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Scattering amplitudes in QFT

® State of the art:

= Tree-level: essentially solved (except multi-leg amplitudes).
= One loop:

v Integral basis (boxes, triangles, bubbles)

v Essentially solved

= [\wo loopsz

® Two-loop amplitudes in general not known.

® No two-loop integral basis known.



Multi-loop computations

® Why are multi-loop computations so dithcult..?

® Quantities are divergent:

= UV & IR divergences.

® Two-loop integrals are generically polylogarithms of weight
4 1n many external physical parameters.

= multiple polylogarithms.

= need to evaluate these functions numericaﬂy 1n a fast and
ethcient way, including all the branch cuts, etc.

® In other words, polylogarithms and their generalizations
are everywhere!

= Need to understand these functions!
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The life-cycle of a loop computation

® The final goal 1s to obtain an expression of the loop

integrals In terms of

= Transcendental numbers: mutliple zeta values, log 2, ete.

= Transcendental functions: a whole zoo was discovered

*

*

*

*

*

*

(Classical) polylogarithms:
Harmonic polylogarithms.

2d harmonic polylogarithms.
Cyclotomic harmonic polylogarithms.

All these are just special classes of multiple polylogarithms.

Elliptic functions.

® In this talk: will concentrate exclusively on polylogarithms.
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The life-cycle of a loop computation

® Recursive definition of multiple polylogarithms:

*dt
G(al,...,an;z):/ G(az,...,an;t) | Li,(z / —L1n 1 (
0 t—al

® All the special functions physicists defined are just special
cases thereof:

= (Classical) polylogarithms: Li,(z) = —G(0,...,0,1; %)
= Harmonic polylogarithms: a; € {-1,0,1}
= 2d harmonic polylogarithms: e.g., a; € {0,1,a}

= (Cyclotomic harmonic polylogarithms: roots of unity.



The life-cycle of a loop computation

® Even if an amplitude 1s simple, 1t might be that our
approach to the problem leads to a ditficult answer.

® The polylogarithms satisty various complicated functional

equations.

= The simplicity of the answer might be hidden behind a

swath of functional equations.

7.‘.2

—Lis(z) —InzIn(1 — 2) = Lig(1 — 2) — 3

® In other words we need to ‘control’ the functional equations
among polylogarithms.



Number theory and Loop integrals

® Polylogarithms have been introduced and studied several
centuries ago by Euler, Nielsen, Poincars,...

= ‘Mathematics of the 19th century’.



Number theory and Loop integrals

® Polylogarithms have been introduced and studied several
centuries ago by Euler, Nielsen, Poincars,...

= ‘Mathematics of the 19th century’.

® No! Over the last 20 years polylogarithms were a very
active held of research in pure mathematics.

® Mathematicians have discovered very far reaching
algebraic structures underlying polylogarithms.



Number theory and Loop integrals

Polylogarithms have been introduced and studied several
centuries ago by Euler, Nielsen, Poincars,...

= ‘Mathematics of the 19th century’.

No! Over the last 20 years polylogarithms were a very
active held of research in pure mathematics.

Mathematicians have discovered very far reaching
algebraic structures underlying polylogarithms.

Obvious question: can this be usetul for physics..?

= Yes! ... but let's motivate this by an example!



The ‘classical” example

® The ‘classical’ example of this 1s the six-point amplitude 1n

N=4 Super Yang-Mills.

® By evaluating the individual diagrams one arrives at a very
complicated combination of multiple polylogarithms (17

pages),
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The ‘classical” example

1 [ Goncharov, Spradlin,

(L4 3:‘,& , L, ) — 5 Li4(1 — 1/1%)) Vergu ,Volovich]
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® Could Feynman integrals be simpler than we thought...?

® Long term goal: get to the simple answer (the function)
without the ‘divide and conquer’ strategy.

® In the mean time: gather data, and try to find a way to get
the simple answer out of the ‘divide and conquer’ approach.
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® Could Feynman integrals be simpler than we thought...?

® Long term goal: get to the simple answer (the function)
without the ‘divide and conquer’ strategy.

® In the mean time: gather data, and try to find a way to get
the simple answer out of the ‘divide and conquer’ approach.

® Outline:

= The Hopf algebra of multiple polylogarithms:

combinatorics vs. functional equations.

= Some examples from physics.



The Hopf algebra of
polylogarithms

Combinatorics vs.
functional equations
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® We usually think of functional equations as complicated
relations among special functions arising from complicated
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Combinatorics of polylogarithms

® We usually think of functional equations as complicated

relations among special functions arising from complicated

changes of variables in some integrals.

7.‘.2

—Lis(2z) —InzIn(l — 2) = Lis(1 — 2) — —

0
Li, (2 / —Lln 1 (

® Mathematicians conjecture that all the functional equations

among polylogarithms follow from a simple algebraic
structure.

® In other words: All functional equations are pure
combinatorics!

= You do not even need to know the integral in order to
derive the relations among them!



Combinatorics of polylogarithms

® This algebraic structure 1s called a Hopft algebra



Combinatorics of polylogarithms

® This algebraic structure 1s called a Hopft algebra

= Algebra: Vector space with an operation that allows one
to ‘fuse’ two elements into one (multiplication).



Combinatorics of polylogarithms

® This algebraic structure 1s called a Hopft algebra

= Algebra: Vector space with an operation that allows one
to ‘fuse’ two elements into one (multiplication).

= (Coalgebra: Vector space with an operation that allows
one to break two elements apart (comultiplication).



Combinatorics of polylogarithms

® This algebraic structure 1s called a Hopft algebra

= Algebra: Vector space with an operation that allows one
to ‘fuse’ two elements into one (multiplication).

= (Coalgebra: Vector space with an operation that allows
one to break two elements apart (comultiplication).

= Hopf algebra: Vector space with both multiplication and
comultiplication, 1.e., one can ‘fuse’ and ‘break apart’ in a
consistent manner.



Combinatorics of polylogarithms

® This algebraic structure 1s called a Hopft algebra

= Algebra: Vector space with an operation that allows one
to ‘fuse’ two elements into one (multiplication).

= (Coalgebra: Vector space with an operation that allows
one to break two elements apart (comultiplication).

= Hopf algebra: Vector space with both multiplication and
comultiplication, 1.e., one can ‘fuse’ and ‘break apart’ in a
consistent manner.

® Mathematical construction quickly gets pretty involved.
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® This algebraic structure 1s called a Hopft algebra

= Algebra: Vector space with an operation that allows one
to ‘fuse’ two elements into one (multiplication).

= (Coalgebra: Vector space with an operation that allows
one to break two elements apart (comultiplication).

= Hopf algebra: Vector space with both multiplication and
comultiplication, 1.e., one can ‘fuse’ and ‘break apart’ in a
consistent manner.

® Mathematical construction quickly gets pretty involved.

= | will spend on.

y three slides on the technical details.

m After that, I w1
examples.

| only concentrate on applications and
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Algebras and coalgebras

® Algebras ® Coalgebras
g ‘TWO become one’ - ‘One bec()mes tWO,
u: A A— A A:C—-C®C
uwa®b) =a-b Aa) = Z a§1> R a§2)
= Associativity: - Coassociatzivity:
It we 1terate, It we 1terate,

o ARARA - ARA—-A| C—-CRC—-CRCKRXC — ...
the order in which we do the order in which we do
this 1s immaterial, because this 1s immaterial.

(a-b)-c=a-(b-c)
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Coassociativity

® Example: Take a word, and sum over all possible ways to
split 1t into two (‘deconcatenation’)

w = abced

A(w) =abcd ® 14+ abc®@d+ ab® cd 4+ a ® bed + 1 ® abed

® Next, we iterate this procedure to split the word into
three.

® Two choices, e.g,

ab®cd — (a®b)®cd or ab®cd— ab® (c®d)

® As long as we sum over all possibilities, 1t does not matter
which way we iterate, and always arrive at the same result.
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= such that the product and coproduct are compatible
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= and with an additional structure, the antipode
(which we will not use 1n the following).



Hopf algebras

® A Hopf algebra 1s
= an algebra
= that is at the same time a coalgebra

= such that the product and coproduct are compatible
A(a-b) = Ala) - A(b)

= and with an additional structure, the antipode
(which we will not use 1n the following).

® Goncharov showed that multiple polylogarithms form a
Hopf algebra with coproduct

A(I(ag;at,...,an;0041))
k

— g I(ag;ail,...,aik;anﬂ)@ H[(aip;aip+1,...,az‘p+1_1;aip+1)
0=11<i2<.. <1 <lp41=N p=0
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® How can all this be useful to physicists..?

® Imagine a two-loop multi-scale integral that evaluates to

1000’s of Liy’s.
Too complicated to handle . ‘Lig’

Still too /

comphcated CL13 ‘ Lll ‘Lo ® Lo’ > ‘L1; ® Lig’

\. Break it into pieces

"‘Lis &® L11 ® Li;’? ‘Li; ® Lis ® Lig’ ‘L11 ® Li; & Lio’

! Symbol

Li (2) = lo P e O ) log a + log b



The Hopt algebra of polylogarithms

Too complicated to handle ‘Lig’

. HEE -
Sti1l too / Y “ Break 1t into pieces

comphcated CL13® Lll ‘Lo ® Lo’ = ‘L1; ® Lig’

1

‘L1 ® L11 @ Lll ‘Li; ® Lis ® Liy’ Li; ® Li; ® Lis’

TN N e

CLll =Y L11 029 L11 X Lif

Lii(z) = —log(1 — z) log(a -b) =loga + logb



The Hopt algebra of polylogarithms

Too complicated to handle ‘Liy’

Break it into pieces

Still too [ e
complicated L13 ®L11 ” ‘ 412

‘Lis ® L11 0% L11 ‘Li; ® Lis ® Lll ‘Li; ® Li; ® Liy’

TS Y

‘Lil & L11 &) Lll 024 Lil7
Lij(2) = —log(1 — 2) log(a - b) =loga + logb

® At the end of this procedure, we have broken everything
into little pieces (logarithms = symbol), for which all
identities are known.

® We then need to reassemble the pieces to find the
simplified expression (This 1s the most dithcult step!)

® At each step information 1s lost, but in a controlled way:

= (Can be recovered by going back up one step at the time.
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® But there 1s a problem...

® Putting z=1 1n

n—1

k

]
A(Lin(2)) =1® Lin(2) + Lin(2) @ 1+ Y Lip_1(2) @ ”k"”
we arrive at o=
AlGn) =10+ ®1 (‘primitive element’)

® On the other hand, from ¢; = %CQQ we get

A(Gs) = %A(Cz)Z = %[1@)(2 + (1) = %[1 R+ R1+20 (]

® So there 1s a contradiction, unless A((3,) = 0.

= This 1s Goncharov’s original construction.
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® But there 1s a problem...

® Putting z=1 1n

n—1

k

]
A(Lin(2)) =1® Lin(2) + Lin(2) @ 1+ Y Lip_1(2) @ ”k"”
we arrive at o=
AlGn) =10+ ®1 (‘primitive element’)

® On the other hand, from ¢; = %CQQ we get

A(Gs) = %A(Cz)z = %[1@)(2 + (1) = %[1 R+ R1+20 (]

® So there 1s a contradiction, unless A((3,) = 0.
= This 1s Goncharov’s original construction.

® But then, we have not gained much...
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® [n arecent paper on multiple zeta Values, Francis Brown
argues that one can also define

A(CQn) — CQn ® 1

® This indeed solves the previous problem
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® We obtain a consistent way to include all the zeta values.



Coproduct on zeta values

In a recent paper on multiple zeta values, Francis Brown
argues that one can also define

A(CQn) — CQn ® 1

This indeed solves the previous problem

A(Gs) = %A(Cz)Q = %[42 ® 1" = %sz R1=0®1

® We obtain a consistent way to include all the zeta values.

® | even argue that we can do better and define

Alr)=m®1

This will allow to include also in.



Example: Inversion relations

® I.et us consider the inversion relations for (classical)
polylogarithms:
Li,(1/2) = (=)™ Li,(2) + . ..
® Traditional approach:

= Take the integral representation, and find a change of
variable.

= The integral has a branch cut, and develops an
1maginary part.



Example: Inversion relations

® I.et us consider the inversion relations for (classical)
polylogarithms:

Li,(1/2) = (=)™ Li,(2) + . ..
® Traditional approach:

= Take the integral representation, and find a change of
variable.

= The integral has a branch cut, and develops an
1maginary part.

® [f my claim 1s correct, I should be able to get to this relation

= 1n a purely algebraic/combinatorial way,

= without even 100king at the integral representation.
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Example: Inversion relations

® Indeed, the Hopf algebra fixes the inversion relations

recursively.

® Weight 1: trivial

Li, (1> ~ I (1 _ 1) — (1 —2)+In(-2) = —In(1—2) + Inz — in

X X

with =2+ 1¢.



Example: Inversion relations

® Weight 2:

suafpia ()] =-w (1-5) o (5)

=In(l—z)®nz—hnrRlnr+imr@Inx

1
= A1 [ — Lig(z) — 5 In’ z —|—7;7T111£E‘} .



Example: Inversion relations

® Weight 2:

1 1 1
x x x
=In(l—z)®nz—hnrRlnr+imr@Inx

1
= A1 [ — Lig(z) — 5 In’ z —|—z'7rlnx} .

® This fixes the inversion relation, up to some zeta value.

= At each step we loose a zeta Value, they are
indecomposable (‘primitive’).

1 1
Lio <—> = —Lis(x) — 5 In?z 4+ irlnz + cn?
X

and ¢ = 1/3 from a=1.



Example: Inversion relations

® Weight 3:

a5 ()] = (1 o () e (1)

—In(l—2z)®Inz@hz+hrhr®hnhr—irQlnxr @ Inx

1
A1 {Lig(x) + c In’z — %T In? x} .



Example: Inversion relations

® Weight 3:

1 1 1 1
=—Inl—2z)nhz@hr+hrhnr®lnr —ir@InrInx

| .
= A111 {Lig(x) + c In’ x — %T In’ x} :

® At this stage however we have lost everything proportional
to zeta values.

= (Go one step up!

1 1 ' '
A271 Lis (;) — (ng(x) + 6 In°r — %T In2 x)

1 1
— [—Liz (—> — Lis(z) — §ln2x—i7rlna’;] ®Inx
x
1 2
:—§7T2®lnx :Agjl(—%lnx)



Example: Inversion relations

® [inally:

and o = 8 = 0 from x=1.

® We could now go on like this and derive the inversion
relations for arbitrary Weight.



Example: Inversion relations
O Finaﬂy:

1 1 - 2
Lis (-) = Lig(w) + o In" 2 - %Tln% — %lnaf;nchCS + Bim?
L

and o = 8 = 0 from x=1.

® We could now go on like this and derive the inversion
relations for arbitrary Weight.

= No painful manipulation of the integral representation
at any step!



Example: Inversion relations

1
G(—z,—2,1—2,1—z;y) = Lig(1 — x)log(1 — z) + Liz(1 — 2) log(1 — =) + Liyg (1 — —) + Lig(1 — z)
T

— Lig(x) — Liz(1 — z) log(x) + Lig (1 — %) + Lig(1 — 2) — Lig(z) — Lis(1 — 2) log(z) + ilogQ(l — )

og 2<:c>+1og ) 3)log(x) — ((3)log(1 — ) +

log*(z) 1 | log™(2) 7

1 = Slog(1— 1) log*(2) — ((3) log(1 — 2) + ((3) log(z) + 5 — < log(1 — 2) log(2) + o1

1
log*(1 — z) + 7 (—6 log(1 — x)log(1 — z) +

with X+y+Z:1, 0 < X,V,Z < 1.



The Hopt algebra of polylogarithms

® Goncharov's Hopt algebra, combined with Brown'’s
treatment of even zeta Values, gives an effective tool to deal
with functional equations among multiple polylogarithms.

® All functional equations among multiple polylogarithms
are pure combinatorics!



The Hopt algebra of polylogarithms

® Goncharov's Hopt algebra, combined with Brown'’s
treatment of even zeta Values, gives an effective tool to deal
with functional equations among multiple polylogarithms.

® All functional equations among multiple polylogarithms
are pure combinatorics!

® [t turns out that the coproduct knows even more!

= The second factor knows about derivatives:

s(2r) = (15 2 s

= The first factor knows about discontinuities:
A (Mg,=aFu) = (Mzg,=q ®id) A(Fy)
= of. A(m) =7® 1!



Some examples

from physics

Hopf algebras meet

Feynman integrals



Pure Mathematics vs. Physics

® Multiple polylogarithms are everywhere in Feynman
integrals and scattering amplitudes.
= Need to ‘control’ these functions and the relations
they satisfy.

® Understanding the underlying mathematics opens new
possibilities in the world of loop computations!

= Simplify complicated expressions.

= Get symbol by other means (differential equations, OPE,

educated guessing,...), then reconstruct the function.
= |n some cases: can even determine the space of functions to
all loop orders a priori!

= (Can help for numerical evaluation of these functions.

| Buehler, Caron-Huot, Del Duca, Dixon, Drummond, CD, Ferro,

Gaiotto, Goncharov, He, Henn, Maldacena, Pennington, Sever, Viera, ...]



Pure Mathematics vs. Physics

® In the following, I will very briefly discuss two examples.

® The two-loop helicity amplitudes for H+3gluons.

= Substantial ssimplification of the result.

® The 6-point remainder function in the Regge limat.

= Knowledge of the space of functions allows us to go to
10 loops without much effort!



Some examples

from physics

Helicity amplitudes for
H + 3 gluons



Higgs + 3 gluons

® Gehrmann, Jaquier, Glover and Koukoutsakis have
recently computed the two-loop helicity amplitudes for a
Higgs boson + 3 gluons

= 1n the decay region

H— g gty H—g g g™
= and the scattering region
gtg"—g"H g g —¢g H g g —g H
® Kinematics (in the decay region):

S12 S$23 S31

X9 — X3 —
2 7 2 7 2
Mgy Mgy ys

T1 —

O<x;, <1 and z1+29+23=1



Higgs + 3 gluons

® The result was expressed in terms of complicated
combinations of ‘2d harmonic polylogarithms’.

= Symmetries completely lost (e.g. Bose symmetry).
= Very long and complicated.
= Numerical evaluation of complicated special functions.

- Analytic continuation from decay to scattering region
very complicated.



Higgs + 3 gluons

® The result was expressed in terms of complicated
combinations of ‘2d harmonic polylogarithms’.

= Symmetries completely lost (e.g. Bose symmetry).
= Very long and complicated.
= Numerical evaluation of complicated special functions.

- Analytic continuation from decay to scattering region
very complicated.

® Brandhuber, Gang and Travaglini observed that the symbol
of the leading color weight 4 part (after subtracting the

one-loop squared) 1S equal to the symbol of the form factor
of 3 gluons in N=4 Super Yang-Mills.

= A simpler representation of the Higgs amplitudes in
terms of classical polylogarithms only should exist.



Higgs + 3 gluons

® We can now extend this to term beyond the symbol, e.g.,

for H— g gtg™.



Higgs + 3 gluons

® We can now extend this to term beyond the symbol, e.g.,
for H—gtgtg™.

S (Zg,)weight 4> — S (R:(gz)) [ Brandhuber, Gang, Travaglini]



Higgs + 3 gluons

® We can now extend this to term beyond the symbol, e.g.,
for H—gtgtg™.

S (Zg,)weight 4) =S (R:(gz)) [ Brandhuber, Gang, Travaglini]
— 1 w2
Az {Ac(j)weight 4 — Rf)} = ——m ®Aq {Aozl)} =Ag11 [ s AS)}



Higgs + 3 gluons

® We can now extend this to term beyond the symbol, e.g.,
for H—gtgtg™.

3 (Zg,)weight 4) =S (R§2>) [Brandhuber, Gang, Travaglini]
Ao [ 4~ R = 22 0 A1 [A0)] = By [~ T D]
A1 [Zg,)weight 4~ Rg) + %214&1)} - _i Gs® B = Azl [ B % 03 B‘()‘l)}



Higgs + 3 gluons

® We can now extend this to term beyond the symbol, e.g.,
fOI’ H — g—|-g—|-g—|-

S (Ag)weight 4> =S (R:(gz)) [ Brandhuber, Gang, Travaglini]
— 1 w2
AVERI [Ac(f,)weight 4 Ri(SQ)} -6 @ AV {Aal)} = Ao [ ~ Ag)}
1 1
Bs [AC(XZ)Weight 4 R(Q) T A(l)} = 2 GeBY = As, [ — 16 Bc(xl)}
0 4 4
A R A<1> BM = —0.03382260105347 . i
«, weight 4 + F T 7 CS - M



Higgs + 3 gluons

® We can now extend this to term beyond the symbol, e.g.,

for H %g-l-g-l-g—l-

S (Ag)weight 4> =S (R:(gz)) [ Brandhuber, Gang, Travaglini]
2 1 T
Ag 11 {A((y )Weight 4 R:(f)} =75 ™ ® Aq g {Aa})} = Ag 11 { - Ag)}

7.‘.2

1 1
A1 [Ac(f)weight 4~ Rg) + 6 Ac(xl)} ] Gs® B = Azl [ 4 03 B‘()‘l)}

4

—(2) (2) (1) (1) _ T
A - — — A B,/ = — 22601 4
o, weight 4 72 —I— ; + — Cg 0.03382260105347 . 5330

® We can of course do the same for all other color structures.



Higgs + 3 gluons

11 r1T3 xrox3 T1X2
— A3 | — As | — A Lig |1 — —
6{3( Z2)+ 3( $1>+ 3( ) Zl3< xl)
To T x3 5131 5173 2132

3

1 7 3 1
+ 5 In(xy z2 x3) Ag}) + 5 ; [Lis (1 — ;) Inx;| + 1 Inzy Inxs Inxs + e In® (r1x273)
5 3
" ?In(xq1z023) — —Cg +ir AN 4 = Zln .I‘Z}
3
e Pl a1 1 121
1 |:P1(.Tz,2$z ;;xz—l—l) L12(1 . 5177,) 4 2(1'@,«1'@2173314—1) lan . lnxzﬂ + —ln T
36 P T;_ 1T, X 4
P3(331,$2,333) 2 121 . 11 185
144:13%3@%3:% e — ﬁm In(x1x012) + %m (r179 + T3 + T371) + ﬂm
3
1 Pylx;, x;— ' 1 247
4T, Tizt, Tig) Inx; — — (x129 + 2329 + 2123) 2 + —— (T129 + T320 + T123)
72 i—1 Li—1T5+1 72 108
N 1321
216 ’

=» Kummer function

z n"— 1|t‘ n—l " .
An(z):/O dt T (n—1) 'kz_% ln 12| Lip,_x(2)




Higgs + 3 gluons

—(2) 1T 1 67 Ps (331, xa, 563) 9
D@ — _ m_Z o7
. Gt g mre b e F o) ot 72022272
1 Po(xi, Ti—1,Tiv1) - . Pr(xi, xi—1, Tit1)
= Lio(1 — 1. In 2« Inz
+ 19 ; 1‘12_13322“ ia ;) + 3322 NTi-1MTir1  (7.19)
P 1y Li—1, Ly
8(37 ri—1,% +1) 1 2;
2 1T
—(2) it w1
« = g3 () _ Eln (r12273) (Inxy Inxo + Inxy Inxg + In 2o In23)
P 7 5) 29
13(:2;);2’963) + 3 Inz; Inxe Inxzsg — @772 In (r12913) — ﬁg‘g
3
11 Pii(x1,22,23) o . 1_.
+ 57 In(x1xomws) + 288237213 T+ 7;21 Lig(x;) — §L13(1 — Z;)

1 1 1 (7.20)
+ ELiQ(l — ;) Inx; + 3 In(1 — ;) In x; + . In(xxows) Lia(1 — x;)

Py(xi, -1, Tit1) Pio(xi, -1, Tiy1)

L12(1 — CUZ) + Inz,_ 1 Inz;i

3622 |72 362
11 P12 Ljy Lj—15Tj4+1 13 . 71 )
+ 36 In?z; + 2(16:U¢133i+1+ ) Inz;| — %m (x122 + X322 + T123) — 1—8m,



Higgs + 3 gluons

. 3 -
—(2) o 11 5 1 0 5 B
Fa = —E 111(331332333) — mﬂ' —+ % len L; — 5—4 111(331332333) -+ 1_8

1=
LT
+ 13 (w172 + w223 + W371) + B4 (z122 + 2322 + T123)

3
1 o  T1T2T3 In x;
) (122 + 372 + T123)" — 13 E 2

1=1
® Originally, the expressions filled up more than 6 pages!
® Bose symmetry is now completely manifest.

® Only simple functions (classical polylogarithms) with
simple arguments.

= casy numerical evaluation.

® Similar results can be obtained for H — gt g g™ .



Some examples

from physics

The Regge limit of the 6

point remainder function



The Regge limit

® In the Regge limit, we can approximate the amplitude by the

expansion 1n the logarithms that are divergent as u; — 1.
oo {1
Rlyrk = 2mi >: >:CL€ log" (1 — u1) [Qﬁf)(w» w”) + 2mi hv(f) (w, UJ*)]
(=2 n=0

[ Bartels, Lipatov, Sabio Vera]

® The coethcients 97(16)(@07 w*) for n=[-1 and n=[-2 can be
computed, to any loop order, by the integral

oo n +o0 w(v,n)
a W\ 3 dv - 1
. - _1 n (_) 2@1/(13 . 7 L
COS TWap + 1 > E (—1) g / - |w)| Reg (¥, 1) ( - u3>

2 n-
n=—00 —co V7t 4

Epp = —5—— =+ (1 m =i+ 20) o

, 2V2+1+¢<+w—|—2)—|—¢( w+2 (1)
1 3 n?

oV (yn)=—=E —° _

Reg( ) ik 8 (V2 4 712)2 CQ



The Regge limit

® Based on general grounds, we can argue that, to all loop
orders, the results are given by combination of so-called
single-valued harmonic polylogarithms.

® These functions have been classified by F. C. Brown for all
weights, and thus we now the space of functions to all loop
orders!

O Example:



The Regge limit

® Based on general grounds, we can argue that, to all loop

orders, the results are given by combination of so-called

single-valued harmonic polylogarithms.

® These functions have been classified by F. C. Brown for all

weights, and thus we now the space of functions to all loop

orders!
O Example:
.
L; = -

—2H,0+2H,0+2HyH, —2HyH, +2Hy, — 2 H,

= Liz(2) — Lia(2) + 5 log|=](log(1 — 2) — log(1 — 2)).



The Regge limit

0 n  ptoo w(v,n)
a W\ 2 dv . 1
COS TWep + 1 = E —1)" (—) / W] Pro. (v, 1 (— )

n——oo

® Instead of having to sum up the infinite tower of residues, just
match the truncated sum to the Taylor expansion of the basis

functions.
® In this way, by exploiting the a prior1 knowledge on the space
of functions, we obtain a constructive way to compute any

loop order we like!



The Regge limit

0 n  ptoo w(v,n)
a W\ 2 dv . 1
COS TWep + 1 = E —1)" (—) / W] Pro. (v, 1 (— )

n——oo o

® Instead of having to sum up the infinite tower of residues, just
match the truncated sum to the Taylor expansion of the basis

functions.
® In this way, by exploiting the a prior1 knowledge on the space
of functions, we obtain a constructive way to compute any

loop order we like!
1

(2) o Lz Lo
gl (w7w) 4[ 1] 16[ 0] Y,
* P B
g2 (w, w*) = —L§+6 LT +§[Lo]2L1+

[ Lipatov, Prygarin; Dixon, Drummond, Henn]



The Regge limit

3

= L+ S L]

| D D | 5 .. _
= Sl Ly — DL L (L) LGP LT - L)

2 2

LT S e R
T Ly Ly

L+ T L+ G L

[ Lipatov, Prygarin; Dixon, Drummond, Henn]



e

0

The Regge limit

8 12
1 5 5 1 5o
0" (w,w') = oLy Lyy = cLf L + S [LT* + Lo P ILYT — - (Lo ]!
2 2
TR Ry S U
— — — L —(a L
L+ TR G
[ Lipatov, Prygarin; Dixon, Drummond, Henn]
1 1 7 1 1
= — (L) + < [LoPIL) + == [Lo)' + < [LT]' — = Ly L3
H 1
——L+L+ .
48 gLt
3 1 3 1
— —[L7VP[LT)P + L+L L+L + Z[L7)?
1 3 e 1 13
— LT —L+ ——L+ — Ly Lo L+ — LT
8[ 17 C3+80[ ]° 24[ > — 16 2.1 1615
3 . 1. S o
t3 Lina+ g Laon — 75 L [0 +EL

| Dixon, CD, Pennington |



Y (w, w)

7w, w')

The Regge limit

LGP P + o 1 [L5)' = o LT (5T + 5 15T G

—%[ T]%gﬁrﬁ[ P - 214L L21L++34834L++513L3+,1,1+112@21

— g L LT

o P L5 L PP = T LT 4 oo L1 (L)~ 5 G

b P Y~ L 7 — o L (LT — o I 15 (L5

L LT G S (151 — T ) (L — S 1 L (L4

B T - B L P - T R L L
274L L5“+151)2L L41+116L L32+2iL L21+196L Lo

+2iL+L+ 572 Ly Ly - 478L+L;“+§ZL+<5+EL+C3_35_2L+C3

)

| Dixon, CD, Pennington |



LLLA and NLLA

Leading Logarithmic Approximation
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LLLA and NLLA

Next—to—Leading Logarithmic Approximation
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Conclusion

Very large classes of Feynman integrals and scattering
amplitudes can be expressed in terms of multiple

polylogarithms.

Goncharov’s Hopft algebra, combined with Brown's
prescription for even zeta values, reduces functional equations
among polylogarithms to purely combinatorial problems in the

Hopf algebra.

This opens many new ways to think about multi-loop
computations.

Open question: 1s there a coproduct on Feynman integrals/
scattering amplitudes that mimics the coproduct on the
functions..?
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The CHAPLIN library [Buehler, CD]

Loop amplitudes can often be expressed in terms of a special
class of multiple polylogarithms, the so called harmonic

pOlleg arithms. [Remiddi, Vermaseren|

Numerical routines for these functions are needed, including

= hplog: Fortran, real arguments only. [Gehrmann, Remiddi]
= HPL: Mathematica [ Maitre |
= GiNaC [van Hameren, Vollinga, Weinzierl]

CHAPLIN = Complex HArmonic PolylLogarithms In fortranN
Based on a reduction of HPL s to a basis

= only a few new functions appear up to weight 4 (= 2 loops)

[CD, Gangl, Rhodes]



Reduction of HPL.s

[CD, Gangl, Rhodes]

® Main idea of the reduction: HPLs have symbols with entries
drawn from the set {x, 1-x, 1+x, 2}.

® Next construct a spanning set for all HPLs (up to weight 4)

that generates all polylogarithms whose symbol has entries

drawn from the set above.

Bi"(z) = Lis(z), B (z) = Lis(—2),

B (z) = Lis(1 — 2),

).
). B
). B9

11 : 21 12 , 2T
Bz& )(gj):L14 (1134—1)7 BZ(l )(aj):L14 (33—1)

92
85113)(56) = Liy (1 — :132) : 15’4(114) (x) = Lig ( v )

x?2 —1
4 (16) T B
B (z) = Liy (@ +x1)2) By () = Ligao(—1,2),
1 2
84(117)(33) — L12,2 (57 T —fl) 9




Re dllCtiOIl Of HP LS [CD, Gangl, Rhodes]

Example:

3 1 1
H(0,0,1,—1;2) = Lig(x) log(1 + =) + ZC?’ log(1+x) — : log*(1 + z) + 3 log 2log®(1 + )

1 1 1 :
+ c log zlog®(1 4 ) + 3 log® 2log(1 + ) — 5 log®2log?(1 + x) + % log?(1 + )
2
’7T 1 3 1 dx 1
— — log 2log(1 —Liy(—x) — =Li — —Lj — L

) €T ) 21 , 1+ , 1 il
— Liy (a:—l—l) + 2Li4 ($—|—1> —2L14< 5 ) + 2Liy4 (5) —I—%,
No new function i1s needed for the numerical evaluation in this
case!

In general, 3 new functions were needed (to express 118

HPLs).

This reduction 1s what 1s implemented into the CHAPLIN
library.

For multiscale integrals more complicated functions appear.

Same procedure can be applied there as well in principle.



One-loop Hexagons in 6 dimensions

® The massless scalar one-loop hexagon integral m D=6
dimensions

= s finite,
= dual conformally invarant,

- g Weight 3 function.



One-loop Hexagons in 6 dimensions

(log(—=y2p u(4)) — log(~y2m u(4))) log*(u(4))
(y2mu(4) - y2p u(4)) (2, 5) - 1)

( log(u(4)) log(—y2m u(4)) + log(u(4)) log(—y2p u(4)) Liy(y2m+1) Liy(y2p+1) )1 ( (4))
¥2m u(4)-y2p u(4) y2m u(4)-y2p u(4) y2m u(4)-y2p u(4) y2m u(4)-y2p u(4) oglu
.
u2,5)-1

(log*(=y2p) — log*(—y2m)) log(u(4))  (Liy(y2m + 1) — Lip(y2p + 1)) log(u(4))
(2y2m - 2y2p) u(4) (u(2,5) - 1) - (y2m — y2p) u(4) (u(2,5) - 1)
Lip(y2mu4) + 1) - Lia(y2p u(4) + 1)) log(u(4))  (log(~y1p) - log(~ylm) log(u(2, 5)) log(u()) .
(y2mu(4) — y2p u(4)) (u(2,5) - 1) (ylm —ylp) (u(4) + u(2, 5)u(6,2) - 1)
(Lip(ylm + 1) = Lix(yIp + 1)) log(u(4))  (Lia(ylmu(6, 2) + 1) — Lix(yIp u(6, 2) + 1)) u(6, 2) log(u(4))
(ylm —ylp) (u(4) + u(2, S) u(6,2)-1) N (ylmu(6, 2) — ylpu(6, 2)) (u(4) + u(2, 5) u(6,2) - 1) N
log(1 — u(2, 5)) log(-=y2m (1 —u(2, 5)))  log(1 — u(2, 5)) log(—y2p (1 — u(2, 5)))
y2m (1 - u(2,5)) - y2p (1 - u(2, 5)) ! y2m (1 —u(2,5) - y2p (1 - u(2, 5))
Lix(y2m + 1) Lix(y2p+ 1)
y2m (1 —u(2,5)) - y2p (1 —u(2,5)) - y2m (1 —u(2,5)) —y2p (1 —u(2,5)) *
1
u(4) +u2, 5)u6,2)-1

1
—log(1 - u(2, 5)) [—
u(4)

log(u(2, 5)) (1 — u(2, 5) u(6, 2))

[ log(1 — u(2, 5)) log(—=ylm (I — u(2, 5) u(6, 2))) log(1 — u(2, 5)) log(—ylp (1 — u(2, 5) u(6, 2)))

_ylm (1= u2, 5)u(6,2)) - ylp (1 - u(2, 5)u(6, 2)) ’ ylm (1=, 5)u(6, 2)) = ylp (1 - u(2, 5)u(6, 2))
Liz(ylm(Pu(Z.S)m(y,Z)) N 1)

i, (LR U129 u(62) )
1-u(23) le( !

1-u(2.5)

- +
ylm(1 —u(2, 5)u(6,2)) —ylp(1 —u(2, 5 u(6,2)) ylm(l—u(2,5)u6,2))-ylp(l—u?2,5)u®,2))

log(1 — u(2, 5) u(6, 2)) log(=y2m (1 — u(2, 5) u(6, 2)))
u(4) (u2,5)-1) y2m (1 —u(2, 5) u(6, 2)) — y2p (1 — u(2, 5) u(6, 2)) *
log(1 = u(2, 5) u(6, 2)) log(=y2p (1 — (2, 5) u(6, 2))) Lis(y2m + 1)
y2m (1 — u(2, 5) u(6, 2)) — y2p (1 — u(2, 5) u(6, 2)) * y2m (1 = u(2, 5) u(6, 2)) = y2p (1 — u(2, 5) u(6, 2)) N
Liz(y2p+1)
y2m (1 = u(2, 5) u(6, 2)) —y2p (1 — u(2, 5) u(6, 2))] - u(4) w(2,5)-1)
log(1 — u(2, 5) u(6. 2)) log(—y2m (1 — u(2, 5) u(6, 2)))  log(l — u(2, 5) u(6, 2)) log(—y2p (1 — u(2, 5) u(6, 2)))
- y2m (1 —u(2, 5) u(6, 2)) — y2p (1 — u(2, 5) u(6, 2)) * y2m (1 —u(2, 5) u(6, 2)) — y2p (1 — u(2, 5) u(6, 2))
Lir(y2m + 1) Lix(y2p + 1)
y2m (1 — u(2, 5) u(6, 2)) — y2p (1 — u(2, 5) u(6, 2)) N y2m (1 —u(2, 5) u(6, 2)) — y2p (1 — u(2, 5) u(6, 2)) *
log’(1 - u(2, 5)) (log(~y2p (1 - u(2, 5))) - log(=y2m (1 - u(2, 5))))
u(d) (y2m (1 - u(2, 5)) - y2p (1 - u(2, 5)) B
log(1 = u(2, 5)) (Lix(y2m (1 — u(2, 5)) + 1) = Lio(y2p (1 —u(2, 5)) + 1))
u(4) (y2m (1 —u(2,5)) - y2p (1 — u(2, 5))) ’

log(1 — u(2, 5) u(6, 2)) u(2, 5) u(6, 2) [7

log(1 — u(2, 5) u(6, 2))

+ 6 more pages...

1
[75 log(y2m (1 —u(2,5)) + 1) lngz(fyZm (1 -u2,5)) - logz(u(Z, 5))log(=y2m (1 — u(2, 5))) —

1 1
log(l +— ] log(y2m (1 — u(2, 5)) + 1) log(-y2m (1 — u(2, 5))) + log[l +— ] log(u(2, 5))
y2m y2m
log(—y2m (1 — u(2, 5))) + log(y2m (1 — u(2, 5)) + 1) log(u(2, 5)) log(=y2m (1 — u(2, 5))) +

1
log(1 — u(2, 5)) log(u(2, 5)) log(=y2m (1 — u(2, 5))) +E log(y2p (1 — u(2, 5)) + 1) log2(—y2p (1 — u(2, 5))) +

1
log(=y2p (1 — u(2, 5))) log*(u(2, 5)) + log[l + T]log(yZp (I —u(2,5))+ 1) log(-y2p (1 —u(2, 5))) -
y2p

1
log(l + 7 ] log(—y2p (1 — u(2, 5))) log(u(2, 5)) — log(y2p (1 — u(2, 5)) + 1) log(—y2p (1 — u(2, 5)))
ysp

log(u(2, 5)) — log(1 — u(2, 5)) log(—y2p (1 — u(2, 5))) log(u(2, 5)) + log(1 — u(2, 5)) Lir(y2m (1 — u(2, 5)) +

y2m (1l —u(2,5)+1
log(1 — u(2, 5)) Lia(y2p (1 — u(2, 5) + 1) — log(1 — u(2, 5))L12[T] +
u(2, 5

y2p (1 —u(2,5) + 1 1 1 1
log(1 — u(2, 5)) Liz[i] - Li3[1 + —] - Li3[——] + Li3[l + —] +
u2,5) y2m y2m y2p

y2m (1 —u(2,5)) + 1
I =T,
u2,5) )
y2m (1 —u(2,5)+1 y2p (1 —u(2,5) +1 y2p(1 —u(2,5)+1
Lig(— )m[ ]7u (7 ]7
y2mu(2, 5) u(2,5) y2pu(2,5)

—-y2m (1 —u(2,5)) + u(2,5) -1 —y2m (1 —u(2, 5)) + u(2,5) -1

L13( ]+ u{f ]
u2,5) y2m (1 —u(2, 5)) u(2, 5)

—y2p(1 = u(2, 5) + u(2, 5) - 1 —y2p(1 - u(2,5) + u(2, 5) - 1

. ol )
u2,5) y2p (1 —u(2, 5)u(2,5)

1
Li;(—7) + Liz(y2m (1 —u(2, 5)) + 1) = Liz(y2p (1 = u(2, 5)) + 1) — Li3[
yap

(logz(—y2p) - logz(—yZm)) log(1 — u(2, 5))
(2y2m —2y2p) u(4) w(2,5) - 1)

(u(4) (y2m (1 - u(2, 5)) - y2p (1 — u(2, 5))) +

(log(-y2p) — log*(~y2m)) log(u(3, 6))
Qym-2y2p)ud) @2, -1
(log*(~y2p) — log*(—y2m)) log(1 — u(2, 5) u(6, 2))
2y2m = 2y2p) u(4) (u(2, 5) - 1) B
log(1 - u(2, 5)) (Lia(y2m + 1) - Lip(y2p + 1))

(y2m = y2p) u(4) (u(2, 5) = 1)
log(u(3, 6)) (Lir(y2m + 1) — Lix(y2p + 1))

(y2m - y2p) u(4) (2, 5) - 1)
log(1 — u(2, 5) u(6, 2)) (Lio(y2m + 1) — Lio(y2p + 1))
+

(y2m — y2p) u(4) (u(2, 5) - 1)
1

u() w2,5)-1)

u(d)

log(~y2m) logz(ﬁa,) log(-y2p)log?(=5 ) Tog*(-y2m u4) lng(ﬁ) log?(~y2p u(4)) log(ﬁ)
- + +
y2m —y2p y2m —y2p 2(y2m - y2p) 2(y2m - y2p)

. 1 . 1
Lis(y2m u4) + 1) 1og(74)) Lia(y2p u4) + 1) log(m) logX(—y2m u(4)) log(y2m u(d) + 1)
- +

y2m —y2p y2m —y2p 2(y2m - y2p)

log*(—y2p u(4)) log(y2pu(4) + 1) Lis(-y2mu(4))  Liz(—y2p u(4)) 1
- + +
2 (y2m - y2p) y2m —y2p y2m - y2p u@®) 2,5 -1

[ log(—y2m) logz(#m) log(—y2p) logz(#m) log?(—y2m (1 - u(2, 5))) log(il)
_ + -

1-u(2.5)

y2m - y2p y2m - y2p 2(y2m - y2p)

1-u(2.5)

log2(=y2p (1 — u(2. 5)) log(—‘) Lia(y2m (1 - u(2, 5)) + l)log(#m}
. _

2(y2m - y2p) y2m - y2p

Lia(y2p (1 - u(2, 5) + 1)"‘&(_17“125)) log(y2m (1 — u(2, 5)) + 1) log*(=y2m (1 — u(2, 5)))
- +

y2m - y2p 2(y2m —y2p)

log(y2p (1 - u(2, 5)) + Dlog*(-y2p (1 - u(2,5)))  Lis(-y2m (1 - u(2,5))) Lis(-y2p(l - u(2, 5))
- + -

2 (y2m — y2p) y2m - y2p y2m - y2p
2 1 2, !
1 log(~y2m) log*(1 3= ) . tog(-y2p) o8’ (s )
u(d) (u(2, 5) - 1) y2m - y2p y2m-y2p

log*(=y2m (1 = (2. 5) u(6, ) log 1) log(=y2p (1 - u(2, ) (6, 2)) log( 153 )
+

2(y2m - y2p) 2(y2m - y2p)

Lip(y2m (1 - (2. 5) u(6. 2)) + 1>1og(7w(z 1) Lia(2p(1-u(2, 5)u(6.2) + 1) 1og(7wz.5‘“m)]

y2m - y2p y2m-—y2p
logz(—yZm(l —u(2, 5)u(6, 2))) log(y2m (1 — u(2, 5) u(6, 2)) + 1)
+

2(y2m —y2p)
log*(=y2p (1 = u(2, 5) u(6, 2))) log(y2p (I — u(2, 5) u(6, 2)) + 1)

2(y2m - y2p)

Liz(-y2m (1 - u(2,5)u(6,2)))  Liz(=y2p (I - u(2, 5) u(6, 2)))
+ _
y2m - y2p y2m - y2p

1
—log(~y2m u(4)) log?(1 — u(4)) + log(~y2p u(4)) log>(1 — u(4)) + ]og[] + T]lng(—ylm u(4)) log(1 — u(4)) +
y2m

1
log(u(4)) log(—y2m u(4)) log(1 — u(4)) — log[l ]log(fyZp u(4)) log(1 — u(4)) -

+—
y2p
log(u(4)) log(—y2p u(4)) log(1 — u(4)) + log(—y2m u(4)) log(y2m u(4) + 1) log(1 — u(4)) -



One-loop Hexagons in 6 dimensions

® After ‘symbolizing’ this result, it reduces to

3
1 1
Iﬁ(u17u27u3) — \/Z —2 E LB('CCH—)CC@'—) + 2<2J‘|— §J3
1=1

(@) = 3 (Lin(x) — (~1)"Lin(1/2)) |
3
J=Z(€1(:B;-F)—€1(33{)) wi:ul—l—uz—l—ug—l VA
=1 2u1u2u3
A=(1—u —uy—us)’ —14
x;t — a:i ( Uy — U2 Us) Uiu2us3

[ Dixon, Drummond, Henn;

Del Duca, CD, Smirnov]



One-loop Hexagons in 6 dimensions

® This simplicity motivated the study of more complicated

hexagons:
Y— o vy g = >3 olo) ooty i)
T T5 _ 1 ~\\ 3 _
— Ly(xt, 27) :1—8(61(:1: ) = l1(x7))" + La(z,27)
o UD(XX) (X7
vt = x(1,4,7), X R = = 3 (3 Xy (X
ry =x(1,4,7), ete
o ANXGXe)(XINT)
X R =y (X X (XA )

| Del Duca, Dixon, Drummond,
CD, Henn, Smirnov]



One-loop Hexagons in 6 dimensions

v = x(1,4,7), iR (ATVX X0 (X;17)
_ i, 7, k) = ——=
v =X(1,4,7), A (17) (X, X0) (X A7)
Ag = (1 —uy — uy — uy + uguyty + usityis
+ UgUsUy — Uy Uy U3 U4 USUG)’
— duyuyus(1 — ug)(1 — us)(1 — ug).
= 2us3(1 — ug)[1 — uzug — us(1 — uzusug)] — (1 — usue)(gy — Ag)
: 2us(1 — ue)[1 — uy — us3(1 — upus)ue) ’
= 2uiuz(1 — ue)[1 — upuy — uz(1 — upugus)] — (1 — u3)(gs — +/A9)
2 2u(1 — ug)ll — upuy — us(1 — upuyus)] ’
= 2u3(1 = ug)[(1 = uaus)(1 — uzus) — uy(1 — us)] — (1 — usus)(g; — +/A)
] ,

2uyuzus(1 — ug)l 1 — upuy — uz(1 — upuyus)]

T 2us(1 — ug)[1 — us — uy (1 — upugus)(1 — ususue)] + (1 — ususug)(ge — v/Ao)
) ° 2(1 = ug)[1 — uy — u3(1 — upus)ug] |

X



