Harmonic R-matrices for th& = 4 amplitudes

Tomasz tukowski
Institut fir Mathematik und Institut fir Physik, Humboldtiersitat

Integrability in Gauge and String Theory
ETH Zurich,

24.08.2012

In collaboration with:

Livia Ferro, Carlo Meneghelli, Jan Plefka, Matthias Stadat

Tomasz tukowski (Humboldt University) 24.08.2012 1/25



Outline

Dilatation operator

for integrable spin chains

[Postnikov]

Plabic diagrams

[Zwiebel] [Arkani-Hamed, Cachaz
Cheung, Kaplan]

Grassmannia
BCFW recursiol

Harmonic actio

(Scattering amplitudds

[Britto, Cachazo, Feng en]
[Arkani-Hamed, Bourjaily, C 70
N N Caron-Huot, T
R-matnceQ [Yanglan symmetr}

[Lieb], [Faddeev, [Drummond, Henn, Plefka]
[Drummond, Ferro]

(Yang-Baxter equatio}

[Yang], [Baxter]

Tomasz tukowski (Humboldt University) 24.08.2012 2125



Outline

- - Dilatation operator
[Scattenng amphtud%s

for integrable spin chains
Plabic diagrams

Integrability

R-matrice§ Yangian symmetr}l

(Yang-Baxter equatio}

Tomasz tukowski (Humboldt University) 24.08.2012 3/25



Amplitudes

We consider color-ordered scattering amplitudes of sugldsfi
=D —
& =G +1'Ta+ 27"1°Se + 20"’ eascol” + 20°n°n“n°eascoG
The amplitudesA, x are labeled by two numbers:
@ number of particles A
o helicity —n*

All particles are masslesg? = 0 = p*% = A\*\¢

On-shell superspaceA™ = (A%, A% ) )

The simplest non-trivial examples are MHV amplitudes — Baraylor formula for the
tree-level: [Parke, Taylor]

_ HPQ R e = eia
An2 = TaE . ) QA_ZA””A’ P —ZA'A'
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Symmetries of amplitudes

At tree level:
@ Superconformal symmetry (ignoring collinear anomalies) [Witten]
jaAn = 0, ja S pﬁu(Z, 2|4)

@ Dual superconformal symmetry - superconformal symmetiuial space

[Drummond, Henn, Korchemsky, Sokatchev]
fo¥et fe%e" aya aA aA a A
XT = XE1= AN, 0" — 0y = Ai'ni
Then
jadn =0,  ja€psu(2,24)™

@ Superconformal + dual superconformal symmetry Yangian symmetry

[Drummond, Henn, Plefka]

Hint of integrability J

Anomalies for loop amplitudes arise from infrared diverces
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YangianY(Q)

level-zero generatois : [ja, jb] = fapic
level-one generatorjél) : [ja,h()l)] = f;bjél) = Infinite dimensional algebré(g)

Serre relations

Yangian invariance of th&/ = 4 tree-level amplitudes

yA, =0, y € Y(psu(2,2|4))

Twistor representatiof* = (i, A%, ")

A 4 O
B = Zzi @
0 _c O L
(M8 = D (V|2 o azm — (1))

For more details see Song He's talk
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ability

@ What about other realizations of the Yangian? Alessandrdél advertised Drinfeld’s
second realization, but we focus on the RTT definition

@ Another approach to the Yangian algebra: monodromy matrice
M(2) = Ri(2)...R.(2)
are generating functions for all levels of the Yangian getws

EOMT

i=0

(l)

N|H

@ In order to find R-matriceR(z) we have to solve th¥ang-Baxter equation

@ Transfer matrices proved their usefulness in the theorgtefjrable models (Quantum
Inverse Scattering Method)
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Questions

What is the relation between these two approaches?

How amplitudes fit into the well-known theory of integrabledels?

What is the role of Yang-Baxter equation?

What about the spectral parameter?
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From dilatation generator to amplitudes (and back)

@ Zwiebel observed the relation between amplitudes and th&aton operator for the
integrable spin chain (Zwiebel]

(AM1A2|Dissa|As. . Arg2) = Argo(Agy ..o, ALg2)

@ Particularly interesting fot. = 2 becaus®,_,» = #H, where{ is the nearest-neighbor
Hamiltonian forA” = 4 SYM integrable spin chain

Spin chain Amplitudes
H="Dy,, As
1 dlog T
R(2) — ?

@ Simple form of the Hamiltonian in terms of the harmonic aatio
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Harmonic action

@ Oscillator representation of the spin chain states

n
two-site statp= [ [A}*100),  p € {1,2}
i=1
where

[AMA:APJ ] - 6 6plap]
@ Harmonic action of the Hamiltonian density [Beisert

Haa|two-site stat = _ Cnny,ny0c; 00, 0| @another two-site state

where
F("12+n21)r(1+ n— nl% n21)
ra+3

( _ 1) 1+n1onp1

Cn,ngz,np1
n
Choo = h (5)
@ It gives the same results as

H=2xJ+1) -v(1)), JI+1)=C
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Basis of hops

@ Itis an integrable Hamiltonian as it is generated by an Rrmat

d
H= d—zlog R(2)

z=0

where ( :
'z+J+1
RO =Vt zr57

@ Difficult to directly see the relation to the harmonic acti@an we express this R-matrix
in the harmonic action language - harmonic R-matrix?

JI+1)=C

@ Focus on compact representations (one-row) and introduce

1 . _
Hop, = ——AlMAl%  ATAATR  ATBA g AigAsa ... Asn

ili!
Then s
Hiz = Z Cas,i,i HOp;

i=0
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Harmonic R-matrix

Solve the Yang-Baxter equation o 0

t 0
1 2 T 2

R(z - 2) (2R + (3)R) (208 + (B2)5) = (208 + (2)R) (205 + ()5 ) R@z - 2)

where(J)4 = A/*A . Using the following ansatz
R(2) =) ai(2Hop,
i

one finds

S

P(z+1)r'(z+1)r(—z+s+1) sinT(—z+s—i)
I(z+s+1) _ 0

R(z) = B(—z+s—1i,i+ 1)Hop;

p(2)

The right hand side is finite for all- no need for regularization
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Harmonic R-matrix (2)

@ Taking the logarithmic derivative of the harmonic R-mawhe finds the Hamiltonian in

the harmonic action form

@ Why is it relevant to amplitudes?
One can rewrite

(A1A2|R(2)|ATAL) = /dclldclzdczldczzf(cn, C12, C21, C22; 2) X

X 3(A] + C11A1 + C12A2)5(AS 4 CarA1 + C2A2)

@ Similar to the Grassmannian formula for amplitudes
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Amplitudes in the Grassmannian language

[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Cheungn€harov, Hodges, Kaplan, Postnikov, Trnka]
k n k n
Lo — Ha:;L Hi:l dGai 544 Sz
nk = 7 1 Cai Zi
MMz Ma 117\ &

o 24— (", 3

@ C = (Cai) - k x ncomplex matrix

@ Mp=(p...p+k—1)-determinants ok x k submatrices
@ gauge freedomGL(k)

Example

Lar = 54l4(31 + C1323 + 01434)54|4(Zz + 2323 + C24Z4)

i

/ dcizdciadcozdcos
C13C24(C13C24 — C14C23)

Cco 1 0 ciz cCus

0 1 cx3 C

v
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Unigueness of Yangian invariants

@ The formula forCn x is Yangian invariant (up to total derivatives)

@ Itis uniquely determined by the requirements of Yangianmatmy, cyclicity, and physical
he|ICItIES [Drummond, Ferra][Korchemsky, Sokatchev]
@ If one relaxes the helicity condition more general Yangiamriants can be written
k n
IT5_, [T, dea 44
NV k = tla=12li=1 "H¥ e 54 Cai Zi
mk MiMaz ... My ( )}:[1 ; A

whereF (C) satisfies some differential equation
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YBE in the Grassmannian language

Yang-Baxter equation:

t O X
1 2 T 2

R®@ (2(32)5 + (-1°(WR E)E) = (2% + (-1°(WR (3)) R
with ansatz

dcizdciadcadces
R(z) =
C13C24(C13C24 — C14C23)

F(C;2)0""( 21 + C1323 + €1a24)8"* (22 + €23 23 + C2424)

and the fact that all particles have physical helicitiesitei® the answer
z
F(C;2) = ( C13C24 )
C13C24 — C14C23
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BCFW

@ What about general scattering?

) A||-|00p I’eCUI’SIOn re|atI0n [Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka

i+1 i

@ Using BCFW recursion relations we can write all amplitudemp®ying only two objects:

Az 1 —é\ As» —)\

@ Amazingly, one can express all amplitude using only onishagrams
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Amplitudes fro

For tree level: Dictionary  postnikov]
; T o F
k
—|— A nd
in-1' - k+l {f
Examples:
4, 1 ~ L
A4,2 = Ae,s =
2
2

4

These are tree-level diagrams even though we see loops here!
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Three-point harmonic R-matrices

@ Can we find objects which after gluing into on-shell diagraimdoice R(z)?
@ What kind of equations do they satisfy?

@ Again there are two objects: MHV R-matrixRs (1, 2) andMHV R-matrix — R, (1, z2)

@ Similar to the bootstrap equation (see Torrielli's talk)

@ They satisfy the following equations:

7(N)eRe(z1,2) = Relz,2)(N)6(z0e + (32)2)
()82 + () Re(21,2) = 7Ro(z1,2)(d)e

@ A second set of equations witfh <+ 2) leads to a second spectral parameter
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Interpretation of the spectral parameters

dade 1
Re(z1, 22) ciczz &z (2 + azg)oM(25 + zst)
1
dade 1
Ro(21,22) Ciczz o 28 + azf + 0z
1

@ Why 2 spectral parameters?

@ We know that 3-point amplitudes are very singular objectisweidemand all legs to be
on-shell, with vanishing central charges and real momérea 8-point amplitudes vanish.
We have to complexify momenta to find the non-trivial answer

@ If we want to find non-trivial R-matrices we have to in additieelax the central charge
(helicity) constraints

(JWARe(21,2) = zRo(z,2)
(2)ARo(21,2) = 2Ro(z,2)
Ro(z1,22)(J)a = (z1+2)Ro(21,22)
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A new way of going unphysical

The spectral parameters have the interpretation of ungdiysarticle helicities! J

@ For 4 points we get one non-vanishing spectral parameter @manding that outer
particles have vanishing central charge

f dcy3dc 4dcp3dcp ( C13C24 )254|4(C . Z)

€13624(C13C24—C14C23) \ C13C24—C14C23

@ For higher-point harmonic R-matrices the number of paramairows and is equal to the
number of loops in the on-shell diagram

d°c 414
f (123)(234).‘.(612)‘Ys | (C-2)

Z z
(C36(016°25*015026)) 1 ( 1506 detC ) 2

C16(C26C35—C25C36) C16(C14C25—C15C24) (C25C36 — C26C35)
Z
c14(C15C26—Ca6C5) | C15C26
C16(C14C25—C15C24) (C16C25—C15C26)
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@ One can write any loop amplitude using on-shell diagrams

A Anzkl J

@ The simplest example ig¢%s ™ — A;'3*. One gets:

Al Ioop tree Ievel/ d4q
0?(d + p1)?(g+ p1 + P2)%(q + p1 + P2 + ps)?

@ Tree-level amplitudes factorize, and we are left with the imbegral B)

@ The box integral is known to be divergent one uses dimensional or mass regularizatiol

-3((3)+ () )05
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Exciting possibility: spectral regularization

@ Use the spectral parameter(s) to regulate loop amplitudasiovel way
@ Should provide a symmetry-preserving regularization sehe

@ In particular, we stay in exactly four dimensions: repldoaensionategularization by
spectralregularization

@ Currently under active investigation
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Summary and outlook

@ We constructed a new class of objects which are deformatibtie ' = 4 amplitudes
@ We introduced spectral parameters into the scatteringiardplproblem
What is it good for?
@ Analyticity requirements in the spectral parameter pldraufd fix contours of integrations
@ Possibility to provide a novel symmetry preserving reguiat
@ Should allow to establish the exact link between the anghditand the spectral problem
Outlook:

@ Introduction of the spectral parameter was the key to sdleeddS/CFT all-loop spectral
problem (ABA, TBA, Y-system). Hopefully history will repééself !

Tomasz tukowski (Humboldt University) 24.08.2012 24125



Tomasz tukowski (Hur




