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Classical gravitational aspects of AdS3/CFT2 correspondence

4d flat case, null infinity: asymptotic symmetries

3d flat case, null infinity: BMS3/CFT | correspondence

4d flat case, null infinity: solution space

work done in collaboration with C.Troessaert



Asymptotic symmetries

l2
Fefferman-Graham ansatz Gy = r2 0 A = _i
0 gaB [2
_ r o1,
gap = r*74p() + O(1) ¢
2d metric B
YapB conformal to flat metric on the cylinder NAB = 62@77AB

napdetde® = —dr® +d¢*, 7= =)

asymptotic symmetries Legrr =0=Legra, Legap = 0(1),

general solution determined by conformal yA of NAB
Killing vector

&= —gyr, 2
A=Y+ 14, Lopy [ 4 gAB = — L 3ABgpe + O(r—).

v =DsYA



Asymptotic symmetries

metric dependence  &¥ = £H(x, g) 551 Guv = Le G

modified bracket €1, 52]564 = [§1, 6] — 521 55 + 5225/;

linear representation of conformal algebra
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T L~ > T S
€1, &2l = —5 9, 61, &) =Y A+ T4, YA = [y, Vo), W= DsY*

light-cone coordinates

xj: =T+ ¢7 28;& — % + %’ WABdZCAdCUB = —6280d33+d33_
YE(x5)oy = Z criE, 1E = it 9,
nel

include Weyl rescalings of boundary metric ~ L¢grr =0 = L¢gra, Legap =2wgap + O(1)

S} W) =[(Y1,w1), (Yo,w
direct sum with abelian algebra of Weyl rescalings (Y, 0) = (1, wr), (Y2, w2))
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Solution space

existence of general solution

integration “constants” iy =24 ("), E__=Z2__(z7)
when =10
l4
gapdxida®? = —(r* + T—25++E__)dx+d:c— + 1?2, (dx™)? + PE__(dx™)?,
— J 1
BTZ black hole =4+ = 2G(M + 7) AdS3 space M = 30 J =0
general solution w0

gapdridx® = ( —e*r? + 29, —rPe T P(RT_ + ﬁjufy\__))dx"'dx_ +

(L —r2e 29, ) (da™)? +7- (1 —r 229, )(dz7)?,

Vs =P[Ees(2®) + 03¢0 — (019)°] Vi =120,0_¢p



Conformal properties

asymptotic symmetries transform gAB — JAB (w, = 90)
solutions into solutions gap(z, —0=, —0p) = Legap

conformal transformation properties

= B Ve = += 193 v+
—(5y+7y—,w_ii —YF0L =514 +200. Y=L — 58:|:Y

—Oy+y-,wp =W

asymptotically AdS3 gravity: dual to conformal boundary theory



Charge algebra

Qc surface charge generators,

Hamiltonian approach Dirac algebra

centrally extended charge representation of conformal algebra

1 27T
— (0.0 = —— do (Y= Y =__
Q¢lg — 9, 9] 87TG/O ¢ ( 1+t )

Brown & Henneaux

1986 ] o
Qfl [£§297 g] ~ Q[£1,€2]M [g — 9, g] + K£17£27
1 2m ,
K€1a€2 — le [£§2§7 g] — % d¢ (8¢Y1T8¢Y2
- - [£= _ 2 _
modes {E'”’ } (m n)‘cm+n 12m(m l)8n+ms

{C. L7} =0,
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where ¢ = 3G

1s the central charge for the anti-de Sitter case.

Strominger 1998: combine with Cardy formula to provide a microscopic
derivation of the Bekenstein-Hawking entropy of BTZ black hole
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Asymptotically flat spacetimes

e?PY + gopUCUP  —e?  —gpcU°

BMS ansatz Juv = _e28 0 0
—gacU® 0 JAB
U r 4 = { 9,9
GG
1 -1 0 0
-1 0 0 0
Minkowski u==t—r T =110 0o 2 0
0 0 0 r%sin®0
gapdridx® = r*y pdx?dx® + O(r)
Sachs: unit sphere Yag = €*?0vAR OfyABdajAdajB = df? + sin® Od¢?
| 0 o
Riemann sphere ¢ = e cot 2’ Fapdrda? = e2?dcdC
4%+ sin® 0dg? = P2dCdC, P(C.O) = (140, $=p—InP
rt -
determinant condition detgap = 26490

fall-off conditions

§=0(2), UA=0(), Vjr=— R+0(r™)



Asymptotic symmetries

asymptotic symmetries ngrr = 0, ﬁggrA = 0, EggABgAB = 0,
ﬁﬁgur — O(T_Q)a ﬁﬁguA — 0(1)7 ££gAB — O(T)a £€guu — O(T_l)
fu: , f:f¢+%w<:>f:eSO[T—F%/udu’e_“Dw}a
general solution A=YA+14 It =—fp [T dr'(eg?P), ’
¢ = —5r(Dag* — f.5U" +2f0u). Y =DaY4
YA =Y4(2P) conformal Killing vectors of the sphere
T =T(x") generators for supertranslations

spacetime vectors with modified bracket

form linear representation of bms, algebra
(Y1, Th), (Y2, To)] = (Y, T)
$A _ Y]_BaBYQA B YlBaBYQA, Sachs 1962
T = YA0uTo — Y5'0uTi + 5 (T104Y5" — To0aY/")
standard GR choice: restrict to globally SL(2,C)/Zy ~ SO(3,1)
well-defined transformations y4 generators of Lorentz algebra



New proposal

CFT choice : allow for meromorphic functions on the Riemann sphere

solution to conformal Killing equation YS = YC(C), YS =Y (€)
0 _ 0
ln:_ n—l—l_) ln:_ n—i—l__7 c7
q % q aC n
generators

commutation relations

[lm7 ln] — (m - n>lm+n7 [l_ma l_n] — (m - n)lm—l—na [lma ln] — 07

[+ 1 _ [+ 1
[llaTm,n] — (T — m>Tm—|—l,n7 [llaTm,n] — (T — n)Tm,n—i—l-

Poincaré subalgebra I_1, 1o, U1, 11, 1o, 14, 10,0, 11,0, 10,1, 11,1,



Asymptotic symmetries

2PV =1l 4 p2e202 28 _p2e2¢U

ansatz for asymptotically 5
flat metrics Guv = —e?/ 0 0
—r2e?vU 0 r2e?¥
Minkowski spacetime ds® = —du® — 2dudr + r*d¢* u=t—r
fall-off conditions B=0"1), U=0(r"2 V=-=2r0,0+ O(r)

Eﬁgrr =0= Eﬁgrqba Eéggbqb = 0,
'Cﬁgur — O(r_l)a 'C.Sgugb — O<1)7 [’Sguu — 0(1)

asymptotic symmetries

£ =,
{ =Y +1, I=—-e290,f froo dr' ' 228 = —%6_2“0845]0 +O(r=2), u

£ = —r[0s6” — 03 fU +£%040 + fOugp], Ouf = fOup + Y04+ 0sY — f=¢e?T+ / du'e”%(0pY + Ydup)]

0
solution involves 2 arbitrary
functions on the circle Y =Y(¢), T=T(p)
spacetime vector form faithful V. T (Y. T = (V. T
bmﬁg algebra [( 1, 1)7( 2 2)] - ( ) )

representation of

Y =Y10,Ys— (1 =2), T=Y10,Ts+T104Ys — (1 2)



Solution space and conformal properties

[1]
[1]
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general solution parametrized by O = 6(9),

ds® = sy,du’ — 2dudr + 25updudp + r2e*?dg?,
Suu = € 2¢ [@ — (8¢g0)2 + 283“0} — 2r0y,

S S|
Sup = € ‘P{:+/O du'e @[§8¢@—8¢gp[@—(3¢90)2+38(2bg0]+82g0]}.

bms; transformation properties —0y,71 © =Y 040 +20,Y O — 2823/,
~OyrE = YOuE+20,YE + ;T0y0 + 0,70 — 93T,
1

27
covariant charges Qclg—9,9] = e / d¢ (0T + 22Y)
™ Jo

1 27

Keeo = o= i de [8¢Y1 (To + 03 Ts) — Oy Ya(T1 + 8§T1)}



Charge algebra

J, =ET =0,Y = exp(ing)) m:Ju] =@ =),
Y(e) i[Pm’ Pn] =0,
P, = £(T = exp(inf), ¥ = 0) i[J.. P.]=(m—n)P,.,.

modes

| copy of Wit algebra acting on 1

U
i50(2,1)
T, Tn} = (m — n) Tpsn,
charge algebra: i{P. Pu} =0,
: 1 5
UTm, Prn} = (m — n)Pmn + 4Gm(m — 1)dn+m.
relation to AdSs similar to contraction between 50(2, 2) — i50(2, 1)

i[Jms Jn] = (m - n)Jm+ns
]
1Pn Pl = 5=, L = S(IPim & Jim) 1 — 00

m
i[-’ms Pn] = (m — H)P,,H.,,,
collaboration with G. Compere



solution space

ansatz JAB = TQWAB +1rCap +Dap +

determinant condition

Sachs: power series and

equations of motion imply

1 _ 2
A - —2D CBA—— -3
U = 27“ B 37“

angular momentum aspect

log terms also absent when

iaABcgcg +o(r~
C4=0=D*%
Dasg =0 guarantees absence of log terms
B =B(94B)

1, = 1 _
{(lnr + g)DBDBA - §C§DCC'CB + NA| 4+ o(r=379),

N4 (u, a:A) u dependence fixed

Dee =d(¢), Dg =d((), Dec=

)



Solution space

V 1 -
— = —§R—|— r oM + 0(7“_1_6)
-

mass aspect M (u, xA) u dependence fixed

news tensor 0.Cap(u, CUA> only arbitray function of u

general solution: 4 arbitrary functions of 3 variables & 3 arbitrary functions of 2 variables

gAB(u()aTa :CA) auCAB(u7xA) M(U’O)xA) NA(U())xA)

for simplicity O =

~ _ ~ 1 _ _
C Ngz—ﬁ[ZNC—l—%@chBc@E]

redefinitions

30,N¢ = —OM — 293¢ — (0¢ + 3¢0)¢

evolution equations 9 N = —¢¢



Conformal properties

bms4 transformations

e = fét YAD e+ (%ay _ %GY)C Yy

—8d =Y?04d + 20Yd f=T+ %mp

—6¢ = fé+ Y206 +20Y¢— %Y

—O6M = —fée+ Y204 M + %W\Z +d%Y + cO®Y + 49°0°T
—INS =YA94N¢ + (0Y +20Y)N¢ + éa(zpc{)
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Interpretation and consequences: work in progress



Conclusions and perspectives

4d gravity is dual to some conformal field theory

classifiy (non)-central extensions; study representation theory of bms4
to be done: surface charge algebra

non extremal Kerr/CFT correspondence ?

angular momentum problem in GR:

Lorentz = bms4(old)/supertranslations versus bms4(new)/supertranslations =Virasoro
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Toy model to understand BH entropy

quantum understanding of BH entropy: what microstates are responsible?
physical toy model for BH: electromagnetic Coulomb solution

quantize EM field in the presence of external source Q

: 1
action qQ — /d4$ [—ZFM,/F’W — " A,

j* = 65 Q8° ()

modification of constraint associated with Gauss law Oy = —ti+50 =0



BFV-BRST quantization

standard BFV-BRST operator quantization in Hilbert space with indefinite norm

modified BRST charge @ — / &k ¢* (k)[a(k) — q(k)] + [a* (k) — q(k)]c(k)

o Q
Q(k’) T (27’(’)3/2\/516‘3/2
a(k) = a3 (k) + ao(k) ;

. as
null oscillators 1
2

b(k) = 5 (ag(k) — ao(k))

standard vacuum no longer BRST invariant !

shifted oscillators a®(k) = a(k) — q(k), a*? =a*(k)— q(k)

new vacuum in the presence of source &Q(E) 0)9 =



Coherent state of unphysical photons

solution in terms of old vacuum Q = H equ )|O> = €Xp / d’k q(k)lA)T(k?) 0)

null oscillator Q<O|O>Q = (0|0) =1

expectation values of electric and magnetic fields Q(O\ﬁz(x) |0>Q _ Qz*
473

QUO|V x A|0)? =

quantum mechanical understanding of Coulomb solution only possible in
Gupta-Bleuler/ BRST quantization

BH problem: one needs to “count” coherent states of unphysical degrees of freedom



