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Motivation

Goal = Quantization of the AdSs x S° superstring
from first principles

—| Construct corresponding Quantum Integrable Lattice Model

- Long-term goal...
- Would provide a proof of quantum integrability



Motivation & Difficulties

Goal = Quantization of the AdSs x S° superstring
from first principles

— | Construct corresponding Quantum Integrable Lattice Model

- Necessary Step = Classical integrable discretization

Already very difficult !
Old problem for integrable Sigma Models !

Difficulty comes from their Non-ultralocality

—» Review: - What 1s Non-ultralocality
- Why 1t 1s the origin of difficulties



Classical integrable discretization

- Lattice ., : -
. .77+t Dynamical variables
v —

St om encoded in matrices 7" (A )
n—1
A: Spectral parameter
N sites with periodic conditions

What kind of Poisson bracket for 7"(A ) in order
to have a classical integrable lattice model ?



Freidel-Maillet Quadratic Algebra

[Freidel-Maillet '91]

{1, 15"} = apT{'T,"6™" — Tz"’dpﬁm "
_I_T]”b]?T’;”5”?+l M [’?T]”S}”’H_Fl
With 7' =T"(A)®I
Tz =1 T™(u)
ajp = ap(A,u) and similarly for b, ¢ and d



Freidel-Maillet Quadratic Algebra

{Tlﬂr 2}?1} _ HIZT]” :;n(cjm,n - Tln Emdlzém,n
4 T]rzb]ET:;nam—H:n L qm{‘lgT]”(Sm’”_H

> Antisymmetry



Freidel-Maillet Quadratic Algebra

{Tlﬂ_. 2.* } — a "J'T] T;HSH? ST Tzﬂidl?ﬁm H
FTb TS T, T ™!

arz, a3 + |as, ax) + ayz, axs) = —|Ci2,Cy3)

dyp.dy3] + [dy3,do3] + [di3,dr3] = —[C12.C3]
[aya,c13) 4 [ar, co3] +[c13,003] = 0-
di2,b13] +[d12. 023 + |D13.D23] =

[

(5 : Quadratic Casimir

— Jacobi identity



Freidel-Maillet Quadratic Algebra

{Tlﬁr 2H'I} — q ’?T] n5m N/ jF?(i]’}(Sm’H
1+ T]rzblzT:;HSm—Hﬂ m ( T]FIS.!H n+1

a—d+b—c=0 > Integrability

Monodromy M = TNTN=1 .. T*T! has Poisson bracket:

{M.M>} = a1oMM> — MiM>d > + M1b12My — Mac12M,

—_— TrM¥ in involution




Non-ultralocality

- - - -

* * e Tn+l
» . JT?
On—1

Comes from b and ¢

- -

{T]H m} o ﬂle] T;HSJH n Tln Emd L5
1 T]”blzT:;ﬂ(Sm—H’ﬂ m C T]H(gjm n-+1

Consider b=0:
- Previous conditions imply ¢=b=0 and a=d with
a solution of modified classical Yang-Baxter equation

- Corresponds to ultralocal model and in particular

{M.My} = [a2,M M,




Continuum Limit

Cn+1 f G/l :
(A =Pép [ Z(c.A)do (0,4)
o Spatial Lax
Matrix
{TIHTT_)m} = ﬂ]jTlnT_ﬁm(SmH T| T“} d|‘35mﬂ—|_T|”b]’}T‘fH5m_ T,} (]‘}Tl 5.??1 i+

'

(L. DL} = [r10. L + Dogo + [512, L1 — D066 + 25120 667

l l
r:a+§(b—ﬂ) 5:§(b—|—(?)

- PB of Lax matrix are of the r/s form with r and s
stemming from (a,b,c,d)
- Non-ultralocality carried by the matrix s [Maillet '85 '86]



First difficulty for the superstring

Good news

1. Start from continuum
2. Hamiltonian Lax matrix known [M.M. '08, Vicedo '09]
3. Its PB are of the r/s form

i =psu(2,2|4) =0 @i @ g5
with [f,§9] c§*) mod 4
and ) = s0(4.1) @50(5)

l l 9, s I, 22
512(/1_';”') 1(2 14 )C](E:U) H(A -‘u_-_)L-Ju-)ng )

l 3 ".'; 1 e . .

1(/1 M ]—?LH")C%‘}nLZ(u A ‘—u&j)cgn




First difficulty for the superstring

Bad news
r and s do not stem from any (a,b,c,d)

Same situation for Principal Chiral Model, Coset Models !

1/s algebra of the continuum
- cannot be discretized
as a lattice Freidel-Maillet algebra




More difficulties

Could say:
1. Start from known PB algebra of the Lax matrix on continuum
Cn+1
2. Compute then PB of 7"(1) = Péxp ZLlo,A)do
On

Problem: These PB are not well defined

Schematically, comes from:

On+1 Om+1 )
/ d{}'/ do agaggf:_X(ﬂn—l—l;[ﬁm-ﬁm—l])_.X(G-n:[ﬁm«gm—l—l])

Jﬁ JF” \ /

Characteristic function of the interval:
Undefined when two points coincide !

—— (Old problem ! What to do ?



Faddeev-Reshetikhin approach [Fr e
Concerns SU(2) Principal Chiral Model

Described by:
- Hamiltonian H = [ do Tl‘((j{])2 +(J' )2)

- Canonical Poisson bracket

{i1(0). f3( ’)}Z[Clz-ﬁ(ﬁ)]fﬂ'ﬂg
{f'] o) J"Z{G'J)} — [Clﬁfé{ﬁ]] CIZ‘S{IG’
{ji(0).j3(c")} =0

l

- Lax matrix Z(A) = —=(j' + 1)

— Satisifies a non-ultralocal r/s algebra

FR Strategy = To get rid of Non-ultralocality



First steps of FR approach

1. Keep the same Lax matrix

2. Replace canonical non-ultralocal PB by the ultralocal PB

{1(0). j5( ”)} =
{!1 (0). Jé o)} =
{!1 (0). J} o)} =

C1a. j5(0)

C2, j3(0)
C12, j3(0)]
)

5&' o’
O o'

O o'

3. Find Hamiltonian A’ such that (H',{-,-}') has same classical

dynamics as (H.{-,-})



First steps of FR approach

1. Keep the same Lax matrix

2. Replace canonical non-ultralocal PB by the ultralocal PB

{1 (o), 3 ”)} = [C12. f%’( 0)| 06c
{;’l g‘) J'é } = CIZ J2 (}') 5{?&'*’

X
{;’1 (0), J'} } = C]E 12(5) O o’
)

3. Find Hamiltonian A’ such that (H',{-,-}') has same classical
dynamics as (H.{-,-})




Degeneracy of ultralocal bracket

- A priori, look for H' s.t. Vf, {H'.f} ={H, f}
- But ultralocal PB is degenerate '

Ty =Tr[(j'+ j")?] are Casimirs i.e. {h,Toy} =0 Vh

'

1. Only possible to reproduce Reduction of PCM dynamics
defined by setting Casimirs to constants

2. Can be done 1n a consistent way because these
quantities are chiral/antichiral

Reduction of conformal symmetry

— Hamiltomian H' for reduced dynamics



How to generalize FR approach
to the superstring ?

- Keep Lax matrix

L) =A0 4+ 123 430)a0 1} (2724224 1 13171 +23)4G)
INVTEE RS EIPE, ONSIPECNPES, CINIFENPES, ©

- Replace canonical PB
{a(0),47(0")} =0
{a(0).1 (0"} = [}5.A(0)] 8501 = 814 /C15 S50
4 L
(0 (0).15"(0")} = [c1y". 11577 (0)] 800

by ultra-local one:

(o} =2



How to generalize FR approach
to the superstring ?

Try to mimick FR:
I ) 1 I
{H{ o) H%" (o)} = C]ZJ H{ ) (0)]066
{AU ) Hgﬂ(gf}} _ CEMJ U+ﬂ(ﬁ]](5gg
(a(0).47 (6"} =€) 11,77 (06)]864r
But

- No sign of Coset
- Its Casimirs are inconsistent with the dynamics of the superstring !

> Impossible to guess !



The way out of the tunnel

Needs to understand better the algebraic setting
behind Hamiltonian integrability of the superstring
and more precisely,
the deep origin of Non-ultralocality.

Rephrase integrability in the
right framework
= R-matrix approach

[Semenov-Tian-Shansky '83]

Already done by B. Vicedo in 1003.1192



Quartet behind integrability

+ Loop algebra: Twisted loop algebra
F={XA)ef | oX(-id)]=X (1)}

o: Usual Z4 automorphism

« Lax matrix &

* R-matrix
R=T>0— <0
_— \
Projection on § @ Cl[A]] Projection on f@ A ~'C[[A7!]]

Solution of modified classical Yang-Baxter equation:

[RX.RY] —R([RX.Y]+[X.RY]) = —[X.Y] VX.Yef



Quartet behind integrability

+« Twist function

1614

ﬁf’(lj = (1 _14)2

Defines twisted inner product on ?ﬁ

Note that

(X.Y )¢ = Residue;

ﬂ
:{}l

O (A) SUX (A)Y ()]

di

A

¢ = du with u(A) = Zhukovsky map




Origin of non-ultralocality

I. At abstract level: Quartet enables to define Kirillov-Kostant PB
(associated with R-matrix) on central extension of C“(S] 1)

2. In practice:

{4, 2) = [r2, L1 + D066 + [512,L41 — 22]066 + 2512054+

PB corresponds to r/s form with

r=%R—R*) and s=2%i(R+R"

R* defined w.r.t. twisted inner product: (R*X.Y )s = (X,RY )¢

3. Algebraic origin of non-ultralocality

Non-ultralocality <= R* #+# —R

4. Now possible to quantify Non-ultralocality !



Origin of non-ultralocality

For twist ¢ R*:—[(}L_]@)_l}GRD[&_]@]




First try
R*=—[(A7'¢) " ToRo [A719]

Suggests procedure to get rid of non-ultralocality

(5°. L. R A1) —(F°. LR, 1)

Problem: Leads to completely degenerate PB |

Reason: Loop algebra is twisted
Str(f95U)) = 0 if i + j % Omod4

'

(X,Y); = Residuey _odA Str[X(A)Y(A)] =0

— Impossible to completely get rid of non-ultralocality !

—» Good lead: Can recast original FR procedure in this language



Second try

(5°. L. RA0)—(°, 2R

R=T>0—TTco — 1= Twg— T-(

s= 1y = Projector on constant part fm} of f©

sia(A.p) =Cjp)

[Semenov-Tian-Shansky r and s stem from (a,b,c,d)
and Sevostyanov '95] satisfying Freidel-Maillet
conditions !

a=r+aoa, b=—-—s—0a, c=—-—s5+4+0a, d=r—uo

o = skew-symmetric solution of
modified classical Yang-Baxter equation on fm}



Alleviation of non-ultralocality

00
sia(A.u) =Cip)

[Semenov-Tian-Shansky r and s stem from (a9b9c9d)
and Sevostyanov '95] satisfying Freidel-Maillet
conditions !

a=r+o, b=—-—s—0, c=—54+0C, d=r—uo

o = skew-symmetric solution of
modified classical Yang-Baxter equation on (¥

Alleviation of non-ultralocality
Resulting non-ultralocality 1s mild
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Casimirs of the modified Poisson bracket

Case of Sigma Model on symmetric space F/G
=0 ail) with §9 =g
Phase space variables: (A(DJ._H{Dj.Agj =AW £11D)
¥ =A00) +%(;L—1 +2)AW +%(1 — 2310 —I—%(}L_] — )
Non-vanishing PB:

(a1 (0).45 (0"} = (1”245 (0) + 1} (0)]86e +2C13 8o
(a%(0),45 (6"} = —1c)3.A0 (0) + 1)V (6)]8,4

(A% ). " 6"}y = —1c!Y. A2 V(6)+ 11" (6)]6461
{Afilj(ﬁ)e‘qé”(ﬂf)}f: - dz } 11, }( 0)|050"

(A (e).m" (o)} = (e} .1j }(m]am

MY (e).m"(c")} = ~[c}5". 11 (6)] 86



Casimirs of the modified Poisson bracket

Case of Sigma Model on symmetric space F/G

F— 50 i) with §0 =g

Casimirs
1o Hamiltonian constraint — 19 =0
1) 1)
AE{ AEF’(CF-TJ:HJFT
withur e Rand 7T € f“}
Tr [(AQ ) )"] | Polar decomposition theorem
1 _
AV (6, 1)=u_gY(6.7)Te(0.7)
withu_ e Randg(o.7) € G




Casimirs and Pohimeyer reduction
[Pohlmeyer '76]

Casimirs are consistent with dynamics of Sigma Model !

Casimirs Interpretation

1% n® —o
Hamiltonian constraint

(1) (1) _
AL Ay =T
Partial gauge fixing condition
and Partial conformal symmetry reduction

Partial conformal symmetry reduction

Fixing Casimirs <= Pohlmeyer reduction




Result of the procedure

- Left with phase space variables (g € G,AV ¢ g)
- Satisty the PB

{g1(0),82(0")} =
{E]( ( o' };— _231( )Cgﬂjaﬁﬁl
{Am;( uf (o) )Y __2[(-,](30)”450)( 0)|0g5 +2C 00}51;6;

- Lax matrix

LA =A0 L 7 e e Ap.T

- Hamiltonian H' determined



Consequence for symmetric space
sine-Gordon (SSSG) models

Pohlmeyer reduction of
= SSSG model
Sigma model on symmetric space F/G THoE

[Eichenherr, Pohlmeyer '79]
Lagrangian formulation: G/H gauged WZW model + Potential term

Lie algebra h = Elements of g commuting with 7 [Bakas et al. '96,
Grigoriev and
Tseytlin '07]

I. {-,-} is the canonical structure of SSSG models !
2. H" and & are the corresponding Hamiltonian and Lax matrix

'

Non-ultralocality of symmetric space sine-Gordon models
viewed as gauged WZW models + Potential is mild

Results:




Case of the superstring

Same results for AdSs x S° superstring: [Grigoriev and
Tseytlin '07,

- Alleviation procedure leads to Pohlmeyer reduction  Mikhailov and

.. . _ Schafer-Nameki
3 Casimirs of {-, -}’ that correspond to gauge fixing 7,

conditions of Kk-symmetry

- Non-ultralocality of AdSs x S° semi-symmetric space
sine-Gordon model 1s mild



Remarks

1. No freedom in the procedure !
Mild non-ultralocality — Moditied PB — Pohlmeyer reduction

%

2. Canonical structure of (semi) symmetric space o models

[Mikhailov '05, '06, Schmiddt '10, '11] l Pohlmeyer reduction

Poisson bracket on reduced phase space 1s non-local '



Remarks
3. Complex sine-Gordon
- As a gauged SU(2)/U (1) WZW model + Potential:

Non-ultralocality mild

- However, if U (1) invariance is gauge fixed:
— Gauge fixed action:

pa’ 2
/dﬂu”f%( % ¥ —mz\lyﬁ)

— Compute associated r/s structure: Dynamical ! [Maillet '86]

— Try to discretize at the level of gauged WZW

Reminiscent of other results within factorized scattering theory
[Dorey and Hollowood '95, Hoare and Tseytlin '10]



Conclusion

Non-ultralocality of generalized sine-Gordon models 1s mild

Generalization of first steps of FR procedure

Pohlmeyer reduction

Challenge: Reach same situation as for ultralocal models. One
knows from [Freidel-Maillet '91 '92] that one has to search for
representation of Quantum Algebra

ArA = A
A]ZT]HTQH _ TQHTIHDIZ 12 ]3‘423 23‘413/412
D12D13D23 = Da3D13D12
A12C13C3 = C3Ci3A 712
D12B13B23 = By3B13Dq3

n+1 n nrn+1
T]” 2n—l—] _ zn—i—]C]leﬁ



Conclusion

Appealing structure which brings hope that one may be able
to quantize from first principles
at least the Pohlmeyer reduction of the superstring !
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