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Outline

Let us solve exactly a 4-dimensional Yang-Mills theory!
QCD is difficult. Try N=4 SYM (supersymmetry often helps).

Remarkable progress due to the AAS/CFT correspondence (in the last 12
years) and due to integrability for planar SYM (last 6 years).

Until recently, we knew only the anomalous dimensions at any coupling of
asymptotically long operators from asymptotic Bethe ansatz (ABA).

inahan,Zarembo’03
....many efforts, many people...
. o . Beisert,Eden, Staudacher’06
Our result: we conjecture an efficient set of equations, Y-system, for the

spectrum of anomalous dimensions of ALL operators for ALL couplings.

My talk: Generalization of ABA to finite size operators by “standard”
techniques in integrable models: functional Y-system (and its ABA limit).

Kolya’s talk: integral Y-system and numerical calculation of Konishi
dimension in a wide range of couplings, from week to strong regime.



N=4 SYM and stringin AdSsx S°

Ssym = %/d‘lx, Tr (F2 + (DD)? + DV + ToW + [, 3]?)
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Ssigma = :]-/_;/dT/O do ((83:)2 +A@?-1)+ fermions)
Maldacena’97 . . .
Gubser,Klebanov, Polyakov'98 Metsaev-Tseytlin superstring sigma model
Witten’98

AdS/CFT duality
O(z) = Tr [DDYWVOPDV .. ] (z)
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Dimension of renormalized local operator =  Energy of string state

Global superconformal symmetry — psu(2,2[4) < isometry of background



Integrability and S-matrix
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World-sheet light-cone gauge breaks the superconformal symmetry:
Staudacher’04 psu(2,2/[4) c=—— su(2|2) X su(2|2)
Beisert’05
‘IJBaeri]:;r(’:?Hernandez psu(2,2|4)
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Lopez’06 — —
Beisert,Eden ( ( () QZ)
Staudacher’06 ® ~ @ ~ @

T su(22) su(2[2)
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* S-matrix of AdS/CFT from Zamolodchikov bootstrap:
Spsu.214)(P1:P2) = Se*(P1:P2) Ssuwp) (P1,P2) X Ssugz (P1:P2)

» Asymptotic integrability: factorized scattering, asymptotic Bethe ansats...
« Strictly speaking, valid only for long operators/high AdS;x S° charges




Finite size operators and wrapping

+ Finite length L < “short” operators: 105 .:n; = Tr [D, Z]?

Liisch ti Bajnok,Janik’08
Fiamberti,Santambroglio, uscher corrections Baj:nok,Janik,Lukowski’OQ
Sieg,Zanon’08,Velizhanin’08 for string: (5 loops)  BainokHegedus,

Janik,Lukowski’09
Planar graphs (4 loops) /’_\
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« Our Y-system confirms the 4-loop results! It works for all operators at any coupling A



Al.Zamolodchikov’90

TBA: Free energy = ground state Ej(L)

z — Ze—En(R)L — Ze_E”(L)R

|

“mirror” for AdS5xS5 string: —E~(IVR
Ambjorn,Janik,Kristjansen’06 e~ Eo(L)
Arutyunov,Frolov’07,’08,’09

* |.e. from the asymptotic spectrum (R=«) we can compute the
ground state energy for ANY finite length L using “string hypothesis”
(Takahashi bound states: su(2|2) spin chain is similar to Hubbard model )

N.Dorey’06, Beisert’06. In “mirror” theory: Arutyunov,Frolov’09
e Functional Y-system Gromov,V.K.,Kozak,Vieira’09
 In this way, AAS/CFT TBA-type egs for the ground state were found

Bombardelli,Fioravanti,Tateo’09
Gromov,V.K.,Kozak,Vieira’09
Arutyunov,Frolov’09

 Excited states can be included by a certain analytical continuation
Bazhanov,Lukyanov,A.Zamolodchikov’96
) ) P.Dorey,Tateo’96
° Integral eqs for excited states in AdAS/CFT Fioravanti,Mariottini,Quattrini,Ravanini’96
Gromov,V.K.,Kozak,Vieira’09

physical
O<o<L

mirror
O<7<R



“Toy” model: SU(2), x SU(2)g principal chiral field (PCF)

A L 2
L = £/dt/ dx tr (g_lf?ug(x,t)) : g € SU(2).
47 0

VA
» Asymptotically free theory with dynamically generated mass m = Ae 4«

« S-matrix: Satisfies Yang-Baxter,

unitarity, analyticity and crossing
(L — )

F = mcoshx0
m Sinh 76

Spcr(01-685) =S¢%(0;-6;) Ssy) (81-8,) X Sgyp) (61-6,)

_9
 Scalar (dressing) factor: So(0) = r( 273):

Al&A.Zamolodchikov
Polyakov,Wiegmann
Faddeev,Reshetikhin




Asymptotic Bethe Ansatz (ABA) egs., L — «

/

- Bethe equations from periodicity e tHm sSInh 70 — TT 5(0, — 0,)
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 B-variables describe U(1)-sector (main circle of S3 in O(4) model),
u,v “magnon” variables — the transverse excitations on S3, or SU(2)xSU(2)

N
E = ) mcoshmby
k=1

P = Y msinhno,
k=1



R — : complex formation in infinite volume for SU(2) PCF

« Magnon bound states for SU(2)7, and SU(2) g
in full analogy with Heisenberg chain

W =u®55 = —k=1),~(k=3), -, (k=1)

pn(0) - density of
n-complex

density of
particles

* Thermodynamic Bethe equations for densities (diagonalizing S-matrix of N particles)

Pn T Pn — 5n,0 p/o Knm * pm

* TBA: Minimizing free energy at finite temperature T=1/L : TBA egs. and Y-system /

1 s _’I’L —_ n
f:/pOE'O - 7 > /[pnlog<1+£—n>+pn|09<1+€—>]

n=—0o0 Pn



Y-system for SU(N), x SUN); principal chiral field at finite L

Fateev,Onofri,Zamolodchikov’93
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SUr (N) aT SUR(N)
/L /L lL /L /L /L Ya+SYa s _ (1 + Ya,s—l—l)(l + Yajs—l)
I I I w I I I Ya—!—l,sYa—l,s (1 + Ya—l—l,s)(l + Ya—l,s)
a _, o—Lea(u)ds,
\!/ \]I/ \!/ | N-2 \|/ \|/ \l/ Ys (u) e 0 x COﬂSta,g.
Ya,s (up E E i : u — 00, €q = mSIn — COSh 27r_u
ARARSN; o
* Energy (function of mL): B(mL) — Z / dua(u) 100 (1 4 YE(u)) + Z .
a=1"" j=1
- Finite size Bethe equation 1+ Y5 (u; +iN/4) =0
 Relation to T-system (Hirota):
_|_ _ . Ta,s—l—l Ta,s—l
T s1os =Ty s+1Tas—1 T Tot1 s Ta—1s Yo s =
Ta-l—l,s Ta—l,s

. D|screte classical integrable dynamics!



Gromov,V.K.,Vieira’08
SU(2) PCF numerics (using our Destri-DeVega type eq.):
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* For vacuum and mass gap in accordance with Balog,Hegedus’00°02

*



Hirota eq. from Jacobi relation
k

I

» Definition detnyn(k,m) =

(k,m)
» Jacobi relation for determinants:

HE-NN N

Byalinearmap N,k,m — u,a,s
we get integrable Hirota eq. (the Master Equation of Integrability!)

_%m

Ta,s(ut1)To s(u-1) = Ta,s—l(u) Ta,s—l—l(u)'I'Ta—I—l,s(u) Ta—l,s(“)



Fat Hook for Representations of sl(K|M)

a
t sI(K|M)

(K.M)

]
_ T
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* All super Young tableaux of sl(K|M) live within this fat hook

« Jacobi-Trudi formula for SL(K|M) characters for general irrep A={A,A,,...,A}
in terms of characters for symmetric irreps: vs(9), g € sl(K|M)

- . J

Xy (9) = Jet X —iti(9) - .

 For rectangular Young tableaux (a,s) Hirota eq. with fat hook b.c.:

2 __
Xa,s T Xa—|—1,sXa—1,s _l_ Xa,s—l—lxa,s—l




From Y-system to T-system (Hirota eq.)

SUSY Boundary Conditions: Fat Hook

a
t sI(K|M)

/(K,M)

R

Tu,s(u) #0
Bazhanov,Reshetikhin’90 R
Cherednik’87 » S

V.K.,Vieira’07 (proved,super, twisted)

« Determinant f-la for transfer matrices of rational sl(K|M) N-(super)spin chain

1
TN (w) = det T\ _ji. — ik
(w) Sy (u) 1<kj<a ety (w48 = k)
» Hence the transfer matrices of rectangular irreps also satisfy Hirota eq.:

Ta,s(uti/2)Ta,s(u—i/2) = Ta,s—l(u) Ta,s—l—l(u)_"Ta—l—l,s(u) Ta—l,s(u)
Krichever,Lupan,
. . . . Wiegmann,Zabrodin’96
* We can solve it by Backlund trick, find the full system of T-Q Baxter rel., 1syboi'98,09

as well as new Q-Q relations for quantum super-spin chains. V.K.,Sorin,Zabrodin’07
Hegedus’09



Gluing T-hook out of two SU(2|2) fat hooks.
Integrability=Global Hirota eq., and presumably PSU(2,2|4)

For SU(2) PCF
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For AdS/CFT:
S-matrix is also
a direct product
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SU(2|2)g




Y- system for full spectrum in AdS/CFT

Gromov,V.K.,Vieira’09
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* Energy (dimension):
du

Estate_J — /27_(_ (1 + Y*O(u)>+ Z El(u]) / u

o j=1 — — -

* Finite size Bethe eq.: 3

Yio(u) +1=0, j=1,2...,M —
— 297 B 291

° 1-partiCIe calu) = gltal  gl-dl ta ——— —5 "

dispersion 7] _[+al L b i/2
pa(u) = —ilog —al
- x Arutyunov,Frolov’07 T



Gromov,V.K.,Vieira’09
Back to asymptotic Bethe eqgs.:. L—

(—a]\ ©
T
YCLZ].,O ~ (x[+a]) — O

T
: . Ce 1+Yes =
* It is a spin chain limit: Totr1sTa-15
+y— + +
Ya,OYa,O N Ta,lTa,l Ta,—lT ,—1
Yo—1,0Ya+1,0 To-11Tg411) \Ta—1,-1T441,—1
» T-system splits into two SU(2|2)_r wings: T} s>0, T4, s<0

« Solving this discrete Laplace eq. in (a,u)-variables we get
ol—al pl—al
~ L R
Yol = <x[+al) sral Ta—1Ta1

transfer matrices of SU(2|2)




Asymptotic Bethe Ansatz of Beisert-Staudacher L —

- Fundamental transfer matrix for SU(2|2)1, g

Definitions of Baxter functions:
R~ R—(—)Qg‘ N QE—QQ‘ N QéH_QI - Q7 BHD

na.= 20| _F 3 3 — K — xT.
RO | RPQ; " Q3  @0f @fBto R (w) = H%

Beisert’06, 3RQ---D---® =1 (&

(+) K iy — i
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« Ansatz, to fit ABA of Beisert-Staudacher eq. =1
J,
Yi0(us ) = -1 Qi) = T (u— ) = —Ry(u) By(u)
j=1
P g2 B+Y(HR-() BT B; B By I =1,2,3(5,6,7)
ot B— () R+() BY_B;_ Bl—Bg‘

» Fusion (solving Hirota!) generates the rest of T, ;o (u)

« Crossing « invariance of Y’s under particle-antiparticle transf. rt — 1/:zclL
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Janik’06

o S(u) =]Jo(z(u),za;) derived from crossing  Volin'09
J



From Y/T-system to Destri-deVega-like eq. for AdS/CFT

« We can profit of the classical integrability of Y/T-system, as we did

it for SU(2), xSU(2)r PCF. Determinant solution in a strip:
e e e saes
k41 R k:—l—l .
Ty(e) = h( + ik/2) Q(“" o £1§ R((f 3#1) RARAGKNN
« Analyticity and LR symmetry fix a DdV-like equation. cromov,v.k. vieira'0s
* For SU(N) PCF: NxN det solution and analyticity also available. euent :)’r’;g‘r’:;z“
« Same program should be possible in AdS/CFT:

SU(4) det

 To be supplemented by analyticity
and LR symmetry arguments

f

SU(2) det /{H_H%aﬁ_? _QEHH_%% SU(2) det

All three glued together by Hirota along Kac-Dynkin nodes ‘?Vror:Pv,;eu;e"t,V-K-,Vieira,
OrK In progress *




Comments

Y-system for all operators in AdS/CFT is constructed in functional and
integral form

Tested in weak coupling: we reproduced the 4-loop results.

Not solved yet in strong coupling, but our numerical solution of
Y-system for Konishi confirms the supergravity predictions and predicts
next coefficients of SC expansion. (Kolya's talk)

Did we miss mu-term? No signs of it so far...

To do:

Destri-deVega-type equation would be the best numerical tool (in the
spirit of Gromov,v.K.,vieira’08 for SU(2) PCF sigma-model)

Derive integral Y-system from functional (in the opposite way it works)
What are Y’s on the SYM side? Can we derive Y-system from SYM?
BFKL

3D Super-Chern-Simons integral Y-system

Lessons for QCD ?
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