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Plan Some lessons from finite-dimensional Hopf algebras

Structure of algebras

Basic algebras

Chains of subalgebras

Frobenius map

Drinfeld map

Quantum Fourier transform

Warning : largely textbook material
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Verlinde formula for fusion simple × projective [Cohen&Westreich 2008]
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Plan Some lessons from finite-dimensional Hopf algebras

Conventions :

⊲ A finite-dimensional k-algebra

⊲ k algebraically closed of characteristic 0

⊲ later on: A in addition symmetric Frobenius

⊲ H in addition Hopf

⊲ later on: H in addition quasitriangular ribbon

But : various results valid in more general situation

⊲ modules = left-modules
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Plan Some lessons from finite-dimensional Hopf algebras

Conventions :

⊲ A finite-dimensional k-algebra

⊲ k algebraically closed of characteristic 0

⊲ later on: A in addition symmetric Frobenius

⊲ H in addition Hopf

⊲ later on: H in addition quasitriangular ribbon

But : various results valid in more general situation

⊲ modules = left-modules

Motivation :

⊲ some structures seen in WLM(1,p) models

⊲ “ categories ; rep categories ; algebras ”
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Structure of A Some lessons from finite-dimensional Hopf algebras

A

⊲ has finitely many simple modules Si up to isomorphism

⊲ every simple module Si has a projective cover Pi

⊲ every indecomposable projective module is isomorphic to one of the Pi

⊲ A as A-module : AA ∼=
L

i∈I dim(Si) Pi
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⊲ has finitely many simple modules Si up to isomorphism

⊲ every simple module Si has a projective cover Pi

⊲ every indecomposable projective module is isomorphic to one of the Pi

⊲ A as A-module : AA ∼=
L

i∈I dim(Si) Pi χA =
P

i∈I
χSi

χPi
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Structure of A Some lessons from finite-dimensional Hopf algebras

A

⊲ has finitely many simple modules Si up to isomorphism

⊲ every simple module Si has a projective cover Pi

⊲ every indecomposable projective module is isomorphic to one of the Pi

⊲ A as A-module : AA ∼=
L

i∈I dim(Si) Pi

⊲ Si = Pi /
`
Pi∩J(A)

´
= Pi /J(A)Pi

J(A) Jacobson radical ( intersection of all maximal left ideals )

A ≡ A / J(A) ∼=
L

i∈I
dim(Si) Si

⊲ AA =
L

αPα =
L

αA eα eα ∈A primitive orthogonal idempotents ,
P

αeα = 1

for each i∈I have dim(Si) values of α s.t. Pα
∼= Pi

⊲ Cartan matrix : CA =
`
ci,j

´
with ci,j = [ Pi : Sj ]
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Basic algebras Some lessons from finite-dimensional Hopf algebras

study the rep theory of A — i.e. A-mod as abelian category —

via the rep theory of the basic algebra B ≡ BA
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Basic algebras Some lessons from finite-dimensional Hopf algebras

study the rep theory of A — i.e. A-mod as abelian category —

via the rep theory of the basic algebra B ≡ BA

⊲ e :=
P

i∈I
ei with ei ∈{eα |Pα

∼= Pi} for i∈I

⊲ BA := e A e reduced form / basic algebra of A
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Basic algebras Some lessons from finite-dimensional Hopf algebras

study the rep theory of A — i.e. A-mod as abelian category —

via the rep theory of the basic algebra B ≡ BA

⊲ e :=
P

i∈I
ei with ei ∈{eα |Pα

∼= Pi} for i∈I

⊲ BA := e A e reduced form / basic algebra of A

⊲ Structure of BA : e.g.

⊲⊲ BA
∼= End(A e) ∼= End(

L
i∈I

A ei) as algebras

⊲⊲ J(BA) = e J(A) e

⊲⊲ BA
∼=

L
i∈I

k

⊲⊲ composition series BA = eA1e ⊃ eA2e ⊃ · · · ⊃ eAℓe ⊃ {0}

if A = A1 ⊃ A2 ⊃ · · · ⊃ Aℓ ⊃ {0}
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Basic algebras Some lessons from finite-dimensional Hopf algebras

study the rep theory of A — i.e. A-mod as abelian category —

via the rep theory of the basic algebra B ≡ BA

⊲ e :=
P

i∈I
ei with ei ∈{eα |Pα

∼= Pi} for i∈I

⊲ BA := e A e reduced form / basic algebra of A

⊲ Structure of BA : e.g.

⊲⊲ BA
∼= End(A e) ∼= End(

L
i∈I

A ei) as algebras

⊲⊲ J(BA) = e J(A) e

⊲⊲ BA
∼=

L
i∈I

k

⊲⊲ composition series BA = eA1e ⊃ eA2e ⊃ · · · ⊃ eAℓe ⊃ {0}

if A = A1 ⊃ A2 ⊃ · · · ⊃ Aℓ ⊃ {0}

⊲ Rep theory : e.g. dimk(Ext1B(Si, Sj)) = dimk(ejJ(B)/J2(B)ei)

JF Zürich 08 05 09 – p.5/21



Basic algebras Some lessons from finite-dimensional Hopf algebras

Relevance : BA-mod ≃ A-mod as abelian categories

⊲ Interpolating bimodules : Ae and eA , i.e. equivalence functor given by

T : BA-mod → A-mod : M 7→ A e⊗BA
M

⊲ Left adjoint and quasi-inverse to T : Restriction functor Res: A-mod → BA-mod

M 7→ e M , HomA(M, N) ∋ f 7→ f |eM
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Basic algebras Some lessons from finite-dimensional Hopf algebras

Relevance : BA-mod ≃ A-mod as abelian categories

⊲ Interpolating bimodules : Ae and eA , i.e. equivalence functor given by

T : BA-mod → A-mod : M 7→ A e⊗BA
M

⊲ Left adjoint and quasi-inverse to T : Restriction functor Res: A-mod → BA-mod

M 7→ e M , HomA(M, N) ∋ f 7→ f |eM

Warning : BA-mod in general not monoidal

H = BA a basic Hopf algebra =⇒ M ⊗ P (N) ∼= P (M⊗N) for M, N ∈H-mod
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Basic algebras Some lessons from finite-dimensional Hopf algebras

Relevance : BA-mod ≃ A-mod as abelian categories

⊲ Interpolating bimodules : Ae and eA , i.e. equivalence functor given by

T : BA-mod → A-mod : M 7→ A e⊗BA
M

⊲ Left adjoint and quasi-inverse to T : Restriction functor Res: A-mod → BA-mod

M 7→ e M , HomA(M, N) ∋ f 7→ f |eM

Warning : BA-mod in general not monoidal

H = BA a basic Hopf algebra =⇒ M ⊗ P (N) ∼= P (M⊗N) for M, N ∈H-mod

NB : B ∼= kQB/I bound quiver algebra ≡ path algebra of (QB , I)

⊲ quiver QB with vertices {i} in bijection with complete set {ei} of idempotents

and arrows i→ j in bijection with a basis of ei (J(A)/J2(A)) ej

⊲ I an ( admissible ) ideal contained in ideal generated by paths of length ≥ 2
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

Certain chains of subalgebras in the center correspond

to chains of subalgebras in the space of central forms
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

Certain chains of subalgebras in the center correspond

to chains of subalgebras in the space of central forms

Ingredient : characters

⊲ character χM of A-module M =(Ṁ, ρ) : x 7→ d̃M ◦ (ρ⊗ idM∗ ) ◦ (x⊗ bM )
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

Certain chains of subalgebras in the center correspond

to chains of subalgebras in the space of central forms

Ingredient : characters

⊲ character χM of A-module M =(Ṁ, ρ) : x 7→ d̃M ◦ (ρ⊗ idM∗ ) ◦ (x⊗ bM )

χM = d̃M ◦ (ρ⊗ idM∗ ) ◦ (idA ⊗ bM ) =

A

M
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

Certain chains of subalgebras in the center correspond

to chains of subalgebras in the space of central forms

Ingredient : characters

⊲ character χM of A-module M =(Ṁ, ρ) : x 7→ d̃M ◦ (ρ⊗ idM∗ ) ◦ (x⊗ bM )

χM = d̃M ◦ (ρ⊗ idM∗ ) ◦ (idA ⊗ bM ) =

A

M

dim(M) = χM ◦ η

Notation : A ≡ Hom(k, A) ≡ Hom(1, A) and A⋆ ≡ Hom(A, k) ≡ Hom(A,1)

Warning : pictures in Vect
k

( not in A-mod )
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

Ingredient : symmetric Frobenius algebras ( assumed from now on )

⊲ A symmetric ⇐⇒ existence of a symmetrizing form t∈A⋆

s.t. t ◦m = t ◦m ◦ cA,A

⊲ A Frobenius ⇐⇒ existence of t∈A⋆ s.t. t ◦m non-degenerate

⇐⇒ also a coalgebra , with coproduct a bimodule morphism

⇐⇒ Φt: a 7→ t↼a isomorphism

with ↼ right action of A on the dual A⋆ :

p ↼ a = p ◦ La =

a

p

∈ A⋆
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

Ingredient : symmetric Frobenius algebras ( assumed from now on )

⊲ A symmetric ⇐⇒ existence of a symmetrizing form t∈A⋆

s.t. t ◦m = t ◦m ◦ cA,A

⊲ A Frobenius ⇐⇒ existence of t∈A⋆ s.t. t ◦m non-degenerate

⇐⇒ also a coalgebra , with coproduct a bimodule morphism

⇐⇒ Φt: a 7→ t↼a isomorphism

Φt =

t

∈ Hom(A, A⋆)
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

⊲ pair of dual bases of A w.r.t. t :

subsets {al} and {bl} s.t.
P

l al (t ◦ Lbl
) = idA =

P
l(t ◦ Ral

) bl

⊲ trace map τ : x 7→
P

l bl x al

⊲⊲ τ is zero on J(A)

⊲⊲ Ae simple A-module iff τ(e) not nilpotent
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

⊲ pair of dual bases of A w.r.t. t :

subsets {al} and {bl} s.t.
P

l al (t ◦ Lbl
) = idA =

P
l(t ◦ Ral

) bl

⊲ trace map τ : x 7→
P

l bl x al

⊲ Chain of ideals in Z(A) : Z0(A) ⊆ Hig(A) ⊆ Rey(A) ⊆ Z(A)

⊲⊲ Reynolds ideal Rey(A) = Soc(A) ∩ Z(A)

⊲⊲ Higman ideal / projective center Hig(A) = im(τ)

⊲⊲ Z0(A) = span of those central primitive idempotents e for which Ae is simple
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

⊲ pair of dual bases of A w.r.t. t :

subsets {al} and {bl} s.t.
P

l al (t ◦ Lbl
) = idA =

P
l(t ◦ Ral

) bl

⊲ trace map τ : x 7→
P

l bl x al

⊲ Chain of ideals in Z(A) : Z0(A) ⊆ Hig(A) ⊆ Rey(A) ⊆ Z(A)

⊲ Chain of subalgebras in A⋆ : C0(A) ⊆ I(A) ⊆ R(A) ⊆ C(A)

⊲⊲ central forms / class functions / symmetric linear functions

C(A) = {x∈A⋆ | x ◦m = x ◦m ◦ cA,A }

⊲⊲ R(A) = span of characters of all A-modules

⊲⊲ I(A) = span of characters of all projective A-modules

⊲⊲ C0(A) = span of characters of all simple projective A-modules
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

⊲ pair of dual bases of A w.r.t. t :

subsets {al} and {bl} s.t.
P

l al (t ◦ Lbl
) = idA =

P
l(t ◦ Ral

) bl

⊲ trace map τ : x 7→
P

l bl x al

⊲ Chain of ideals in Z(A) : Z0(A) ⊆ Hig(A) ⊆ Rey(A) ⊆ Z(A)

⊲ Chain of subalgebras in A⋆ : C0(A) ⊆ I(A) ⊆ R(A) ⊆ C(A)

⊲⊲ central forms / class functions / symmetric linear functions

C(A) = {x∈A⋆ | x ◦m = x ◦m ◦ cA,A }

⊲ dim(C(A)) = dim(A/[A, A]) dim(I(A)) = rank(CA)

⊲ R(A) = R(A) = C(A) ≡ C(A) ∩ { p∈A⋆ | p ◦ J(A)= 0 }

⊲ [M ] 7→ χM is group homomorphism from Grothendieck group of A-mod to C(A)
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

⊲ pair of dual bases of A w.r.t. t :

subsets {al} and {bl} s.t.
P

l al (t ◦ Lbl
) = idA =

P
l(t ◦ Ral

) bl

⊲ trace map τ : x 7→
P

l bl x al

⊲ Chain of ideals in Z(A) : Z0(A) ⊆ Hig(A) ⊆ Rey(A) ⊆ Z(A)

⊲ Chain of subalgebras in A⋆ : C0(A) ⊆ I(A) ⊆ R(A) ⊆ C(A)

⊲⊲ central forms / class functions / symmetric linear functions

C(A) = {x∈A⋆ | x ◦m = x ◦m ◦ cA,A }

⊲ any of the inclusions in these chains an equality =⇒ A semsimple
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Chains of subalgebras Some lessons from finite-dimensional Hopf algebras

⊲ pair of dual bases of A w.r.t. t :

subsets {al} and {bl} s.t.
P

l al (t ◦ Lbl
) = idA =

P
l(t ◦ Ral

) bl

⊲ trace map τ : x 7→
P

l bl x al

⊲ Chain of ideals in Z(A) : Z0(A) ⊆ Hig(A) ⊆ Rey(A) ⊆ Z(A)

⊲ Chain of subalgebras in A⋆ : C0(A) ⊆ I(A) ⊆ R(A) ⊆ C(A)

⊲⊲ central forms / class functions / symmetric linear functions

C(A) = {x∈A⋆ | x ◦m = x ◦m ◦ cA,A }

⊲ any of the inclusions in these chains an equality =⇒ A semsimple

⊲ Φt furnishes bijections Z0(A)
Φt−→ C0(A) Hig(A)

Φt−→ I(A)

Rey(A)
Φt−→ R(A) Z(A)

Φt−→ C(A)
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Frobenius map Some lessons from finite-dimensional Hopf algebras

For Hopf algebras there are algebra maps between

subalgebras in the center and in the space of central forms
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Frobenius map Some lessons from finite-dimensional Hopf algebras

For Hopf algebras there are algebra maps between

subalgebras in the center and in the space of central forms

from now on consider Hopf algebras H

⊲ there is an isomorphism Ψ : H → H⋆ of left H-modules and right H⋆-modules

s.t. Λ = ε ◦Ψ−1 is a left integral for H

and λ = Ψ ◦ η is a right integral for H⋆
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Frobenius map Some lessons from finite-dimensional Hopf algebras

For Hopf algebras there are algebra maps between

subalgebras in the center and in the space of central forms

from now on consider Hopf algebras H

⊲ there is an isomorphism Ψ : H → H⋆ of left H-modules and right H⋆-modules

s.t. Λ = ε ◦Ψ−1 is a left integral for H

and λ = Ψ ◦ η is a right integral for H⋆

⊲⊲ called Frobenius map ( inverse also called Radford map )

⊲⊲ unique up to scalar

⊲ Ingredient : integrals
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

Λ

= Λ

⊲ Right integral :

���
���
���
���µ

= ���
���
���
���µ
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

Λ

= Λ

⊲ Right integral on H⋆ : λ∈H⋆ s.t. (λ⊗ idH) ◦∆ = η ◦λ

��
��
��

��
��
��

λ

=
���
���
���
���λ
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

Λ

= Λ

⊲ Right integral on H⋆ : λ∈H⋆ s.t. (λ⊗ idH) ◦∆ = η ◦λ

��
��
��

��
��
��

λ

=
���
���
���
���λ

⊲ Theorem (Radford) : exist ( and are non-zero ) and are unique up to scalar
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

Λ

= Λ

⊲ Right integral on H⋆ : λ∈H⋆ s.t. (λ⊗ idH) ◦∆ = η ◦λ

��
��
��

��
��
��

λ

=
���
���
���
���λ

⊲ Theorem (Radford) : exist ( and are non-zero ) and are unique up to scalar

⊲ normalize such that λ ◦Λ = 1
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

⊲ Right integral on H⋆ : λ∈H⋆ s.t. (λ⊗ idH) ◦∆ = η ◦λ

⊲ one application : ε ◦ Λ 6= 0 ⇐⇒ H semisimple
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

⊲ Right integral on H⋆ : λ∈H⋆ s.t. (λ⊗ idH) ◦∆ = η ◦λ

⊲ one application : ε ◦ Λ 6= 0 ⇐⇒ H semisimple

⊲ distinguished group-like elements / right/left modular elements / comodulus/modulus

g ∈ G(H) = {a∈H |∆ ◦ a = a⊗ a} \ {0} and

ĝ ∈ G(H⋆) = {p∈H⋆ | p ◦m = p⊗ p} \ {0} s.t.

���
���
���
���Λ

= ���
���
���
���

ĝ

Λ
and

��
��
��
��λ

=
���
���
���

���
���
���

g

λ

⊲ one application : (P (kε))∨ = P (kĝ)

module dual to projective cover of the one-dim. H-module associated to the counit
= projective cover of the one-dim. module associated to ĝ
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Integrals on Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ Left integral on H : Λ∈H s.t. m ◦ (idA ⊗Λ) = Λ ◦ ε

⊲ Right integral on H⋆ : λ∈H⋆ s.t. (λ⊗ idH) ◦∆ = η ◦λ

⊲ one application : ε ◦ Λ 6= 0 ⇐⇒ H semisimple

⊲ distinguished group-like elements / right/left modular elements / comodulus/modulus

g ∈ G(H) = {a∈H |∆ ◦ a = a⊗ a} \ {0} and

ĝ ∈ G(H⋆) = {p∈H⋆ | p ◦m = p⊗ p} \ {0} s.t.

���
���
���
���Λ

= ���
���
���
���

ĝ

Λ
and

��
��
��
��λ

=
���
���
���

���
���
���

g

λ

⊲ another one : Radford formula S4 = adg ◦ adĝ−1

⊲ balancing element : if a square root of g exists in H

then have group-like element b∈H s.t. S2 = adb and b2 = g
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Frobenius map Some lessons from finite-dimensional Hopf algebras

⊲ Frobenius map and its inverse :

Ψ : H → H⋆ : h 7→ λ ↼ S(h) = h ⇁ λ

Ψ−1 : H⋆ → H : p 7→ Λ ↼ p

Ψ =

��
��
��
��

H

λ

H⋆

∈ Hom(H, H⋆)
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Frobenius map Some lessons from finite-dimensional Hopf algebras

⊲ Frobenius map and its inverse :

Ψ : H → H⋆ : h 7→ λ ↼ S(h) = h ⇁ λ

Ψ−1 : H⋆ → H : p 7→ Λ ↼ p

Ψ−1 =

���
���
���
���

Λ

∈ Hom(H⋆, H)

JF Zürich 08 05 09 – p.13/21



Frobenius map Some lessons from finite-dimensional Hopf algebras

⊲ Frobenius map and its inverse :

Ψ : H → H⋆ : h 7→ λ ↼ S(h) = h ⇁ λ

Ψ−1 : H⋆ → H : p 7→ Λ ↼ p

⊲ Ψ morphism of left H-modules and of right H⋆-modules :

��
��
��
��λ

=

��
��
��
��

=

��
��
��
��
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Frobenius map Some lessons from finite-dimensional Hopf algebras

⊲ Frobenius map and its inverse :

Ψ : H → H⋆ : h 7→ λ ↼ S(h) = h ⇁ λ

Ψ−1 : H⋆ → H : p 7→ Λ ↼ p

⊲ Ψ and Ψ−1 inverse to each other :

��
��
��
��

���
���
���
���

S

λ

Λ

= =

���
���
���
���

��
��
��
��
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Frobenius map Some lessons from finite-dimensional Hopf algebras

⊲ Frobenius map and its inverse :

Ψ : H → H⋆ : h 7→ λ ↼ S(h) = h ⇁ λ

Ψ−1 : H⋆ → H : p 7→ Λ ↼ p

⊲ one application : H is Frobenius

εFr = λ

∆Fr = [idH ⊗ (m ◦ [(S ◦Ψ−1)⊗ idH ])] ⊗ (bH ⊗ idH)
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Frobenius map Some lessons from finite-dimensional Hopf algebras

⊲ Frobenius map and its inverse :

Ψ : H → H⋆ : h 7→ λ ↼ S(h) = h ⇁ λ

Ψ−1 : H⋆ → H : p 7→ Λ ↼ p

⊲ one application : H is Frobenius

⊲ another one : express trace of an endomorphism of H through integrals

tr(f) =

���
���
���

���
���
���

��
��
��
��

S

Λ

λ

f

=

���
���
���

���
���
���

��
��
��
��

f

=

���
���
���

���
���
���

��
��
��
��

f
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Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ unimodular Hopf algebra : left integral Λ also a right integral
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Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ unimodular Hopf algebra : left integral Λ also a right integral

⊲ Radford formula for unimodular H : S4 = adg

⊲ H unimodular ⇐⇒ ε ◦S2 = ε ⇐⇒ S2 a Nakayama automorphism

⊲ H unimodular

=⇒ right integral of H⋆ satisfies ��
��
��

��
��
��

λ

=

��
��
��

��
��
��

λ

S

S

=⇒ S|
Z(H)

= idZ(H)

=⇒ Z(H) = Ψ−1(OS2 (H)) with OS2 (H) = {p∈H⋆ | p(ab)= p((S2(b))a)∀ a, b∈H}
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Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ unimodular Hopf algebra : left integral Λ also a right integral

⊲ Radford formula for unimodular H : S4 = adg

⊲ H unimodular ⇐⇒ ε ◦S2 = ε ⇐⇒ S2 a Nakayama automorphism

⊲ H unimodular

=⇒

���
���
���

���
���
���
λ

S

=

��
��
��

��
��
��

S

S−1

=⇒ . . .

=⇒ I(H) an ideal of C(H) and stable under the antipode of H⋆
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Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ H unimodular and S2 inner ⇐⇒ H symmetric

Take now H symmetric and set S2 = adl

=⇒ symmetrizing form on H given by

t = λ ↼ l = λ ◦ Ll =

���
���
���
���

l

λ
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Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ H unimodular and S2 inner ⇐⇒ H symmetric

Take now H symmetric and set S2 = adl

=⇒ symmetrizing form on H given by t = λ ↼ l

⊲ Dual bases with respect to t given by
P

n an ⊗ bn = (idH ⊗ (R
l−1

◦ S)) ◦ ∆ ◦ Λ

=⇒ trace map

τ(a) =

��
��
��
��

l−1

S a

=

��
��
��
��

l−1

S−1

S−1

= S−2 ◦ ℓadΛ ◦ R
l−1

(a)

JF Zürich 08 05 09 – p.15/21



Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ H unimodular and S2 inner ⇐⇒ H symmetric

Take now H symmetric and set S2 = adl

=⇒ symmetrizing form on H given by t = λ ↼ l

⊲ Dual bases with respect to t given by
P

n an ⊗ bn = (idH ⊗ (R
l−1

◦ S)) ◦ ∆ ◦ Λ

=⇒ trace map

τ = S−2 ◦ ℓadΛ ◦ R
l−1

with ℓadx left adjoint action

=⇒ Hig(H) = ℓadΛ(H)
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Unimodular Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ H unimodular and S2 inner ⇐⇒ H symmetric

Take now H symmetric and set S2 = adl

=⇒ symmetrizing form on H given by t = λ ↼ l

⊲ Dual bases with respect to t given by
P

n an ⊗ bn = (idH ⊗ (R
l−1

◦ S)) ◦ ∆ ◦ Λ

=⇒ trace map

τ = S−2 ◦ ℓadΛ ◦ R
l−1

with ℓadx left adjoint action

=⇒ Hig(H) = ℓadΛ(H)

⊲ based on this characterization of Hig(H) get bΨ(ℓadΛ(H)) = I(H)

with modified Frobenius map bΨ : H → H⋆ h 7→ t ↼ S−1(h)
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

from now on : H quasitriangular

⊲ thus R-matrix R∈H ⊗H

R =
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

from now on : H quasitriangular

⊲ thus R-matrix R∈H ⊗H

R =

invertible and satisfying ∆op = adR ◦ ∆ and

= =
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

from now on : H quasitriangular

⊲ thus R-matrix R∈H ⊗H

R =

⊲ monodromy matrix Q = R21 ·R

Q = ≡
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

from now on : H quasitriangular

⊲ thus R-matrix R∈H ⊗H

R =

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

H⋆ → H

fQ =
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

from now on : H quasitriangular

⊲ thus R-matrix R∈H ⊗H

R =

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

H⋆ → H

fQ
7−→equivalently
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

from now on : H quasitriangular

⊲ thus R-matrix R∈H ⊗H

R =

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

H⋆ → H

⊲⊲ restriction to OS2 (H) is isomorphism to Z(H) as associative algebras

fQ

˛̨
OS2 (H)

: OS2 (H)
∼=
−→ Z(H)
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

⊲ R-matrix R∈H ⊗H

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

⊲ for semisimple H : S-matrix Si,j = χj ◦ (fQ(χi))
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

⊲ R-matrix R∈H ⊗H

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

⊲ for semisimple H : S-matrix Si,j = χj ◦ (fQ(χi))

Si,j = Si

Sj
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

⊲ R-matrix R∈H ⊗H

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

⊲ for semisimple H : S-matrix Si,j = χj ◦ (fQ(χi))

Si

Sj

Si,j = =

Si

Sj

JF Zürich 08 05 09 – p.17/21



Drinfeld map Some lessons from finite-dimensional Hopf algebras

⊲ R-matrix R∈H ⊗H

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

⊲ for semisimple H : S-matrix Si,j = χj ◦ (fQ(χi))

Si

Sj

Si,j = =

Si

Sj
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Drinfeld map Some lessons from finite-dimensional Hopf algebras

⊲ R-matrix R∈H ⊗H

⊲ monodromy matrix Q = R21 ·R

⊲ Drinfeld map fQ = (dH ⊗ idH) ◦ (idH∨ ⊗Q)

⊲ for semisimple H : S-matrix Si,j = χj ◦ (fQ(χi))

⊲⊲ diagonalizes the fusion rules of H-mod

⊲⊲ relation with RCFT Verlinde formula : new braiding on H-mod

by combining the symmetric braiding ( flip ) of Vect
k

with R

JF Zürich 08 05 09 – p.17/21



Ribbon Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ canonical element / Drinfeld element of H : u = m ◦ (S⊗ idH) ◦ R21

u =
S

u−1 =
S−1 S

= S−1

S−1

⊲⊲ S2 = adu

⊲⊲ adt =S2 =⇒ t = t′ ∗ u with t′ an invertible central element

⊲⊲ S4 = adeg with eg = (S ◦u−1) ∗ u

⊲⊲ H unimodular =⇒ eg = g
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Ribbon Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ canonical element / Drinfeld element of H : u = m ◦ (S⊗ idH) ◦ R21

⊲ Ribbon Hopf algebra : existence of v ∈Z(H) s.t.

S ◦ v = v ε ◦ v = 1 ∆ ◦ v = (v ⊗ v) ∗ Q−1 ( ribbon element )
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Ribbon Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ canonical element / Drinfeld element of H : u = m ◦ (S⊗ idH) ◦ R21

⊲ Ribbon Hopf algebra : existence of v ∈Z(H) s.t.

S ◦ v = v ε ◦ v = 1 ∆ ◦ v = (v ⊗ v) ∗ Q−1 ( ribbon element )

⊲⊲ v ∗ v = u ∗ (S ◦u)

⊲⊲ v invertible

⊲⊲ H ribbon =⇒ H-mod a ribbon category : acting with v−1 is the twist

⊲⊲ b = v−1 ∗ u balancing element , b2 = g
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Ribbon Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ canonical element / Drinfeld element of H : u = m ◦ (S⊗ idH) ◦ R21

⊲ Ribbon Hopf algebra : existence of v ∈Z(H) s.t.

S ◦ v = v ε ◦ v = 1 ∆ ◦ v = (v ⊗ v) ∗ Q−1 ( ribbon element )

⊲ factorizable ribbon Hopf algebra : Drinfeld map fQ invertible
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Ribbon Hopf algebras Some lessons from finite-dimensional Hopf algebras

⊲ canonical element / Drinfeld element of H : u = m ◦ (S⊗ idH) ◦ R21

⊲ Ribbon Hopf algebra : existence of v ∈Z(H) s.t.

S ◦ v = v ε ◦ v = 1 ∆ ◦ v = (v ⊗ v) ∗ Q−1 ( ribbon element )

⊲ factorizable ribbon Hopf algebra : Drinfeld map fQ invertible

from now on : H factorizable

⊲ fQ intertwines the left coadjoint and adjoint actions

⊲ Hig(H) contains a non-zero idempotent

=⇒ existence of a simple projective module

⊲ H unimodular
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q-characters Some lessons from finite-dimensional Hopf algebras

⊲ for any Hopf algebra H-mod is ( equivalent to ) a sovereign monoidal category
and has absolutely simple tensor unit 1 = kε

⊲ categorical dimension q-dim(M)

of a H-module M is morphism 1→M ⊗M∨ →1

=⇒ if q-dim(P ) 6= 0 for a projective P

then 1 is a retract of P and thus itself projective

=⇒ every projective module P over non-semisimple H has q-dim(P ) = 0

⊲ in particular ordinary (Vect
k
- ) dimension / trace / dualities

and categorical ( H-mod- ) dimension / trace / dualities differ
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q-characters Some lessons from finite-dimensional Hopf algebras

⊲ for any Hopf algebra H-mod is ( equivalent to ) a sovereign monoidal category
and has absolutely simple tensor unit 1 = kε

⊲ categorical dimension q-dim(M)

of a H-module M is morphism 1→M ⊗M∨ →1

=⇒ if q-dim(P ) 6= 0 for a projective P

then 1 is a retract of P and thus itself projective

=⇒ every projective module P over non-semisimple H has q-dim(P ) = 0

⊲ in particular ordinary (Vect
k
- ) dimension / trace / dualities

and categorical ( H-mod- ) dimension / trace / dualities differ

⊲ for a ribbon Hopf algebra with balancing element b : q-trace obtained by twisting
with b−1 : q-tr(f) = tr( ρM ◦ (b−1 ⊗ f) ) for f ∈ End(M)

⊲ e.g. q-character χb−1

M = q-trM (ρM ) = χM ◦ L
b−1

≡ χM ↼ b−1

⊲ space of q-characters coincides with OS2 (H)

⊲ ring homomorphism [M ] 7−→ χb−1

M from the Grothendieck ring of H-mod to OS2 (H)
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Quantum Fourier transformSome lessons from finite-dimensional Hopf algebras

⊲ Quantum Fourier transform F : composition of Frobenius and Drinfeld maps

F = fQ ◦ Ψ : H →H
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Quantum Fourier transformSome lessons from finite-dimensional Hopf algebras

⊲ Quantum Fourier transform F : composition of Frobenius and Drinfeld maps

F = fQ ◦ Ψ : H →H

F
7−→

��
��
��

��
��
��

S

λ
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Quantum Fourier transformSome lessons from finite-dimensional Hopf algebras

⊲ Quantum Fourier transform F : composition of Frobenius and Drinfeld maps

F = fQ ◦ Ψ : H →H

⊲ F commutes with left adjoint action

⊲ F 2
˛̨
Z(A)

= S
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Quantum Fourier transformSome lessons from finite-dimensional Hopf algebras

⊲ Quantum Fourier transform F : composition of Frobenius and Drinfeld maps

F = fQ ◦ Ψ : H →H

⊲ modified Drinfeld map : bfQ(p) := fQ(p ↼ b−1)

bfQ
7−→

b−1
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Quantum Fourier transformSome lessons from finite-dimensional Hopf algebras

⊲ Quantum Fourier transform F : composition of Frobenius and Drinfeld maps

F = fQ ◦ Ψ : H →H

⊲ modified Drinfeld map : bfQ(p) := fQ(p ↼ b−1)

⊲ amounts to replacing characters by q-characters : bfQ(χM ) = fQ(χb−1

M )

⊲ modifications of Drinfeld and Frobenius maps cancel : F ≡ fQ ◦ Ψ = bfQ ◦ bΨ
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Quantum Fourier transformSome lessons from finite-dimensional Hopf algebras

⊲ Quantum Fourier transform F : composition of Frobenius and Drinfeld maps

F = fQ ◦ Ψ : H →H

⊲ modified Drinfeld map : bfQ(p) := fQ(p ↼ b−1)

⊲ amounts to replacing characters by q-characters : bfQ(χM ) = fQ(χb−1

M )

⊲ modifications of Drinfeld and Frobenius maps cancel : F ≡ fQ ◦ Ψ = bfQ ◦ bΨ

⊲
`bΨ◦ bfQ

´2 ˛̨
C(H)

= S

⊲ bfQ is algebra isomorphism C(H)
∼=

−→ Z(H)

⊲ Hig(H) is stable under the quantum Fourier transform
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Cohen-Westreich formula Some lessons from finite-dimensional Hopf algebras

⊲ two generalizations S̆ and bS of the S-matrix :

S̆i,j = χj ◦ ( bfQ(χi))

bSi,j = (bΨ(S ◦ ej)) ◦ ( bfQ(χi))
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Cohen-Westreich formula Some lessons from finite-dimensional Hopf algebras

⊲ two generalizations S̆ and bS of the S-matrix :

S̆i,j = χj ◦ ( bfQ(χi))

bSi,j = (bΨ(S ◦ ej)) ◦ ( bfQ(χi))

S̆i,j =

b−1

Si

Sj

bSi,j =

���
���
���
���

ej

b−1

l

λ

Si
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Cohen-Westreich formula Some lessons from finite-dimensional Hopf algebras

⊲ two generalizations S̆ and bS of the S-matrix :

S̆i,j = χj ◦ ( bfQ(χi))

bSi,j = (bΨ(S ◦ ej)) ◦ ( bfQ(χi))

⊲ define F = matrix for the basis transformation between bases

{ bfQ(χPj
) }m

j=1 and { τ(ej) }
m
j=1 of Hig(H) ( recall m =rank(CH) )

⊲ define coefficients bN k
ij by χSi

χPj
=

Pm
k=1

bN i
kj

χPk

for i∈I and j, k ∈{1, 2, ... , m} =: I◦

⊲ denote by M|m the matrix obtained from a |I|× |I|-matrix M

by deleting rows and columns with labels in I\I◦
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Cohen-Westreich formula Some lessons from finite-dimensional Hopf algebras

⊲ two generalizations S̆ and bS of the S-matrix :

S̆i,j = χj ◦ ( bfQ(χi))

bSi,j = (bΨ(S ◦ ej)) ◦ ( bfQ(χi))

⊲ define F = matrix for the basis transformation between bases

{ bfQ(χPj
) }m

j=1 and { τ(ej) }
m
j=1 of Hig(H) ( recall m =rank(CH) )

⊲ define coefficients bN k
ij by χSi

χPj
=

Pm
k=1

bN i
kj

χPk

for i∈I and j, k ∈{1, 2, ... , m} =: I◦

⊲ denote by M|m the matrix obtained from a |I|× |I|-matrix M

by deleting rows and columns with labels in I\I◦

Then F = (CH |m)−1 (CH
bS)|m diagonalizes the matrices bNi
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