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Exact S-matrices play a fundamental role in
integrable 1+1 dim relativistic QFTs

@ Can often be "quessed” from symmetries,
Yang—BaXfer equa'l'ion, e'I'C. [Zamolodchikov? ‘79, ...]

@ Can be used to compute other quantities of
intferest, such as:

% ‘ﬁ ni'l'e—Size eFFeC'l'S [Zamolodchikov ‘90, ...]

@ form factors & correlation functions

° [Karowski ‘79, Smirnov ‘90,...]



[Maldacena ‘97, ...]

Also true in AdSs/CFT, :

“harmonic oscillator”

Although the all-loops Hamiltonian (dilatation operator)
IS not known, an all-loops S-matrix has been proposed

[Staudacher ‘04, Beisert ‘05, Janik ‘06, Beisert, Eden & Staudacher ‘06,...]

@ Leads to all-loops asymptotic Bethe ansatz eqs (BAEs)

[Beisert & Staudacher ‘05, Beisert ‘05, Martins & Melo ‘07, ...]

® Leads to exact finite-size results

[Janik & Lukowski ‘07, Bajnok & Janik ‘08, ...]

@ Correlation functions in free string theory
on AdSs x S°> ?



Last summer’s big breakthrough: AdSi/CFT3 i mameoaos

"hydrogen atom” ?

An exact S-matrix is again expected to
play a fundamental role

Goals of this talk:

@ “guessed” S-matrix

@ checks
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1. Integrability in AdS4/CFT:



AdS, CFT;

type IIA string in AdS; x CP®  planar N =6 Chern-Simons
in 2+1 dims

classical sigma model

s integrable growing evidence:

dilatation operator is an

[Arutyunov & Frolov ‘08, Stefanski ‘08, infeg rable quan'l'um
Gromov & Vieira ‘08, Zarembo ‘09, h . ; ;
Kalousios, Vergu & Volovich ‘09, ...] Spl n Chal n Haml H‘OI"IIClr'I

[Minahan & Zarembo ‘08, Zwiebel ‘09,

quanfum in1'€g l"able ? Minahan, Schulgin & Z,arembo ‘09,
Bak, Min & Rey ‘09, ...]

all-loop BAEs proposed  (Gromov &vieira ‘0g]



N =6 Chern-Simons fheory [ABIM ‘08, BKKS ‘08, ...

W 4& d>x tr {e‘“’)‘ (AM(?VAA -+ gAMA,,AA
4 il Ll gauge
= A Gl gAuA,,A,\)
+D,YID*YA +Y°® terms scalars
+ fermions |
k integer gauge symmetry: SU(N) x SU(N)
A, A,
R - symmetry: SU(4) D SU(2) x SU(2)
Aa (N7N72) Bd (N7N72)
Y4 = (A1,A4s,Bl,B]) (N,N;4) DX LAY YA,

Y! = (Al Al B;,B;) (N, N;4) DY =8, Yt + A, Yyt —vi4,



Scale invariant: Ag(A4,) =A¢(4,) =1, Ag(Y)=1/2 3 dims!

N =6 superconformal symmetry for k > 2

Osp(2,2]6) D SO(2,3) x SO(6)
|

also isometry group of AdS,; x CP?

CP symmetry, with A, - A,, A, < By

Planar limit: N,k — oo, A= N/k = fixed



2_ IOO P BAES [Minahan & Zarembo ‘08, ...]

® Scalar sector

Local, gauge-invariant, single-trace operators:

tr Y4 (@)Y}, (2)Y 2 (2)Y], (@) - Y2 (@)Y, ()
g

states of closed SU(4)quantum spin chain with 2L sites
|A1B1A2Bsy - - AL Bp) alternating 44 --.

2-loop dilatation operator (mixing matrix)

2L
1
B= )\2H, HE— Z (1 e LG §{Kl,l+1 ,77u+2})

=1

P;; permutation matrix Kij = Pfj Integrable!



Eigenvalues (anomalous dimensions) given by Bethe ansatz:

M., M.
el(uj)L 3 H ez(u; — Uk) e_1(uj — Tk)
k=1 k=1
k£
M, M., M,
T ¥ eol1 Rl e Bl Run e (1, — vy,
k=1 k=1 k=1
M, M,
e1(v;)” = €2(v; — Ug) e—1(v; — k)
k=1 k=1
k9
where .
U+ 1n/2
en(u) = ,



For integrable spin chain with simple Lie algebra symmetry,

rank(g) M(l )

ev @) = T TT ea @@= uld)

=2 - il
(17,5 2£(1,5) [Ogievetsky & Wiegmann ‘86]

Ajr Cartan matrix of Lie algebra 9
Vi Dynkin labels of representation

2 veds| 0
su(4) o ol 1 A= ( -1 2 -1 )
@) O @ Ue ek 2

Reproduces above set of BAEs



@ Full theory: “gquess” from group theory
osp(2,2(6)

Dynkin diagram not unique. Two fermionic roots:

—> BAEs



M4 M (3)

2 9 2 3 2 1
2 s — H 6_2(u§)—u§€)) el(uﬁ)—u,i)) H 61(u§)—u,i))
k=1 el § k=1

i (1) (2)
1 T H €1 (uj e uk ) [Minahan, Schulgin & Zarembo '09]

D 4 IOOPS [Bak, Min & Rey ‘09, ...]

@ Assume all-loop integrability



2. Symmetries
&
elementary excitations



Global symmetry is partially broken by vacuum!

Analogy: Heisenberg ferromagnet (XXX/2 chain)

Vacuum: | T:--T)

Breaks SU(2) — U(1)

Elementary excitations:

n

Zeipnl Te-TlT---17) “magnons”

n

E = 4sin? b

2
Classified by unbroken U(1) symmetry



T s : [Nishioka & Takayanagi ‘08,
N R 6 Chern—S|mons' Gaiotto, Giombi & Yin ‘08,
Grignani, Harmark & Orselli ‘08, ...]

Vacuum: fr (A1 BiAB; = AiBE
n= U
(True to all orders in A, since is chiral primary operator.)

A= T " /\ =l

J(Ay) = J(B;) 1/2
J(Az)=J(B3) = 0
CP invariant

Breaks SU(4) — SU(2) (rotates 4,, B )
Osp(2,2|6) — SU(2|2)



Elementary excitations:

.. |
Ze”m\ (A1Bj) -+ (xBj) -+ (A1 Bj)) "A - particles”
X € {4s, B;, fermions} A

CcP
\/
i i |

> €| (A1By) -+ (Ai1x) --- (A1By)) "B - particles”

n

X € 155, A;, fermions}

1
AO—J:§

Fundamental reps (2/2) of sSU(2/2)



Elementary excitations: ZF

operators:
) 1 I i 1\ . 17 'i‘
Y €| (A1By) -+ (xBj) -+ (A1B;))  “A - particles Al (p)
X € {4s, B;, fermions} A
CcP
\/
. | I | - e :
> " (A1Bj) -+ (A1) -+ (A1By)) "B - particles B/ (p)
X € {Bj, A, fermions} palr . 4
Acting on |0)
| .
Do—J =3 create asymptotic

particle states of

Fundamental reps (22) of SU(22) momentum P
(L — oo)



One-particle states form representation S
OF Cen.l.ra“y_ex.l.ended SU(Q‘Q) Cllgebl"a Arutyunov, Frolov & Zamaklar ‘06]

2,

1
A—J:\/1+4Q2Sin2§

g = BN F oy for A small
~ A/2 for A large

Determining h(\) remains open problem






@ A-A scattering:

A;'r (P1) A;f' (p2) = SAAiig/-j/ (p1,D2) A;f., (p2) AJ;L/ (p1)

Associativity Al(p1)Al(p2)AL(ps) = Yang-Baxter equation

SgA(plapQ)SﬁgA(Pl,ps)S%A(pz,p?)) = S%A(p%m)SﬁA(phPs)SfQA(plam)

SU(2[2) symmetry determines S#4 up to scalar factor

[Beisert ‘05, AFZ ‘06]

SA44(py1, p2) = So(p1, p2) S(p1, p2)

T T

scalar matrix



Besides YBE, §(p1,p2) satisfies unitarity:

ZX

§12(p1,p2) So1(p2,p1) =1
Clr'ld CT‘OSSing: [Janik ‘06]

AN

§§22(p17}72) C12 §12(plap2) CQ—1 i Sflz(pr?Z) Cl §12(ﬁ17p2) Cl—l e f(p17p2) I

f(p17p2) =
(L - 27 Yo7 - o)
(D) = :
(P) = ()
izew a;+_|_i_a;—_i:_



@ B-B scattering:

B;f (P1) B; (D7) SBBiijlj/ (p1,D2) B;f, (p2) BJ/ (p1)
@ A-B and B-A scattering:
Al(p1) Bl (p2) = 5757 (p1.p2) B}, (p2) Al (p1)

N.B. reflectionless !



@ B-B scattering:

B;f (P1) BJT (D7) SBBiijlj/ (p1,D2) B;[/ (p2) B;r/ (p1)
@ A-B and B-A scattering:
Al(p1) Bl (p2) = 5757 (p1.p2) B}, (p2) Al (p1)

N.B. reflectionless !
Symmetry suggests

S

CQ\

SAA(phpz) = So(p1,p2)
SBA(Z?LZE) = So(p1,p2)

SBB(PMPQ)
SAB(pbpz)

(Phpz)
(p17p2)

)

"matrix part” fixed - remains only to determine
scalar factors S, S,



Assume unitarity:

815" (p1,p2) S5 (D2, p1) = St (P1;P2) S51° (P2, p1) =1
=3

~~ ~

So(p1,p2) So(p2,p1) =1, So(p1,p2) So(p2,p1) =1

Assume crossing:

15" (p1,p2) Ca 8532 p1, p2) C5 ' = 815 (P @i 857 (51,92) CT ' =1

—=> 3 2 |
So(p1,p2) So(p1,D2) = So(p1,p2) So(P1,p2) = o o)
Satisfied by i e
So(p1,p2) = 1 o(p1,p2) !
L - == ( | dressing
o Y
So(p1,p2) = ——==0(p1,p2)
! 2 [Beisert, Eden & Staudacher '06]







@ All-loop asymptotic BAEs

Consider a set of {pi.....pN,} and
a set of B - particles {pr,...,pn,}that are widely
separated on a ring of length L’

B
PNg

L/

P1 o
P1

A
PN,

Periodic boundary conditions on wavefunction
—> quantization conditions for momenta

"Bethe-Yang”



A - particles:
=Pl = AN S pEMP: 40 D)

AN {pi*.pP}) eigenvalues of inhomogeneous transfer matrix

t()‘v {pflapz’B}) = strq Sal (Avp{‘)"'Sa,NA()‘vp]f\lfA)SaﬁA—H()‘?plB)"'SaﬁA—i—NB()‘vpﬁB)

= ( scalar factors )( “matrix part” )

Eigenvalues of “matrix part”:

[Beisert ‘06, Martins & Melo ‘07]

: it TR )]
A(, {p?7pi BN i) = H ) n(A) ] 71;[1

b= () =

1=

zt(A) — 2 (p7) n(p?)}
z=(A) — 2zt (p) n(A)

1
™m1 oy 33'_|_ P\ B . . .
< H [77()\) x+é)\§ I x+E)\]§ + terms which vanish if A = pz];l

n(A) = e/’



where {\;,1;} are solutions of BAEs

At LS. N - BIUSE. vt 1 o g
i ep2)y T 20 0) =& () o OU) S () + awxy — it + 5
w1 ) — 2 (pf) 7 ot QSR S o Q)+ oy s

Taking into account also scalar factors,
Bethe-Yang egs. for A-particles become:

N i o 1 ¥
eipr_ma#(pz‘)—w <p;4>] A R T R
FiT — AN R RS b 1 v
& TP - z= (pg )zt (p) j
TTowt o™ T] [x—@ﬁ)—xw» (2)
O y P
. 3 T TR



Bethe-Yang egs. for B-particles:

o
xﬁ (0 pA) I [x_(PkB) PR
o pk 7p1,
e j=1 $+(pkB)_w+()‘J)

e (e xik, =1, 5. K, =Ny,
e (pP) = wik, i1, . el =i
z (N) = ;, =Rty e
T10
RNONTONIRE — i D e A =
b SR el



e Ug ; + 1 A
ipar L 4,k — U4
il P H : U(u4,k7u4 j) HO-(UZL ky U
M= ]_1
J#k
Kl ]. e 4 8 K3 = T :
L A Ly K 3,7
- H j 1 :IZ‘_I_ — 23
j=1 xikazl i 4=1 74,k J
K3 K,

e?’pzl,k‘,L = H 47k

Jj= L 4
ik J
SR s g R
L g 4.k 3,7
% H s 1 xf“ — 23
J=1 xZ_Ll_,kxlﬂ g 4,]{: 2J
1 1
Ky 1 — — Kz 1 — — Ko
[[—= =5 A 11 Ury o
1 R i
1 A - 1 o Bl — R v
1=1 xl,jwi =] :Bl,szti =1 L, 2,1 2
1
K4 T KZL 1 * 5 K2 i
| | L3, 3347@ *3,5%3, (=3 U3z 5 — U2,1 i )
= 1 1 e 7;
i3 e
i=1 30 T P o T35 , =1 "7 A
i K i K3 i
HU2,l—u2g AR (2 i o Uzl e S
=x U1 — U2 (/ o U2 | — U1 4 7 g U2 | — U3, 5

Same as

[Gromov & Vieira ‘08]

y



oiPa Ll _ H fat R +Z, o(uq f,Uq ;) H 0 (Ua,k, U, ;)

= e
ik
1
=S K -
Kl o e, < Same as
>< H : 1 _|_ S )
1 — XL et g [Gromov & Vieira '08]
= xikwl 7 J=A 4,k 5J
KZL . K4
g Uz — Ugj T ¢ .
ePirl = JJ-= : - o(ug g, Uz 5) L[ o(war was)
S .
ik
1
K 1 o F K3 __ oy v L ° . ° 2
[ aadls pr %4k = %84 Weak-coupling limit:
% H 1 T
1 — e R 2
fe=al xz_Ll_,kxl’J g 4,]<: 2J g
1 i ]- K 3 g ST O, - g
Ka 1:— — K3 o L 2 .k 44
ﬁ T1,jTy ; H LR e RS H Ui, 4 CHN/ T 2 | 9
1 1 B R, St o= s
. 1 — T JLis: g 1—1 Uy, u2,1 2 S —(u am 2/2)
1=1 L1, F LA sl LLGR g
1 :
K4 R e = Ko et i
H T3,j — Ty 35T, H Ug,j — Uzl T 3 Recover
e 7
T3, — T4, -+ 1— —— TR Rl BAE v
1 L33 i e Ta gL = 2-|OOP S
K . K, i K3 {5 e
ﬁ Uo [ o SRR U, Tl + 2 2,0 — U35 T 2
—— Z. -
— U § = RN g e
= U2 ] — tho Sl 5 U2 Tlsl¥7 7y 2 3,7 2
J#l!



@ Direct 2-loop test

Compute two-particle S-matrix from definition; i.e., solve

H{y) = E|)
H 2-loop scalar-sector Hamiltonian

) all possible two-particle eigenstates

Simplest example: two "A” particles of same type

1 Z1 2 L

: . ! ! ! l
W> =X Z |:6Z(p15131+p2562) i S(pg ’pl)ez(pQ:L’H—Pw:z)} | (AlBi) (XBi) (XBi) (AlBj)>

r1<IT2

= {A27B§}

Uz — UL + 2 1
. — e SO t . 2 : :
U — U] gl o U(pj) 9 Y (pj/ ) [Bethe ‘31]

S(pQ 7p1) o



Hardest: one "A’ and one “"B” of type
(A1By) - (xBi) -+ (A1x") - - (A1 By)) x € {42,B}}

since mixes with

(A1Bj) - (AgA}) -+ (A1 By))

and =gl
(A1Bi) (B} By) - (41By))

Result agrees with weak-coupling limit v
of proposed S-matrix !

In particular, "A’-“B” scattering is reflectionless






@ Alternative S-matrix with reflection?

AZZ-(P) a=1,2 flavor a=l: A, a=2: B
i=1,....,4 SU(2]|2)

Consider S-matrix with ftensor product structure:

Al@'(pl) Azj(Pz) = So(p1,p2) Sg’/bb/ (p1,Dp2) S\;jj (p1,Dp2) Azfj/(pz) A:r,/ i (p1)

| I

flavor

(6- or 8-vertex) su(2l2)

Factorizable and admits "A’-"B” reflection,
but does NOT lead to correct BAES



@ Origin of reflectionless property

Occurs in other integrable QFTs, e.g. [P. Dorey]

+hermal Per.l-urball-ion OF 3-51'01'3 PO.IHI'S mOdel [Koberle & Swieca ‘79,
(Az aFﬁ ne Toda -ﬁeld fheory) Zamolodchikov ‘88]

Spectrum: s, s (same mass)

s - s scattering is reflectionless due to existence of
higher local integral of motion,
which acts differently on s, s

Perhaps similar mechanism is at work in AdS4/CFTs ?



@ Related further developments

@ String-theory (strong-coupling) computation
of S-matrix

[Zarembo ‘09,
Kalousios, Vergu & Volovich ‘09]

i 4% : . [Bombardelli & Fioravanti ‘08, Lukowski & Sax ‘08,
D Flnrl-e-s'ze Correc.l.lons Ahn & Bozhilov ‘08, Gromov, Kazakov & Vieira ‘09, ...]



