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Introduction

- Motivation & Background -




One of the most important progress in string theory

Integrability in AdS/CFT (see Beisert et. al. 1012.3982)

Next Step: [ Integrable deformations of AdS/CFT ]

[Basso’s talk, Torrielli’s talk, Hoare’s talk, van Tongeren’s talk]

NOTE  AdS/CFT belongs to the rational class (like XXX-model)

—> Our motive an XXZ-like deformation of AdS/CFT

As an example, we will concentrate on squashed S3.



What is squashed S3 ?

— Round S3 with the radius L

L2

ds?® = [d92 + cos? 0dg? + (dip + sin Ode)?]
‘ , ) ' 3 angles
S2 S1 fibration (0, b, )
Isometry: SU2) x SU(2)r
‘ a deformation of the round S3 ﬁ =0
/— Squashed S3 \
2 _ L* 2 2 : 2
ds [dﬂ + cos” 0do” + (1 + C)(dvp + sin 0d¢)~]
Isometry:  SU(2) xU(1)r squashing parameter

-

/
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Group element representation of squashed S3

Let us introduce the SU(2) group element: g — equl e9T2e¢T3 - SU(Q)

Here @, ¢, 1) are the angles of $* and T,’s are the SU(2) generators:

1
T4, Tp) =ca5 Tc = Te(TaTg) = —50an

Then the left-invariant 1-form is expanded as

J = g_ldg = JlTl + J2T2 -+ J3T3

Finally the metric of squashed S3? is rewritten as

ds* = —[(J)+ (J*)*+ (1+O)J°)? (XXZ-like deformation)

= 7 [W[(1)?] — 20(Tx(JT3))?]




/— Sigma model action on squashed S3  (squashed sigma model) \
S = [dtd:c (Tr(J,J") — 2CTe(T5J,) Tr(T5J")]

" = (t,xz), nu = (—1,1) : 2D Minkowski spacetime

\ Benjamin’s talk! /

Boundary condition: g(t,r) = goo : const. (x — F00)
That is, J,(x) vanishes rapidly as r — *o00.
Global symmetry: SU2). xU(Dgr
g =€, T, 03 = —ep gT? .

Classical EOM: o"J, —2CTx (T°J,) [J*,T°] =0



We discuss the classical integrable structure of squashed sigma model.

For quantum integrability, see [ Wiegmann, Balog-Forgacs-Palla, Basso-Rej]

Our claim

There are two descriptions to describe the classical dynamics

based on the global symmetry
1)  Trigonometric description based on U(1),

2) Rational description based on SU(2),

Lax pair and monodromy matrix can be constructed for each of them.

1) Two kinds of Lax pairs lead to the identical EOM.

2) The monodromy matrices are gauge-equivalent.

Hybrid integrable structure !



Plan of the talk

1. Trigonometric description

2. Rational description

3. Equivalence of two descriptions
4, Summary & Discussions




1. Trigonometric description

I. Kawaguchi and K.Y., PLB705 (2011) 251 [arXiv: 1107.3662].
I. Kawaguchi, T. Matsumoto and K.Y., JHEP1204 (2012) 115 [arXiv:1201.3058].

c.f. Cherednik, Theor. Math. Phys. 47 (1981) 422,
Faddeev-Reshetikhin, Ann. Phys. 167 (1986) 227.



___ Trigonometric Lax pair }

LE(z; Ag) =

3

Y waAr + @) (Ji 4+ JE) — wa(Ag — @) (Ji — J¢)] T°

a=1

3
(@3Ar) = = Y [wa(Ar + @) (J} + J&) + wa(Ar — a) (J7 — J§)] T*
a=1

[Cherednik, 1981] [Faddeev and Reshetikhin,1986] =—

sinh « tanh o
A = )\ = A = _ 2
w1(Ar) = w2(AR) sinh A’ w3(AR) tanh Ay C' = —tanh” o
l reflect U(1); symmetry.
— Monodromy matrix
conserved

UR(AR) = Pexp U

oo

dt

— o0

dx Ly (z; )\R)] = Iy E(X)

=0

NOTE

The classical r-matrix is of trigonometric type.
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Enhancement of U(]_)R [SU(2), is broken to U(1); due to the squashing]

U(1), current: jf’g = —2(14C)Tr (Tg.fu) (Noether current)

The broken components of SU(2); are realized as non-local conserved currents.

l [I. Kawaguchi and K.Y., 1107.3662] ]
ji’i = —2e'X (77#,, + i\/aew,) Tr (TiJ”) [Ti = %(Tl +iT?)
L[ R.3 VC
r)=— dy e(x — ’ = < __
\@=3 [ dyelz =) v=2C
non-local ez —y)=0(x—y)—0(y — =)
— Conserved charges ~N

1/2
» | on e, Q= () [fwitte

. J
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Current algebra

{3 @), i)

+i 27X 3 ()5 (2 — )

1

+
2y

Q. [ X 5(x —y)

*(y),

R4 R.+ . R.+ R,
{Jf' (). 7; "~ (y) tiye(x —y) g~ (2)]

R.3 Rt
{Jf (), j; 7 (y)

Jo
j

= )0 —y)

/— qg-deformed SU(2), algebra

qQR,3 B q_QR,B
{QR,—F’ QR,—}P — 4 pa—— ’ {QR,?),QR,i}P _ iiQR,i
A deformati ter: =el =ex Ve
erormation parameter: q = — p 1 —|—C

\_

~N

/
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The classical analog of quantum affine algebra

There are the other non-local currents [l.Kawaguchi-T.Matsumoto-K.Y., 1201.3058]

jiE = —2e7 (i, £iVC ey, ) Tr (TTJ7)
1/2
@RSZ_QRS AR+ — //dx ER,:E(:U)
N ’ ~ \'sinh~ g

c.f., the previous ones slightly different!

i = =207 (i £V e ) Tr (THJ7)

1/2
Q™ = /das §i ), QP = (Sm'{w) /da: ji (@)
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A—-

The defining relations of quantum affine algebra: U,(sl(2)r)

R.,3 _ AR,3
9 —q
! 1

{QR..j:?QR,q:}P — + -
q4—dq
OR3  _(OR3
q q

AR+ AR, —
{@r=.grs) — 4 1

q9—4q
{QR::&: QR"B}P — :F/‘iQRj:l: y {QR":&. @R.:S}P = :l:?:QR’:l::
{@R‘i, QR‘:‘)’}P = IF?f@R’i? {éRngR.B} _ :I:?jéﬂ.,i:

P

The classical analog of Serre relations:

{QR,i? {QR,i: {QR.,i?@'R,i}P}P}P — 2 {QR,i?@Rﬁi}P (QF+)?
{éR,i: {éR,i: {éﬁ’ﬁi.QR,i}P}P}P S {éRi*QRi}P ()2
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Infinite tower of conserved charges

Level k
A Rt
3 @)
2 \
1 QAT
NA \
0
o ey
A \
_2 /
) <R+
3 Q3)
, +
where Qfo)g = 3, Qﬁ) =

{QR’_v }P
{QR’_F: }P
{QR’_’ }P



Concrete expressions of conserved charges

R3 ~ . R3 ~R.3
Q=[x i@ = -Qff.

QR=+ —f dz j;**(z), Q(l’_ :f_ dr 3, (),

Qfﬁf—de/ dy ez —y)j; " ()3, () —91/ dz ;P8 (x) — L= Cgna

T Y0

Qi=/¢m (@), éﬁzfﬁmt(y
Q% = [ do [y ela—)il @5 @) +2 [ daif) + 200
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— Another derivation: expanding the monodromy matrix

Expansion in zr| > 1 /> Q(O), Q i Q(l) ; Q

2R = e R (the upper half of the tower)

Expansion in 2r| <1 wmp Q(O)’ Qi Q(l) , Qg,)s

(the lower half of the tower)

Yangian limit

ait f(@ - Q) = [ae s ("’*")‘i//dmdw—w T (@) 7()

C—0 94
- Rr_ . ’ 3 .
(1:12}] 2“/_ (Q{l — Q) ) /d.r J( //{Erdyé x—y)J; (z)J; (y)
.1 3 AR
tim 1 (@ - Q) = [dr 22a) + 5 [[asdyela - ) 3 @) ()

SU(2); Yangian generators are reproduced.
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2.

Rational description

|. Kawaguchi and K.Y., JHEP1011 (2010) 032, 1008.0776.
|. Kawaguchi, D. Orlando and K.Y., PLB701 (2011) 475, 1104.0738.

c.f. J. Balog, P. Forgacs and L. Palla, PLB484 (2000) 367, hep-th/0004180.
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The key ingredient

SU(2), Noether current:  jb =09,99~ " —2C Tr(T3J,)gTsg9 ™"
Conserved <4=m EOM

— BIZZ construction [Brezin-ltzykson-ZinnJustin-Zuber PLB82 (1979) 442]

If the conserved current j,u, satisfies the flatness condition,

€”V(8ujv - juju) =0

then an infinite number of conserved non-local charges can be constructed.

The flatness condition for the SU(2), current :
" (Oujly —ijil) = —Cetd,gT3g=1)d,gT3g™ )

\ 4

Non-vanishing, because C # 0 . But total derivative!
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[J. Balog, P. Forgacs, L. Palla, 2000,

Improved currents | Kawaguchi, K., 1008.0776]  ~

L 700
ju= = jE FVC e, 0" (gTsg™") Improvement term

!

const. Ambiguity to add a topological term
These currents satisfy the flatness condition
% [ Ly Lyy
" (Oujy= — Ji%3,%) =0
BIZZ

‘ An infinite number of non-local charges  (straightforward)

20



An infinite number of conserved non-local charges:

0-th Qfl = /da:gLi’A(:c) (SU(2)_ Noether charge)

, Li,C
st Q) —fdeL*A //da?dye z—yepdi H P ()i (y)

Non-local

e(x—y)=0(x—y) -0y —z)

NOTE the sign of improvement is irrelevant at the charge level

L Two copies of infinite sets of conserved charges

What is the charge algebra ?
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Current algebra with 42 = ¢

G @), 505 () e = €48 0d =0 (2)8(x — y)

L @), ji P () e = e*P ji+C (2)8(z — y)
(1 + O)éABaxé(x _ y) [Magro’s talk]

(@), 3552 (y)e = —Ce*P 0, = (2)6(z — y)

The current algebra is deformed due to the improvement.

4 N
E— Is Yangian algebra still realized?

(non-trivial question)
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A pair of SU(2), Yangian algebras

{Q(O) 3 L B}P — EABCQﬁ)’)C

Non-trivial modification only for this part.

{Q (0) 7 (1) }P — EABC’Qﬁ’C \l'
QG Qu Y =P clQly + QLCQL)DQ(LO)D—OQfdﬁ

Serre relations are also satisfied.

In summary,

[ Yangian algebra is realized even after the squashing. ]
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Lax pairs and monodromy matrices

— Two kinds of Lax pairs I )\Li : spectral parameters —

1 . w
Jﬁi — € j "]

L —
L Oee) = 7 |

L
L [51; — Ly*,0, — La{’i} — 0  due to EOM and flatness condition

— Monodromy matrices

ULi()\Li):Pexp[/ d:cLiii(x;)\Li)] o iy —o

conserved
o0

dt

— 00

NOTE

classical r-matrix is of rational type
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The list of symmetries and integrable classes

Global symm. SU(2), U(1)g
Hidden symm. Yangian guantum affine
Class (Lax pair) rational trigonometric

Squashed sigma models can be described as two different classes.

-

Hybrid integrable structure

25



3. Equivalence of two descriptions

[I. Kawaguchi and K.Y., PLB705 (2011) 251, 1107.3662]

[I. Kawaguchi-T. Matsumoto-K.Y., arXiv:1203.3400]
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Equivalence of monodromy matrices [Kawaguchi-Matsumoto-K.., 1203.3400]

~_—1 ~
g7 UM (Ary) -9+ = U"(Ag) (Rezg > 0) .
1 L R R=C :
g_ U —()\L_)-g_ =U ()\R) (RezR <0)
where §:|: = 0o eiiTSAR <— Rescaling of sl(2) generators Isomorphism of s(2) ’
T — ¢FrT* for UL+()\L+)
: f TF — e RTE  for Ul=(A\p)
The relation between spectral parameters
( 1/2
AL, —iV/C /
S (Re zg > 0)
N ) )\L+ — 'EV/E
A\, —i/C /
- (Rezp < 0)
A\ +iV/C

(The derivation will be explained later)
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The gauge equivalence of Lax pair

Start from a left Lax pair with + sign,

1

Lt (@iAn,) = 73 AL

+
The gauge transformation is given by

" g w
[L?(;r; )\L.+)] = g_lLi+ (r; AL, )g — g '0.g

[T+(1:|:?\/_) J+T~ (li-ix/f)JIJrTB{HC)Ji}

+Ar, iv/C C C
— = Tt 14+ Jo+T~ J++T3(1 )J"
1+ A, [ ( AL, ) ( AL+ ) + AL,

[T%mw’?) Jo+T(1£/C)JE+T(1 +C)Ji] g

28



By using the relation between the spectral parameters,

tanh a

)lk - — . . .
L = Gnhm (inverse relation)

we obtain that

Ly, 9 _ sinh AR T e ap 7+ acosh(a £ AR)
[L: (= ALJ] ~ sinh(a £ AR) [retde+Ime ™o+ T cosh a il
By rescaling the generators,
T — oTrrT® for UL+()\L+),
we can show that
[Li_ (; AL_+)}Q ~ LE(z; \R). (trigonometric Lax pair!)

Thus we can show the equivalence at the monodromy matrix level,

g;}] . LTL"'(}';L_F) " Qoo = B’rR(/"\R) .

29



How to derive the spectral parameter relation

The relation i itt 2 = A WO (M&bius trans.)
e relation is rewritten as = 6bius trans.
S VNG
The data of monodromy matrix expansions t
Charges \ Monodromies UR(\R) Ul+(Ar.) U= (Ar_)

quantum Qﬁ,’f’ , Qﬁ’}_ éﬁf 0 +ivVC +ivVC

ffi R3 AR+ AR-— ; -

T Qe Q094 20 —iv/C —ivC

; L.a L.a
Yangian Qe > Q) | +1 Il 00 o |
local charges +e Lo @ 41 41 T

Note

[ might be a bit surprising,

UR is expanded in terms of zr

1) SU(2), Yangian algebra can be reproduced from UR()\R)

2) Quantum affine algebra can be reproduced from UY=(\p_)

[ has been discussed already

30



What is the geometrical meaning of the relation?

The space of spectral parameter in the trigonometric description

ImAgr 4 |ﬂ

3m/2

a+m X

—a 4+ i ><7r/2

o X

— X
)

a) ForC >0

ImAp |
-\ 3m/2
—a+m o+
X X
/2
_3 L;I, Re,\R
s Fer s

b) For -1 <C <0

There are four poles in the trigonometric Lax pair.

The position of poles depends on the value of C.
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According to the map

C>0

Riemann sphere with four punctures

32



The space of spectral parameter in the rational description

AL, AL

Two Riemann spheres with two punctures

X +iVC +iVC X

)\L )\Lf

+

join

The two Riemann spheres
are joined on the cut.

This is regarded as a Riemann sphere with four punctures
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The spaces of spectral parameters are identical

Trigonometric Rational
o0 ZR
. [#1
I/ \
I “ X +iy/C +iy/C X
lxoxr x gy
\ I X —i/C —i/C X
\ /
\ /
v
0 )\L_|_ )\L_

The imaginary axis on the zp -plane corresponds to the cut on )\Li—plane.

A trigonometric description = a pair of rational descriptions

C — 0 limit : The cut shrinks to a point (SU(2); Yangian point)
Inversely speaking, the breaking of SU(2), opens up the cut.
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4. Summary & Discussions
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Summary

We have discussed the classical integrable structure of squashed sigma models .

* SU(2) Yangians & quantum affine algebra

 Two descriptions

1) rational one 2) trigonometric one

—) Hybrid classical integrable structure

 Equivalence of two descriptions at the monodromy matrix level

Note The present argument is applicable to warped AdS, at classical level.

Application to AdS/condensed matter physics? [D’Hoker-Kraus, 2009]

Application to warped AdS,/dipole CFT, ? [El-Showk-Guica, Song-Strominger, 2011]
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Other directions

1)

2)

3)

4)

Schrodinger sigma models [Kawaguchi and K. Y., 1109.0872]
The same argument is applicable. Kawaguchi’s poster [}
) g-deformed Poincare symmetry affine extension?

Squashed Wess-Zumino-Novikov-Witten model

The trigonometric description becomes rational _
_ (in progress)
at certain values of the coefficient of WZ term

Other integrable deformations of S3 c.f., [Fateev, NPB473 (1996) 509]
“trigonometric & trigonometric”  “rational & elliptic ” etc.
Half line case twisted quantum affine, twisted Yangian?

c.f., [MacKay-Short, hep-th/0104212]
Regelskis’ poster
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Thank you !



Backup



One may see a larger hidden structure by deforming integrable systems.

EX XXX model —— XXZ model

/_ Hamiltonian of XXZ model

~

Hxxz = — ]Z 75T+ 8Y18Y + AS7 S

A=1: XXX SU(2) symmetry (isotropic)
l broken
AF#1: XXZ U(1) symmetry (uniaxial)

- /

But the remaining U(1) is enhanced to g-deformed SU(2) U, (su(2))

—_—

The g-deformed SU(2) is further enhanced to quantum affine algebra U, (su(2))

— [ Symmetry is enhanced by integrable deformation ]
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The universality classes of classical integrable systems

[Belavin-Drinfeld, 1982]

1) Rational class - XXX model (No deformation parameter)
Hidden symmetry : Yangian algebra

2) Trigonometricclass - XXZ model (1 deformation parameters)
Hidden symmetry : guantum affine algebra

3) Elliptic class - XYZ model (2 deformation parameters)

Hidden symmetry : elliptic algebra
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BlZZ construction [Brezin, Itzykson, Zinn-Justin, Zuber, 1979]

Assume that we have a flat conserved current ju

Let’s introduce the covariant derivative: [ D, = 8# — Ju ]

e

satisfies:

L EMVDMDV =0 6"“/(8ij — ]ujy) =0

With the covariant derivative, one can construct an infinite number

of non-local charges recursively.

NOTE If there is a flat conserved current, then M is not needed to be symmetric.
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Let’s take the Noether current as the Oth current:

J(O)‘u — jM = D,JJX(O) — aMJ(O)u — () Conserved by definition.

(X(O) — —1)

m  Jou =X
v e(x—y)=0(x—y)—0(y — )

X)) =3 [y (e~ 1) Ty w)

Then the next current is defined as J(l),u = DuX(l) :conserved

= " DuDux(0) =0

Repeat the same step ‘ Infinite number of non-local charges -
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g-deformed Poincare algebra

The Poisson brackets we obtained :

{QR1+1 QR,—}F — _QH,E :

{Q"+,Q™?}, = —Q"* cosh (@Q) ,

{QR’_= QR-.'Z}F — %sjnh (g@ﬂ’_) :

QH._+

By rescaling the charge as Q™" —

e
2

g-deformed Poincare algebra :

{QR"-I_-. QH,— }F — _ V;EQR,E 1

{QR,—I—: QR._Z}F — _QH,—I— cosh (@QH’_) :

(", QR*E}F = %Siﬂh (@Qﬁ—)

C =0

—)

C —=0

—

SU(2)y

Poincare
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The classical action revisited

S

- [ / Az Te(jE+ i)

The classical action can be expressed in terms of the improved currents.

Dipole-like form!
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[ Warped AdS; ] =— adouble Wick rotation of squashed S*

S3 = AdS3 . SU(2) — SL(2,R)

1) space-like warped AdS; : 0 — io, & —iu, Y — T

L2
ds® = I[— cosh® od7? + do® + (1 + C)(du + sinh odr)?]

2) time-like warped AdS; @ 0 = io0, ¢ = T, Y — iu
L2
ds® = Z[_(l + C)(dr — sinh odu)?] + do? + cosh? odu?

The difference between warped AdS; and squashed S is just signature

at least at classical level.
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Equivalence of two descriptions

Two types of Lax pair coexist in squashed sigma models .

In order to understand the relation between them , it would be helpful to compare

the present case with principal chiral models.

— SU(2) principal chiral models
SU(2), symmetry rational

SU(2)g symmetry rational

‘ deformation (squashing)
— Sigma models on squashed S3

SU(2), symmetry rational

g-deformed SU(2); symmetry trigonometric
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Let us see the relation between the two descriptions.

SU(2), x SU(2).
SU(2) principal chiral models (Gii=dg-g~", j" =g 'dg)
C =0 mmm) Two rational descriptions are equivalent.
The relationship: ]f = g_ljﬁg (left-right symm.)

l deformation (squashing)

A similar relation holds even after the squashing
-R.3 3 .—1_:L
2 = =2Tr (T +
C+0 Ju (T°g I 9)

JRE = —2e"XTx (T*g~ ' ji+g)

Non-local map [I. Kawaguchi and K.Y., arXiv: 1107.3662]
]

NOTE jﬁ— corresponds to affine generators.
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