∈ PSU(2,2|4)
SO(4,1)×SO(5) J = g−1dg = J||+ J⊥

Z4 graded structure: [Metsaev, Tseytlin 03]

J⊥ → J0, J1, J2, J3
L ∝ STr(J2 ∧ ∗J2)− STr(J1 ∧ J3)
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Conserved charges from the trace of the monodromy matrix

T (µ) = P exp
∮
A(x)µdxµ
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Quantum integrability: AdS no proof !

Perturbative integrability see [Zarembo]s talk and also

[Lipatov, Zarembo, Minahan, Staudacher, Beisert, Kristjansen, Bena, Polchinski, Roiban]
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sinh θ−i sin pπ

pole at θ = ipπ →boundstate B2

bootstrap: S12(θ)=S11(θ − ipπ
2

)S11(θ + ipπ
2

)

new particle if p 6= 2
3 otherwise Lee-Yang

Maximal analyticity:

all poles have physical origin

→sine-Gordon solitons

θ
ιπ

S
11

ipπ

B2

θ
ιπ

S

ipπ/2
3ipπ/2

12

B3. . .

θ
ιπ

S
1n

π/2ip(n+1)
(n−1)ipπ/2

Bn



Bootstrap program: sine-Gordon

Nondiagonal scattering: S-matrix = scalar . Matrix soliton doublet

(
s
s̄

)

Matrix:

global symmetry Uq(ŝl2)

2d evaluation reps

[S,∆(Q)] = 0
S−matrix

(Q)∆

∆ (Q)


−1 0 0 0

0 − sinλπ
sinλ(π+iθ)

sin iλθ
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0 sin iλθ
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− sinλπ
sinλ(π+iθ) 0

0 0 0 −1


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Bootstrap program: sine-Gordon

Nondiagonal scattering: S-matrix = scalar . Matrix soliton doublet

(
s
s̄

)

Matrix:

global symmetry Uq(ŝl2)
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/(θ → −θ)

]
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Matrix:
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2d evaluation reps
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Nondiagonal scattering: S-matrix = scalar . Matrix

Matrix: [Beisert]

global symmetry PSU(2|2)2

Q = 1 reps

 b1

b2

f3

f4

⊗
 b1̇

b2̇
f3̇
f4̇



[S,∆(Q)] = 0
S−matrix

(Q)∆

∆ (Q)



1 . . . . . . . . . . . . . . .
. A . . −b . . . . . . −c . . c .
. . d . . . . . e . . . . . . .
. −b . .d . . . . . . . . e . . .
. . . . A . . . . . . c . . −c .
. . . . . 1 . . . . . . . . . .
. . . . . . d . .e . . . . . . .
. . . . . . . d . . . . . e . .
. . f . . . . . g . . . . . . .
. . . . . . f . . g . . . . . .
. . . . . . . . . . a . . . . .
. −h . . h . . . . . . B . . −i .
. . . f . . . . . . . . g . . .
. . . . . . . f . . . . . g . .
. h . . −h . . . . . . −i . . B .
. . . . . . . . . . . . . . . a


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Nondiagonal scattering: S-matrix = scalar . Matrix

Matrix: [Beisert]

global symmetry PSU(2|2)2

Q = 1 reps

 b1
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f3

f4
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S−matrix
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∆ (Q)



1 . . . . . . . . . . . . . . .
. A . . −b . . . . . . −c . . c .
. . d . . . . . e . . . . . . .
. −b . .d . . . . . . . . e . . .
. . . . A . . . . . . c . . −c .
. . . . . 1 . . . . . . . . . .
. . . . . . d . .e . . . . . . .
. . . . . . . d . . . . . e . .
. . f . . . . . g . . . . . . .
. . . . . . f . . g . . . . . .
. . . . . . . . . . a . . . . .
. −h . . h . . . . . . B . . −i .
. . . f . . . . . . . . g . . .
. . . . . . . f . . . . . g . .
. h . . −h . . . . . . −i . . B .
. . . . . . . . . . . . . . . a


Unitarity

S(z1, z2)S(z2, z1) = 1

Crossing symmetry [Janik] [Volin]

S(z1, z2) = Sc1(z2, z1 + ω2)

S11
11 = u1−u2−i

u1−u2+ie
i2θ(z1,z2)

u = 1
2

cot p
2
E(p)

[Beisert,Eden,Staudacher]

p = 2 am(z)
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Nondiagonal scattering: S-matrix = scalar . Matrix

Matrix: [Beisert]

global symmetry PSU(2|2)2

Q = 1 reps

 b1

b2

f3

f4

⊗
 b1̇

b2̇
f3̇
f4̇



[S,∆(Q)] = 0
S−matrix

(Q)∆

∆ (Q)



1 . . . . . . . . . . . . . . .
. A . . −b . . . . . . −c . . c .
. . d . . . . . e . . . . . . .
. −b . .d . . . . . . . . e . . .
. . . . A . . . . . . c . . −c .
. . . . . 1 . . . . . . . . . .
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. . . . . . . d . . . . . e . .
. . f . . . . . g . . . . . . .
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. −h . . h . . . . . . B . . −i .
. . . f . . . . . . . . g . . .
. . . . . . . f . . . . . g . .
. h . . −h . . . . . . −i . . B .
. . . . . . . . . . . . . . . a


Unitarity

S(z1, z2)S(z2, z1) = 1
Crossing symmetry [Janik] [Volin]

S(z1, z2) = Sc1(z2, z1 + ω2)

S11
11 = u1−u2−i

u1−u2+ie
i2θ(z1,z2)

u = 1
2

cot p
2
E(p)

[Beisert,Eden,Staudacher]

p = 2 am(z)

Maximal analyticity:

boundstates atyp symrep: Q ∈ N

anomalous thresholds Physical domain?

[N.Dorey,Maldacena,Hofman,Okamura] [Frolov]
1 Q

Q   1

1Q ω  /2

−ω  /2 ω  /2

ω2

2

1 1
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Infinite volume spectrum:
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Polynomial volume corrections:

Bethe-Yang; pi quantized. Diagonal

eipjLS(pj, p1) . . . S(pj, pn) = −1 ; S(0) = −1
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Inhomogenous XXZ spin-chain spectral problem eiL sinh θjT (θj)S0(θj) = −1

T (θ)Q(θ) = Q(θ+iπ)T0(θ− iπ2 )+Q(θ−iπ)T0(θ+ iπ
2 ) = Q++T−+Q−−T+

Q(θ) =
∏
β sinh(λ(θ − wβ))

T0(θ) =
∏
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T0(wα−iπ2 )Q(wα+iπ)

T0(wα+iπ
2 )Q(wα−iπ)

=
T−0 Q

++

T+
0 Q−−

|α = −1
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√
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Inhomogenous Hubbard2 spin-chain: eiLpjS2
0(uj)

Q++
4 (uj)

Q−−4 (uj)
T (uj)Ṫ (uj) = −1

T (u) =
B−1 B

+
3 R
−(+)
4

B+
1 B
−
3 R
−(−)
4

[
Q−−2 Q+

3
Q2Q

−
3
− R

−(−)
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′
(p̃)

)
(Sbaba(p̃, p)− 1)e−Ẽ(p̃)L
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i

no periodicity 

Ya,s(θ+ i
2)Ya,s(θ− i

2)
Ya+1,sYa−1,s

=
(1+Ya,s−1)(1+Ya,s+1)
(1+Ya+1,s)(1+Ya−1,s)

Excited states: analyticity from Lüscher [Gromov,Kazakov]

Assumption on analytical structure→excited state TBA [Gromov,Kazakov,Kozak,Viera]

NO µ terms!

NEEDs ANALYTICAL CHECKS: 5 loop Konishi

Cannot be the final answer→ Lattice regularization: ?
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