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M-theory is a theory of massless modes described by 11-d
supergravity as well as stable M2-branes and M5-branes and ...

Of specific interest to us in this talk will be the (2 + 1)-d
world-volume field theory on M2-branes.

For a single M2-brane, the theory is a simple free field theory
(with higher-derivative corrections).

M2 : 8φ, 8ψ in 2+1 d
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Background: Multiple M2-branes

An interesting question is, what is the field theory on multiple
M2-branes.

Significant progress has been made on this during the last 3-4
years.

Many pieces of evidence have been accumulated to show that
three-algebras are central to this question.

Surprisingly three-algebras may also be relevant to multiple
M5-branes (cf. the talk of Costis Papageorgakis in this
conference).
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Background: Multiple M2-branes

We believe that type IIA string theory lifts to M-theory as
gs →∞, and D2-branes lift to M2-branes.

The field theory on N D2-branes is N = 8 super-Yang-Mills
theory in (2 + 1)-d, which has 7 transverse scalars.

This is a super-renormalisable theory that inherits its coupling
from the string coupling gs:

gYM =
√
gs
ls

In the M-theory limit, gYM →∞ which is the infrared limit for
the SYM theory.
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Background: Multiple M2-branes

Thus we may define:

LM2 = lim
gYM→∞

1
g2

YM

LD2

and the problem is to find an explicit form for this limiting
theory.

It must be an infrared fixed point and therefore a CFT. In
particular it should have 8 scalars describing transverse motion
of the branes and an SO(8) R-symmetry.

For the Abelian case it is possible to derive the M2-brane
theory via a duality transformation.
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The derivation is as follows:

1
2g2

dA ∧ ∗dA ↔ B ∧ dA− g2

2
B ∧ ∗B

where B is a 1-form field. Integrating out B gives the LHS.

Integrating out A instead, we find dB = 0 which implies
B = dφ for some scalar φ. The action then becomes:

−g
2

2
dφ ∧ ∗dφ

where φ is a periodic scalar whose period goes to ∞ as
g →∞.

This scalar combines with the other 7 scalars and the fermions
to make the desired single-M2-brane field theory.

The full DBI approximation can be dualised similarly.
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Now consider the non-Abelian case. This should be a 2 + 1 d
field theory with:

(i) N = 8 superconformal invariance.

(ii) SO(8) global symmetry.

(iii) An arbitrary integer N specifying the number of branes.

The first theory to meet requirements (i) and (ii) was found
by [Bagger-Lambert] and [Gustavsson]. It is called BLG theory.

Unfortunately it fails to satisfy (iii).

The class of theories subsequently found by
[Aharony-Bergman-Jafferis-Maldacena] satisfy (iii) but not
manifestly (i) and (ii).

Because the ABJM theory is more complicated, in this talk I
will restrict my attention to BLG theory. But the phenomena
to be discussed here hold also in ABJM theory.
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I will focus on the relation of BLG theory to the
supersymmetric Yang-Mills theory on D2-branes.

This relation arises through a novel Higgs mechanism
[SM-Papageorgakis].

I will first describe this mechanism and exhibit what we learn
from it.

Then I will discuss its relation to some more general (and
older) works on (2 + 1)-d topologically massive field theories
[Deser-Jackiw-Templeton], [Deser-Jackiw].
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BLG theory

A multiple M2-brane theory should have 8 scalar fields and 4
two-component fermions for each of the N branes.

Scale invariance in (2 + 1)-d restricts the interactions to be of
the form:

φ6 and φ2Ψ̄Ψ

However it has proved impossible to close the supersymmetry
algebra on any such interacting theory.

This problem was solved [BLG] by the key insight that a
non-dynamical Chern-Simons gauge field should be added.

With this, they discovered a superconformal theory whose
interactions are governed by a mathematical structure called a
3-algebra.
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BLG theory

This involves generators TA and a “three-bracket” satisfying:

[TA, TB, TC ] = fABCDT
D

where fABCD are totally antisymmetric 4-index structure
constants.

The 3-algebra comes with a “trace” which defines a metric on
the algebra:

hAB = tr(TA, TB)

The structure constants satisfy the “fundamental identity”:

fAEFG f
BCDG−fBEFG fACDG+fCEFG f

ABDG−fDEFG fABCG = 0

The 3-algebra idea was inspired by old work of [Nambu, Filippov]

and more recent work of [Basu-Harvey].
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BLG theory

The scalars XI and fermions Ψ are three-algebra valued and
the interactions are:

∼ Tr
(

[XA, XB, XC ]2
)

and ∼ Tr
(

[Ψ̄A, XB,ΨC ]XD
)

And there is a gauge field AABµ with minimal couplings to the
scalars and fermions, and a Chern-Simons interaction:

k

2π
εµνλ

(
fABCDA

AB
µ ∂νA

CD
λ +2

3f
G

AEF fBCDGA
AB
µ A CD

ν A EF
λ

)
where k is the quantised level.

Surprisingly, the only consistent solution of the fundamental
identity (with Euclidean 3-algebra metric) turns out to be:

fABCD = εABCD, A,B,C,D = 1, · · · , 4
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BLG theory

By taking suitable linear combinations [van Raamsdonk] of AABµ
one finds a pair of SU(2) gauge fields Aµ, Ãµ.

The 3-algebra Chern-Simons term reduces to the difference of
two standard Chern-Simons terms:

k
4π tr

(
A ∧ dA + 2

3A ∧A ∧A− Ã ∧ dÃ− 2
3Ã ∧ Ã ∧ Ã

)
The scalars and fermions are bi-fundamentals, XI

aȧ, Ψaȧ and:

DµX = ∂µX −AµX +XÃµ

In this way the theory reduces to a conventional gauge theory,
which conserves parity if we send A↔ Ã.

The integer parameter k is a puzzle.
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In this way the theory reduces to a conventional gauge theory,
which conserves parity if we send A↔ Ã.
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3Ã ∧ Ã ∧ Ã
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3Ã ∧ Ã ∧ Ã

)
The scalars and fermions are bi-fundamentals, XI
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The novel Higgs mechanism

Take k = 1 to start with. In [SM-Papageorgakis] it was shown
that on giving a vev v to one component of the scalars,

LBLG

∣∣∣
vev v

=
1
v2
L
U(2)
SYM +O

(
1
v3

)
and one SU(2) gauge field has become dynamical!

In comparison with the usual Higgs mechanism in (2 + 1)-d:

Usual: AYM,massless
µ , φ → AYM,massive

µ

DOF: 1 1 2

Novel: ACSµ , φ → AYM,massless
µ

DOF: 0 1 1
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The novel Higgs mechanism

Here is a quick derivation of this novel Higgs mechanism:

LCS = 1
2 tr

(
A ∧ dA + 2

3A ∧A ∧A− Ã ∧ dÃ− 2
3Ã ∧ Ã ∧ Ã

)
= 2 tr

(
B ∧ F (C) + 1

3B ∧B ∧B
)

where B = 1
2(A− Ã),C = 1

2(A + Ã), F (C) = dC + C ∧C.

Also the covariant derivative on a scalar field is:

DµX = ∂µX −AµX +XÃµ

Choosing a Higgs vev 〈X〉 = 1
2 v 1:

tr(DµX)2 = v2 tr BµB
µ + · · ·

Thus, B is massive – but not dynamical. Integrating it out:

− 1
v2

F (C) ∧ ∗F (C) +O
(

1
v3

)
so C becomes a dynamical, massless Yang-Mills gauge field
and gYM = v.
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2(A− Ã),C = 1
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BLG theory

The novel Higgs mechanism

One can check that one scalar disappears and the
bi-fundamental XI reduces to an adjoint under C.

The rest of N = 8 SYM assembles itself correctly, but there
are also higher-order terms.

But how should we physically interpret this?

LBLG

∣∣∣
vev v

=
1
v2
L
U(2)
SYM +O

(
1
v3

)
It seems like the M2 brane theory has become a theory of two
D2-branes with gYM = v.

This appears related to the idea that M2-branes become
D2-branes after compactifying a direction.
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The novel Higgs mechanism

However we have not compactified the bulk theory.

The resolution is that for any finite v, there are corrections to
the Yang-Mills action that decouple only as v →∞.

However we can say that:

LBLG

∣∣∣
vev v→∞

= lim
v→∞

1
v2
L
U(2)
SYM

The RHS describes two strongly coupled D2-branes, namely
two M2-branes.

This amounts to a proof that somewhere on its moduli space,
the BLG theory describes a pair of M2-branes.

Notice that nowhere do the postulated M-branes become
weakly coupled D2-branes: when v is small then the
corrections are important.
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The novel Higgs mechanism

The theory is not translation-invariant, so there must be
something besides M2-branes in it. The “something” was
proposed [Distler-SM-Papageorgakis-van Raamsdonk], [Lambert-Tong]

to be a Z2k orbifold. This would also explain the presence of
the parameter k.

The exact nature of the orbifold remains a mystery to date. In
our work we noted that the standard supersymmetric orbifold
of R8 has reduced supersymmetry for k > 2 while BLG has
maximal supersymmetry for all k.

The standard orbifold was later studied by ABJM, leading to an
impressive set of developments that won’t be reviewed here.

An important point is that although ABJM did not phrase it in
that language, their theory too is a 3-algebra theory.
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The novel Higgs mechanism

Returning to BLG, once we introduce the Chern-Simons level k
then the analysis of the novel Higgs mechanism is different
[Distler-SM-Papageorgakis-van Raamsdonk]:

LBLG

∣∣∣
vev v

=
k

v2
L
U(2)
SYM +O

(
k

v3

)

In the limit k →∞, v →∞ with k/v2 fixed, the corrections
all vanish.

Moreover the Yang-Mills coupling:

gYM =
v√
k

is finite and tunable. It can be as small as we like.

So this time M2-branes have genuinely reduced to D2-branes.
But why?
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The novel Higgs mechanism

Whatever the orbifold is, one expects that taking the limit
k →∞ makes the opening angle very small.

Simultaneously taking v →∞ moves the branes away from
the origin of the orbifold.

_

k
v22π__

k

v  k

With the joint scaling above, the branes see a cylinder of
finite radius [Arkani-Hamed et al], i.e. an effectively compact
transverse dimension. In this limit M2-branes should indeed
reduce to D2-branes!
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The power of the Higgs mechanism

Like the well-known D-brane field theories, the proposed
M2-brane theories must have higher-derivative corrections.

To find the derivative corrections for the BLG theory, we
simply wrote the most general 3-algebra expression at that
order, Higgsed the theory and compared to D2-branes.

Remarkably, all coefficients are determined uniquely by this
procedure [Ezhuthachan-SM-Papageorgakis].

This indicates that the 3-algebra structure extends to
higher-derivative orders, much as the Yang-Mills commutator
for D-branes extends to higher-derivatives.
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Unravelling the novel Higgs mechanism

Unravelling the novel Higgs mechanism

The novel Higgs mechanism bears some relation to the
discovery in 1982 of topologically massive gauge theory in
(2 + 1)-d [Deser-Jackiw-Templeton].

The Abelian version goes as follows:

L1 =
1
2
dA ∧ ∗dA+

m

2
A ∧ dA

The equations of motion are:

d ∗dA = mdA

As DJT explained, this theory has a single on-shell degree of
freedom that is massive, spin +1. Because parity is violated,
it is possible to have no spin −1 mode.
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Unravelling the novel Higgs mechanism

Somewhat surprisingly, an alternative version of the same
theory is Chern-Simons with an explicit mass term:

L2 =
1
2
A ∧ dA− m

2
A ∧ ∗A

This time the equations of motion are:

∗dA = mA

Classically, equivalence is shown as follows.

(i) ∗dA = mA =⇒ d ∗dA = mdA, so L2 =⇒ L1

(ii) d ∗dA = mdA =⇒ d (∗dA−mA) = 0 =⇒ ∗dA−mA = dλ

and a field re-definition A→ A− 1
mdλ gives:

∗dA = mA

so L1 =⇒ L2.
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Unravelling the novel Higgs mechanism

Quantum-mechanical equivalence of the two theories was
demonstrated by [Deser-Jackiw].

Comparing the two Lagrangians:

L1 =
1
2
dA ∧ ∗dA+

m

2
A ∧ dA

L2 =
1
2
A ∧ dA− m

2
A ∧ ∗A

it is amusing that L1 is gauge-invariant and has a smooth
massless limit, while L2 is not gauge-invariant and loses a
degree of freedom as m→ 0.

The above discussion extends to the non-Abelian case.

The [DJ] duality is however not (yet) the phenomenon that
occurs on M2-branes.
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Unravelling the novel Higgs mechanism

The desired phenomenon arises when we generalise to multiple
gauge fields AI where I = 1, 2, · · ·P +Q.

Consider the following action, modelled on L2:

L =
1
2
kIJAI ∧ dAJ −

1
2
mIJAI ∧ ∗AJ

where kIJ ,mIJ are real symmetric matrices.

The mass matrix mIJ can be thought of as arising from scalar
vev’s.

We want to allow for it to have some number Q of zero
eigenvalues. It is convenient to diagonalise it and let the
eigenvalues be:

(m1,m2, · · · ,mP , 0, 0, · · · 0)

Also, denote the gauge fields AI as (Bi, Ca) where
i = 1, 2, · · ·P and a = 1, 2, · · ·Q.
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Unravelling the novel Higgs mechanism

Then the action is:

L =
1
2
kijBi∧dBj+kiaBi∧dCa+

1
2
kabCa∧dCb−

1
2
miBi∧∗Bi

The novel Higgs mechanism occurs when kij = kab = 0, i.e.
in the basis where the mass is diagonal, the Chern-Simons
term is block off-diagonal.

Then,

L = kiaBi ∧ dCa −
1
2
miBi ∧ ∗Bi

The equation of motion for the Bi is now algebraic and we
get:

Bi =
kia
mi

dCa

from which:

L =
1
2
kiakib
mi

dCa ∧ ∗dCb

which is a massless theory!
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Unravelling the novel Higgs mechanism

Again this extends to the non-Abelian case.

The specific example originally found in [SM-Papageorgakis]

corresponds to the matrices:

kIJ =
(

0 1
1 0

)
, mIJ =

(
1 0
0 0

)

In a basis where kIJ rather than mIJ is diagonal we have:

kIJ =
(

1 0
0 −1

)
, mIJ =

(
1 −1
−1 1

)
and we see the famous “difference Chern-Simons action”.
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Unravelling the novel Higgs mechanism

We see that the novel Higgs mechanism is a variant of the
[Deser-Jackiw] duality with multiple gauge fields and a special
class of couplings.

It arises naturally in 3-algebra theories due to the twisted
Chern-Simons term and the bi-fundamental nature of the
scalars, but is much more generic.

A more general form of the Higgs mechanism that allows
kab 6= 0 was used by [Gaiotto-Tomasiello] to study M2-branes in
the presence of a Romans mass.
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Conclusions

(i) The relationship between M2-branes and D2-branes is
illuminated by the novel Higgs mechanism in (2 + 1)-d.

(ii) This mechanism arises in 3-algebra theories and uses a special
class of dualities in (2 + 1)-d associated to the presence of a
topological mass term.

(iii) It would be interesting if more general examples arise in
M-theory.

(iv) The novel Higgs mechanism itself is more general and doesn’t
require 3-algebras or supersymmetry, just several
Chern-Simons gauge fields and suitable mass terms. It may
have applications elsewhere in physics.
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