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Quantum deformations

Algebra ®) [1] is an affine extension of the g-deformed
psu(2]2) x R? [2], and is a symmetry of the deformed
Hubbard chain and of the ¢g-deformed worldsheet
scattering in AdS/CFT.
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It is parametrized by a coupling constant g and a de-
formation parameter U= e"*”, where p is momentum.

The intertwining equation
AP(J)S —SA(J)=0, VJeOQ, (1)

defines the bound state S-matrix uniquely up to
an overall dressing phase, and it satisties the Yang-
Baxter equation.

Our goal is to find quantum affine symmetries of
the g-deformed boundaries in AdS/CFT [3].

Hopf Algebra

Commutation relations (¢, 7 = 1...4):
K;E; = q¢"""E;K;, K, F; =q " FK,

Kj
- BB}y =0

~U°K; ). (2)
Coproducts (here [[1]]=[[3]] =0, [[2]] = —[[4]] =1):
AE)=E; @1+ K-_lU“j” ® E;,
AF)=F o K;+U e F;, (3)
and A(X) =X ® X for U,V and K;.
This algebra has three central elements:
C, = K1K5K3, Co = {[E2, E1]1/q, (B2, E3]q},
Cs = 1[F2, F1l1/q, [F2, F3]q}, (4)

satisfying A(C;) = A°?(C;), and C1 = V2.

Representation

A g-oscillator (supersymmetric-short) representation:

Er :agal, Fy :aJ{ag,

Eo = a allag + b aiag Fo = ¢ azﬂ)al + d 3534,

b3 = a£a4, b3 = ajlag,

.'.

Eo=adalag+balas FIh=~¢ala;+dalas. (5)

The representation labels are:
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4= gu, b — g o X _:I:
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e MY 197§ -, gugqE Tt
aV glxt+§)’ igyV—1 fxt+1°
and satisty ad—bc = 1; here gy, := []\g]q ,and
1 €xT+1 T T +E 5 T
Ve= = U= —V~_~.
M cx—+1 — 4 e £’ T~
The affine labels @, b, ¢, d are acquired by the rule:
. ’Laﬁ"}/ ) + 1
7/x+,a—>aa,x » T (7)
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Spin chains and boundary scattering in AdS/CFT

Certain AdS/CFT superstrings with infinite light-cone momentum are dual to quantum spin-chains. Quantum
affine algebras give an elegant and uniform approach to bulk and boundary scattering for such systems.
B rep.

? | l | H—l—H—l—H—H—H Vector boundary
y
- MI | | | -

¥V Yy vy ~—l—H—l—l—H—l—H—- Singlet boundary

S5 | S°

Boundary symmetries are encoded in coideal subalgebras Bc O satistying ABe O ® B. The boundary inter-

twining equation, I
& =1 A IVK —KA(J) =0, VJEB, (8)

defines the bound state K-matrix uniquely up to an overall dressing phase, and it satisfies the boundary Yang-
Baxter equation. Each boundary in AdS/CFT has a unique boundary algebra which we call By, Bz and Bx.

g-deformed Y=0 giant graviton

Algebra. The Y=0 giant graviton wraps a maximal S° of AdSs x S° given by X+ Z° = R”. (X
It does not respect Dynkin nodes 1 and 4 of O, and is a singlet w.r.t. the boundary algebra. e e
The boundary Lie algebra is My={FE>, F>, F’3, F3}. This setup induces a root-space involution
v
Oy (a2) = a2, Oy(az)=as, Oy(a1)=—az—as3— a4, Oy(as)=—a1 —as— as, et
defining the quantum affine coideal subalgebra By generated by My, Cartan subalgebra T,
and the twisted affine generators:
Eso1 = Fy — dy, é(FzL), Eo = (adrFS)Ei%Ql, E, = (adrF2F3)E321, Cy = (adrEQ)ESZL

~

b = (adTEQEB)ﬁ?)Ql Cs =
(adTFgFg)Fl, and E,:
(ader)A —

Fi01 = Ej — d 0(EY), Fy = (ad, E3) Fsa1, (ad, F5) F321,  (9)
where 0(Fy) =

(adrEZ)A —

~

(ad, E3E2)E], O(E)) =
(—1)PI K AR, — K E; A,

Reflection. There exists a reflection map « : Q — 9"/ defined by

= I; K;. The right adjoint action is given by
(- AR —FKTAK;. (10)

k:(E;, F;,K;,U V)~ (E;,F,,K.,U, V), suchthat U=U"", V=V, K,=K;. (11)
Set A" := (k ® id) o A . Then:
NN E)=E, 01+ K ' U VWeE, AN F)=F oK, +U"W gF. (12)

The reflected labels a, b, ¢, d are obtained from (6) by the map ety T

ExT+1°
Finally, coreflectivity A"¢7 (C;) = A(C;) of (9) constrains d, = and d, = aa
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g-deformed Z=0 giant graviton

Algebra. The Z =0 giant graviton is defined by X*+Y"”

Dynkin node of 0, and is a vector w.r.t. to the boundary algebra.
Thus Mz = {El, Fl, EQ, FQ, Eg, Fg}, giving:

1 =1,2, 3, and

= R? and respects all but affine

Oz(a;) = a; for Oz(q) = —ay — 2a3 — 203 — 2011 .

The affine part of the boundary algebra By is generated by the twisted atfine generators:
Es19 = Fy — dy, é(Fél), Erg = (adrFS)EZBlQ,
Fs10 = E) — da O(E7), Fio = (adrEB)ﬁ?)lQ,

~

Esy = (adrFl)EZBlQ, (o =
[y = (adrEl)ﬁ3127 Cs =

(adrEz)E:zlz,
(adng)ﬁglg, (13)
Where é(F4) — (adrElEgEzEgEzEl)Eli and é(Eﬁl) — (adrFngFQFgFQFl)F4.

Boundary representation. Commutation relations (2) and coreflectivity of C; in (4) and C; in (13) constrains
boundary labels to be:

Cm M /2 ~ M /2
gr guYB 1§ q gug Veq " (x5 +§)
ag = , b = : Cp = , dp = - :
s e T S a g Vs(zs+€) T igys Exptl
) 3 Gq~ 2 1—&(zp+2€)
Gy — ZgM/VBOé, by — QMO‘O‘ ($B+2£)7 Grn = gng VB dr = gl\{gq _ ;UB ’ (14)
g VYB gaa(1+§xB)VB gaysVp §4—1
1 ~
where V3 = qu;EBg =q M —I:Sgi;l VaVh = 14 ggil, and gives d, = (ad) ™7, d, = —(aa)?.
g-deformed "left” D7-brane

Algebra. The left factor of the Z =0 D7-brane is non-supersymmetric and is a singlet.
The boundary Lie algebra is M x ={E1, F1, E3, 3}, giving:

Ox(a1) =a1, Ox(as)=as, Ox(az)=—as—as3— a1, Ox(ag) =—as—as—a;.

The affine part of the boundary algebra Bx is generated by:

Es1p = Fy — dy 9(F4) By = (ad, FS)E312, [y = (ad, El)F312, Cy = {Em ,E:’)z},

F3120 = By — d, 0(EY), E32 = (ad, Fi) Es12, Fi2 = (ad, F3) F312, C3 = {Fi2, F32}, (15)
where (Fy) = (ad,F3E1)E} and 0(E}) = (ad, F3Fy ) Fs. Coreflectivity of Ci gives
dy=—2-V), and d, =—-222V}(1-¢%), where V}=q-—2f = q_lxziig . (16)



