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Appraches to string
theory

Supergravity limit - misses stringy features
Perturbative string - misses non-perturbative
Full theory exotic and complex

Winding modes, T-duality, cocycles, algebraic
structure not Lie algebra, non-polynomial

String field theory: interactions, T-duality

Seek subsector capturing exotic structure &
duality, simple enough to analyse explicitly




Strings on d-Torus

Supergravity limit: symmetry O(d,d)
String: Perturbative T-duality O(d,d;Z)

Kaluza-Klein theory: includes momentum
modes on torus

Include string winding or brane wrapping
modes?! Duality symmetry?




String Field Theory

Strings on torus, coordinates {x“} plus extra
dual coordinates {Z, } conjugate to winding

String field theory gives infinite set of fields
on doubled torus ¢(z,7)

General solution of SFT: double fields ¥(z, %)

Real dependence on full doubled geometry,
dual dimensions not auxiliary or gauge
artifact. Double geom. physical and dynamical




String Field Theory on
Torus

Construct a subsector of SFT, “massless”
fields gab(xav .Cl?a), bab(xav .Cl?a), ¢(xa, Cl?a)

Double field theory on doubled torus

Novel symmetry, reduces to diffeos + B-field
trans. in any half-dimensional subtorus

Backgrounds depending on{z“ } seen by
particles, on{Z,} seen by winding modes.
Backgrounds with both: unfamiliar.

Earlier versions: Siegel, Tseytlin



Restriction to “‘massless’ fields NOT a low-
energy limit

Lowest terms in level expansion

Does a full gauge-invariant theory exist for
just these degrees of freedom!?

s it T-dual? Background independent!?




Strings on a Torus
Rn_l’l < Td

Coordinates ' = (y*, x%) %~ x% 4+ 27

Momentum Di = (k,ua Pa)

Winding w* (pa, w®) € Z*

a wo.a =
Fourier transform (ku,pa,w ) — (Y, 2%, Z4)
Doubled Torus R™» b1 x 724 Ty~ Ty + 27

String Field Theory gives
infinite set of fields oy, x%, Ty)

n+d=D =26 or 10




1-Duality

Interchanges momentum and winding

Equivalence of string theories on dual
backgrounds with very different geometries

String field theory symmetry, provided fields
depend on both =, T Kugo, Zwiebach

For fields ¥(y) not ¥(y,z,Z)  Buscher

Aim: generalise to fields Y(y, x,T)
Generalised T-duality Dabholkar & CMH




Free field equn, M mass in D dimensions

9 .
MZE—(]CZ—I—]?Q—I—ZUZ):—,(N—I—N—Q)
o

Constraint
LO—EozN—N—pawa’:O

~

Masslessstates N=N=1 M? =0 pgw* =0

Constrained fields ¢(y, z, Z)
2.0 0
Ag =0 A= o/ 0x? 0%,

hz’j(y'u7 xa’ iia)y bzg (y,u, xaa 53&)7 d (y,LL’ :Ea7 53@)

hij — {h,uw h,uaa hab}
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Torus Backgrounds o =1

Constant

N O 0 0 B
Gij:(g Gab)’ B¢j=<0 Bab) Lij = Gij + By

zt = {y'uaﬂja} Ti = {gwifja} — {O,:T:’a}

Left and Right Derivatives

o,
Eik =
g a.’ljk;




Quadratic Action

1 1 - 1
S(Z) = /[dxdf] { 567;]' 62] -+ Z(D]&;j)Q + 1

Invariant under
56@' — Dj)\z -+ Dzj\j :

1 1 -
5d = —-D-X—-D- X
4 4

using constraint AN = AN =0

Discrete Symmetry
eij = €ji, Di = Di, Dy — D;, d—d




Comparison with Conventional Actions

0
Take B;; =0 ik
aKe j k@xk

D; =0;—0;, D;=0;+0

~

=0 +9> A=-20,0

€ij = Nij + i

Usual action

/alx\/—ige_%5 {R + 4(0¢)* — 1—12H2}

quadratic part /da: L{h,b,d;0]



Double Field Theory Action

52 = /[dazd:’iz] [ L[h,b,d;0] + L[—h,—b,d; 0]

+ (k™) (D7big) + (8*har) (9;67) — 4d 0D by, |
Action + dual action + strange mixing terms
6hij = 0;€; + 0je; + 5’@% +5’j€i,
0b;; = —(5’7L€j — 5’j€i) — (0i€; — 0j¢€;) ,
0d =—0-¢+ 0-€.

Diffeos and B-field transformations mixed.
Cubic action found




General fields

Fields on Spacetime M

Restricted Fields on N, T-dual to M

M,N null wrt O(D,D) metric ds* = 2dz'dx;

Subsector with fields and parameters all

restricted to M or N

e Constraint satisfied on all fields and products of fields
* No projectors or cocycles

* T-duality covariant: independent of choice of N

e Can find full non-linear form of gauge transformations
e Full gauge algebra, full non-linear action




Background Independent Action

Fields and parameters restricted to null space N

Background independent field:

1
gij — Eij —+ 67;3' —+ 562']{6]{]' - 0(63)

EEE+(1—%€>_1€




Write action and transformations in terms

of &;j, d

D; = 0; — Ei0"

and derivatives D, 0; + Skiék

Find manifestly background independent
forms that agree with action and
transformations to lowest order

Unique Bl terms that agree with lowest
order results. Complete non-linear
structure!




Bl Action and Transformations

1 | | . .
+ 79" (DExD'Ejy + D' € D'Eyy)

+ (D' DIE;; + D'd DIE;;) + 4D Did |




Bl Action and Transformations

1 | | . .
+ 79" (DExD'Ejy + D' € D'Eyy)

+ (D' DIE;; + D'd DIE;;) + 4D Did |

(ng,;j — §M8M5w
+ Digj — 753'57; + D" +D,E"Ey
1
ord = —§aM§M + MOy, d




Remarkable action, reduces to familiar ones

uses stringy combination &j = Gij bij

checked gauge invariant

Invariant under SO(D,D)




2-derivative action

S = §99,0)+ 51 (9,0)+ 52 (0, 0)

Write S(O) in terms of usual fields

Eij = Gij + bij e 2 = \/—ge *¢




2-derivative action
S = §99,0)+ 51 (9,0)+ 52 (0, 0)
Write S(O) in terms of usual fields

Eij = Gij + bij e 2 = \/—ge *¢

Gives usual action (+ surface term)

/cix\/—TJe_2(/5 {R + 4(0¢)° 112

H2

S0 = 5(&,d,0)




2-derivative action
S = §99,0)+ 51 (9,0)+ 52 (0, 0)
Write S(O) in terms of usual fields

Eij = Gij + bij e 2 = \/—ge *¢

Gives usual action (+ surface term)

/cix\/—TJe_2(/5 {R + 4(0¢)° 112

H2

S0 = §(&,d,0) S2) =571 d,0)
T-dual!




2-derivative action
S = §99,0)+ 51 (9,0)+ 52 (0, 0)
Write S(O) in terms of usual fields

Eij = Gij + bij e 2 = \/—ge *¢

Gives usual action (+ surface term)

/dx\/jge_% {R + 4(0¢)° 112

H2

S0 = §(&,d,0) S2) =571 d,0)

T-duall S strange mixed terms




Generalised T-duality transformations:

h in O(d,d) acts on toroidal coordinates only

EN(X") = (aE(X) +b)(cE(X) +d)~*

Buscher if fields independent of toroidal coordinates
Generalisation to case without isometries




O(D,D) Covariant Notation

NMN = (I 0

Parameters

Gauge Algebra

C-Bracket:

1
1, Do) = [B1,82] = 5 0™V B On By

Lie bracket + metric term



Parameters 2 (X) restricted to N
Decompose into vector + |-form on N
C-bracket reduces to Courant bracket on N

Same covariant form of gauge algebra found in similar
context by Siegel

Symmetry is Reducible

Parameters of the form XM = pMN gy
do not act
Gauge algebra determined up to such transformations

cf 2-form gauge field 0B = do
Parameters of the form a=dj
do not act




Jacobi Identities not satisfied!

J(Elv 227 23) — [[217 22] 723] + CYCHC # 0

for both C-bracket and Courant-bracket

How can bracket be realised as a symmetry algebra!?

[ [521 ? 622] ’ 523 ] + CYCHC — 5](21,22,23)




Jacobi Identities not satisfied!

J(Elv 227 23) — [[217 22] 723] + CYCHC # 0

for both C-bracket and Courant-bracket

How can bracket be realised as a symmetry algebra!?

[ [621 ? 622] ’ 523 ] + CYCHC — 5](21,22,23)

Resolution:

J(Zh 227 EB)M — nMNaNX

5J(21,22,23) does not act on fields




Rewrite in terms of Generalised Metric
Moy - ( gz'j _gikbkj >
M — .
bikg™  gi; — bikg"'by;
Gauge transformation as “Generalised Lie Derivative”

SeHMN = LeHMN

Action in terms of Generalized scalar curvature

S = /d:vd:%e_ZdR




Generalised Metric Formulation

- _ gij _gikbkj
M bikg™  gij — bikg®by; )

2 Metrics on double space  Hyn, NN




Generalised Metric Formulation

N ) g _gikby,
MA bikg™  gii — bikg™byi)

2 Metrics on double space  Hyn, NN

HMN — UMPHPQUQN

Constrained metric HMPHeny = My




Generalised Metric Formulation

g _gikby, >
bikg™  gij — bikg®by; )

Harn :(

2 Metrics on double space  Hyn, NN
HMN — UMPHPQUQN

Constrained metric HMPHeny = My

Covariant Transformation
R Mh® NHpo(X') = Hun(X)
X' = hX heO(D,D)




O(D,D) covariant action
S = /da:'di e 24 [

1 1
[ = 2 HMN o HE Y O H e, — §HMN8NHKL OrH i
— 200 dONHMN + aHMN 90,d Ond




O(D,D) covariant action
S = /da:'di e 24 [

1 1
[ = 2 HMN o HE Y O H e, — §HMN8NHKL OrH i
— 200 dONHMN + aHMN 90,d Ond

Gauge Transformation
(apr—ang)HPN (aNé.P—anN)HMP




O(D,D) covariant action
S = /da:'di e 24 [

1 1
[ = 2 HMN o HE Y O H e, — §HMN8NHKL OrH i
— 200 dONHMN + aHMN 90,d Ond

Gauge Transformation
(apr—ang)HPN (aNé.P—anN)HMP

Rewrite as “Generalised Lie Derivative”

SeHMN = LeHMN




Generalised Lie Derivative A N]‘fl’: 3

ZﬁAMN =¢"0pAn™
_I_(aMfP_anM)APN = (apr — 8P§N)AMP




Generalised Lie Derivative A N]‘f}.: 3

ZﬁAMN =¢"0pAn™
_I_(aMfP_anM)APN = (apr — 8p§N)AMP

CednrN = LeAp™ — nParn 9o® ApN
T 77PQ77NR 8R€Q Ayt




Generalised Lie Derivative A N]‘fl‘: 3

LA™ = €P0p An™Y
+H(Om&" =0 Em)Ap™ + (07 €p — OpE™ ) A

CednrN = LeAp™ — nParn 9o® ApN
T 77PQ77NR 8R€Q Ayt

Algebra given by C-bracket

S

[251 7252] — _£[gl,§2]C




S

D-Bracket [A,B}D = LB

[A,B} = [ A, B] + = aM(BNAN)




D-Bracket [A,B}D = ZAB

[A,B} = [ A, B} + = aM(BNAN)

Not skew, but satisfies Jacobi-like identity

[Av [B’C]D}D: HAvB}DLC} B [A’C]D}D

p+ B,




D-Bracket [A,B}D = ZAB

[A,B} = [ A, B] + = aM(BNAN)

Not skew, but satisfies Jacobi-like identity

[Av [B’C]D}D: HAvB}DLC} B, [A’C]D}D

p+ I

On restricting to null subspace N

C-bracket = Courant bracket

D-bracket — Dorfman bracket

Gen Lie Derivative = GLD of Grana, Minasian, Petrini
and Waldram




Generalized scalar curvature

R = 4HMN9\0nd — Oy ONHMN
— 4 HMN d Ond + 402, HMY Ond

1 1
+2 HMN G HE P ONH k1 — §HMN6’MHKL O HNT




Generalized scalar curvature

R = 4HMN9\0nd — Oy ONHMN
— 4 HMN d Ond + 402, HMY Ond

1 1
+2 HMN G HE P ONH k1 — §HMN5’MHKL O HNT

S = /dxd.fz;e—ZdR




Generalized scalar curvature

R = 4HMN9\0nd — Oy ONHMN
— 4 HMN d Ond + 402, HMY Ond

1 1
+2 HMN G HE P ONH k1 — §HMN6’MHKL O HNT

S = /dxd.fz;e—ZdR

0eR = LR = MoyR

5& 6_2d _ 8M(€M€—2d)

Gauge Symmetry




Generalized scalar curvature

R = 4HMN9\0nd — Oy ONHMN
— 4 HMN d Ond + 402, HMY Ond

1 1
+2 HMN G HE P ONH k1 — §HMN8MHKL O HNT

S = /dxd:ze—ZdR

53R =LeR = EMoyR

5§ 6_2d _ 8M(€M€_2d)

Gauge Symmetry

Field equations give gen. Ricci tensor



Double Field Theory

Captures some of the magic of string theory

Constructed cubic action, quartic should have
new stringy features

T-duality symmetry, cocycles, homotopy Lie,
constraints

For fields restricted to null subspace, have full
non-linear action and gauge transformations.

Background independent, duality covariant

Courant bracket gauge algebra




Stringy issues in simpler setting than SFT
Geometry?! Meaning of curvature!

Use for non-geometric backgrounds?

Generalised Geometry doubles Tangent

space, DFT doubles coordinates.

Full theory without restriction? Does it

close on a geometric action with just these
fields?

Doubled geometry physical and dynamical




