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A recent work [Bissi, Harmark and Orselli 2011] has shown that
the AdS/CFT prediction for the three-point function may
disagree with the weak coupling calculation. This has
necessitated a series of different tests of three-point function
calculations to prove their consistency. Here we provide tests
for the three-point functions in the SO(6) sectors from

@ Perturbation theory
@ String field theory

@ Integrability-assisted resummation conjecture
and show explicitly that they mutually agree in a non-trivial way.
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we consider IWO-magnon BMN operators
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which fall into the three irreducible representations of SO(4); we choose the symmetric one for which
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We consider three operators: O = On1 , O = O% °

,0 = O#’m , where nq, no, ng are the magnon
momenta, J;, J, J3 are their R-charges R3, J = Jy + Jo, Jy = Jy,do = J(1 — y).

We shall be looking for the quantity

Cizz = (030105)

as a function of y, J, ny, no, n3, and compare it at one loop in FT
with ST in Penrose limit.
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Problems on our way

Let us point out some of the obstacles that may be encountered
on the way to three-point functions:

@ Double-trace admixture

© Fermionic operators admixture

© Magnon momentum nonconserving admixture

Happily enough, problems (1) and (2) are resolved by choosing
the symmetric sector operators in SO(6), and (3) is resolved by
invoking the large-J limit.
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String field theory calculation

In terms of the BMN basis {a,} our operators look like
Om = afpal .|0)

The three-point function is related to the matrix element of the
string field Hamiltonian as follows

_ 47 Jido
030105) = H
(030103) A A A,V g e

Aj=Ji+2\/1+XNn2,

and the matrix element is defined as

where

Hiz3 = (123|V).
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hi—Yoneya prefactor

We use the findings of [Grignani et al. 2006] to start with the Dobashi—Yoneya prefactor [Dobashi, Yoneya 2004] in
the natural string basis {a/,}.

rs sl o1t osJt
NE,0" ay, ap

4
V =PezXmn
Here /, J are SU(4) flavour indices, r, s run within 1, 2, 3 and refer to the first, second and third operator. The

natural string basis is related to the BMN basis for m > 0 as follows

am+ia_m am — ia_m

V2 R

am =

,a_m =

The Neumann matrices are given as

NS 1 (71)r(m+1)+s(n+1) \/ers(wrm + pXr)(wsn + pXs)SrmSqn
m,n — 5 ’
27 Xswrm + Xrwsn wWrmWsn
N o (—1)/(m+1)+s(n+1) \/ers(wrm — 1x;)(wsn — pXs)SrmSqn
—m,—n = T 5 s
27 Xswrm + Xrwsn WrmWsn
where m, n are always meant positive, s1;; = 1, S0, = 1,833, = —2sin(mmy), x; =y, Xp =1 —y,x3 = —1,

the frequencies are wy m = \/m,, and the expansion parameter is . = Vod
Dobashi-Yoneya prefactor we are using is the prefactor
supported with positive modes onIy:

P = Z Z ey s am

m>0 r,/




String result

Due to the flavour structure of Ci23 the only combinations of terms
from the exponent that could contribute are N2, N33, N3, . The
leading order contribution is

1 VI my*2(1 — y)2sin(mnsy)

Coy = — 2=
272N (y? - ) (g1~ y)E 1)

The next-order coefficient in the expansion
Ciag = Clps (14 NCips) s

1 Ciog ;
where ¢35 = ﬁ is

1 n2 02
1 1 2 r72
Cizs 4 <y2+(1y)2+ 3> .

Let us compare this calculation to the field theory calculation.
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Leading Order

The tree-level diagram is shown below:
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and evaluates in the leading order to

w2l +1) w2k + 1) w20 + b) + 1)
N+/Jydod cos cos cos s
‘2/12,:2 gy + 1 Jp + 1 J+1

which after the 1/J expansion and the due normalization of the operator to unity yields

1 VJ ndy32(1 — y)®/2sin?(xnsy)
Clag = 2 N(n

(n yz—nz)(nzﬁ—}/) —nj)’

corresponding exactly to the ST result above.
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At the one loop level we estimate all possible insertions of the interaction terms of the Hamiltonian

H2 = ﬁ (/ - P ) depicted below:

() ) -




One loop result from FT

After summation (details not shown here) we get

1 [ n? n2
1 1 > >
2= 74 <y2 (1—-y)? " n3> '

exactly as in the string theory above.
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Escobedo—Gromov—Sever—Vieira procedure

Consider a set of operators O 4 normalized to unity
_ 1
(Oa(x)04(0)) = ye

The space-time dependence of any three-point function is prescribed by conformal symmetry to be

- Cizs
(O1(x1)O02(x2) O3(x3)) = .
x12]| 21182788 |xy5 A2 TA3 A1 |y | AgTAT — A2

The general expression for the structure constant arising from the EGSV procedure then is

NgCiog = > Cut x Flip x Norm x Scalar products .
Root partitions

The most natural generalization of the EGSV formula to a general group with Cartan matrix Ma/,bj follows from
replacing the factors f, g, S in their expressions by their analogs in higher sectors

Mza;
flui, u) =1+ m
S
() = =0
guj, up) = ————.
A )

f(u, v)
S(u, v) =

f(v, u)

The holonomy factors a(u), d(u) retain their standard definitions for higher levels

a(y) = uj + iVaI./Z, dy) = uj — iVaj/2, e(u) = % so that the Bethe equations have the known form

. L i
uj — /Va/. /2 B Ky — ug — éMajak
U+ Ve /2 h

— I
S U~ Ukt g Mayay
)
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Following EGSV we introduce useful shorthand notation for products of functions: for an arbitrary function F(u, v) of
two variables and for arbitrary sets a, & of lengths K, K, o = {«a}k, @ = {&} ¢

Fo & _ HF(»,.(’\/
i
/_—2,0 _ HFo, o

i<j
F;,n _ H Foiey

i>j
For functions G(u) of a single variable let us define

=1L FY,
Guil/2 I FojEi/e.

Let us take three Bethe vectors u, v, w of lengths Ly, Lp, L3, corresponding to the operators O1, Op, O3 and split
each of them into two pieces so that the rapidities are suchthat« U & = u, B U 8 = v, v U 4 = w. The lengths
La,La,s Lﬁ, Lg, L5, Ly of these pieces are uniquely defined by the possible contraction structures:

5=L+Lp—Ls,
= Lo+ L3 — Ly,
=Ly + Ly — Lp.
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The three-point function will look like
NeCioz = > VL1 Lol cut(e, &)cut(B, B)cut(y, §) x Flip(@)Flip(B)Flip(F)x

YUy !
X (aB)(BY)(v&) .

X
Norm(u)Norm(V)Norm(w)

We work in the “coordinate” normalization, where the cut(«, &) factor is organized as
a\ Ly foafad oo
(a > T fORfEofe
& uu
da 4

cut(a, @) =

the factors cut (8, §) and cut(~, 7) being analogous to the expression above. The a, d, f, g factors are all defined
in terms of Bethe Ansatz with higher-level states taken into account as well. In similar terms the flip factor may now
be rewritten as
&—i/2 (a&
=y paL 9 >
Flip(a) = (e7)g Py fg‘:‘ s

analogous expressions work for F1ip(3) and F11ip(7). The norm can also be generalized directly from eq. (5.2) in
[Escobedo 2010] and in the coordinate normalization we get
r U U cUU cUU 9. 1
N(u)=d a . 'fZ W det(9;¢k) »
here 9; = % and the phases are the ratio of the left and right sides of the Bethe equations

&% = e(uptu TT ™" (. ug).-
ki
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Problem with Straightforward SU(2) — SO

Generalization

The remaining factor necessary to construct the correlator is the scalar product. Considering the expression for the
scalar product of EGSV

1
vy = 08'9Y — —— X
duav gu\// gv i/ fiuf; v
% Z (—1)Pa Py (gL (a%)Lv (g7 yLv (g7 ) v
aUa=uBUB=v

o hOY HTX ROE AT ot Y

where t(u) = g?(u)/f(u), and trying to extend the definition towards the SO(6) sector of the factor h as defined by
EGSV

f(u)
h(u) = —2 |
“ 9(u)

the result one gets is not well defined. In fact h does not have a direct physical meaning unlike f and g which are
taken directly from the R-matrix. A factor h defined as above would be meaningless since it would then contain
division by zero.
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Resolution

To circumvent this problem we formulate the SO(6) norm conjecture via the recursive relation proposed in
[Escobedo 2010], eq.(A.5). This expression is completely regular and is formulated in terms of physically meaningful
objects f, g, a, d, S, thus it makes full sense to conjecture that its validity extends towards a broader sector. The
meaning of this formula goes beyond the original SU(2) and is supposed to cover the full SO(6)

(Vi vl U =D bn{Ve e T D U Ny —
n

= > enmu—1vi. V0 Um e N U N
n<m

where
aten = vo) (T o = ) T o SO v) = S8 Tl 1 = 1) Tl p S0 ) )
by = 5
our + 1/2)90n — 1/2) T o1 — 1)
and
o e(u1)g(ur — i/2)g(ur — vn)g(ur — Vi) Tjsn,m F(v; — t1)

g(uy +1/2)g(vn — i/2)g(vm — 1/2) [1jn f(ur — uy)

x( V( : Hsvnv 11 s, vim) HS<V’”V/HSV]VH>~
e(vn

j>n j<m vn) j>m j<n

This will be our working proposal, which shall be checked in a specific example in the next section.
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Integrability against Perturbation Theory Test

Let us introduce our states as Bethe states. We shall denote an N-root state as

(ul = {{ur, b}y Auns I3}

where u; denotes the value of the rapidity and /; the level of Bethe Ansatz it belongs to. The states corresponding to
those studied in the first part of the work are

O1~(ul = {{0,1},{}cot L

Oy ~ (v|

{{0, 3}, {ZcotJ

cot J 2}}

Oz ~ (w|

({4 cot 778,23, {—J oot 18 2}}.

The lengths of the states are Ly = Jy + 2, Lp = J» + 2, L3 = J + 2. The lengths of substates (or, alternatively, the
number of contractions between each ith and jth states) are L1, = 1, Lyg = Jo + 1, L3y = J; + 1. Expansion in
1/J is presumed everywhere below.
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The Example

The flip and cut factors together are
cut(a, &)cut(B, B)cut(y, ) X Flip(&)Flip(B)Flip(y) = —1,
the norms yield

Norm(u)Norm(V)Norm(w) = 4J2n12n§7r4 s

and the scalar products read

nqnp sin?(mngr)

TN O = Sy = me)n + (1 = )

The other contributing partitions in the leading order are realized by simple transformations
ny — —ny, np — —np. There are also partitions that contribute at higher orders in 1/J, which we do not list here.
Taking all the pieces together we get

m3J"/2(r(1 — r))®/? sin®(mngr)

(M — (1 =) —n3(1 —r)?)’

NeCiog = —

which corresponds exactly to the results from the first part obtained both from perturbation theory and string field
theory.
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Discussion

For the first time in the SO(6) sector we have explicitly
demonstrated that for the three-point functions

@ SFT at strong coupling identical with perturbation theory at
small coupling in the Frolov-Tseytlin limit at one loop.

@ Integrability-assisted resummation a la
Escobedo-Gromov-Sever-Vieira can be successfully

generalized to the SO(6) case and is shown to be identical
with SFT and perturbation theory.

Given these correspondences, discussion can be raised:

@ To which extent may these equalities be understood as
cooincidences?

@ How essential is the role of Frolov-Tseytlin limit? To which
order will the equalities hold beyond it
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