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Introduction |

Calculation of scattering amplitudes via Feynman graphs: cumbersome.
Instead: symmetries (hidden) triggered revival of S-matrix approach.

Closed or recursive forms for scattering amplitudes are available for highly
symmetric theories (and/or subsectors thereof):

Parke-Taylor form for tree-level MHV gluon scattering amplitudes [fais]

recursive construction of all tree-level scattering amplitudes in
N = 4 super-Yang—Mills (sYM) theory [ Drummond, Henn]

closed form for gravity tree-level scattering amplitudes [Berefita: Siele

Loop amplitudes in N=4 sYM: no general recursive results available
However, S-matrix approach successful:

multiple polylogarithms, “symbol” [ Roiban, Spradiin, Vergu, Volovich

kinematical limits (soft & collinear, multi-Regge kinematics) [Diar penminaion
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Introduction Il

e Integrability-based methods: employ OPE to determine hexagonal Wilson-
loops from the GKP string/flux-tube excitations. All-loop results for specific
subsectors/kinematical limits. Basso, Sever [ CUbse, oo "]

This talk:

e construct all tree-level amplitudes in open string theory recursively.

o relate the o’-expansion of the (IV — 1)-point and N-point amplitude employ-
ing the Drinfeld associator.
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Why string-theory tree amplitudes?
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Higher-genus integrals

low-multiplicity loop amplitudes in A’'=4 sYM & open-string trees:

multiple polylogarithms
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Open string-theory tree amplitudes. ..

are a perfect testing ground for loop calculations in N’ = 4 sYM theory:

no divergences
same building blocks: iterated integrals.
final result simple: multiple (-values.

string loops and higher-point N' = 4 amplitudes: elliptic polylogarithms

leading orders in o’ can be used to explore UV-properties of supergravities
using the Kawai-Lewellen-Tye relations. Kawal, Lewellen]

field-theory properties, such as the Kleiss-Kuijjf and Bern-Carrasco-
Johansson relations, can be easily derived from algebraic properties of

worldsheet integrals. [P [ Caasco] i b, Damgear | ibrger

after all, string theory is a heavily constrained theory

= should produce simple answers
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Open-string trees: Basics

N -point tree-level open-string amplitude:

)
21 //”’ \\\fN:OO
N
<3 ;7 \\
——— /
/ \
/ \
ZN I/ \\
\
IN-2 o 1
ZN—1 21 %9 - ZN_9 ZN-_1
G I t t ; Mafra, Schlotterer
enerail structure. 2 Schiott ]

\ well known,
state-dependent

o functions of dimensionless Mandelstam variables: s;; = o/ (k; + k;)*
e no dependence on external states - just kinematical correction

String corrections:
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4-p0int amplitUde [Veneziano]

A%PEN (1.2.3.4) = FP Av(1, 2,3, 4)

string
String correction can be expanded in o/ (uniform transcendentality):

F(l + 312)1“(1 + 823)

2 —
['(1 + s12 + s23)

4

-+ C5 S$12523 (S?2+28%2823—|-2812833 —+ 833) — CQCg 8%2833 (S12—|-823) + .-

_ 9 1 2
=1 — (2512523 + (3 512523(512 + s23) — (4 512523 | ST9 + —S12523 + S53

Multiple Zeta values:

1 . d
Cnl,...,nr — Z knl knT’ nl Z 17 (7% Z 2 9 We|ght w = an
s Ry

0<ky<--<kp 1| i—1

=- only single (’s in the four-point amplitude.
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5-point amplitude Mafta, Schiottrer

Aopen (17 27 37 47 5) — F(QS)AYM(IJ 27 3747 5) + F(SQ)AYM(L 37 27 47 5)

string
Expansion in terms of multiple zeta values: Stieperger ] [Rarreiro
23
F#) =1 Ca(s12523 + S12524 + S12534 + S13534 + 523534)

2 2 | .2 5
+ (3(879523 + S12553 + S19524 + 2512523524 + S12854 + -+ ) + + -

—|—C3’5(...)—|—'°'

FB2) = (5 513504 — (3(53524 + 2512813804 + -+ ) + -+ Ca5(c. ) + o

6-point amplitude
A%PEN (1.2.3.4,5,6) = F3 Ay\i(1,2,3,4,5,6) + FP*) Ay\i(1,2,4,3,5,6)

string
+ FO Av(1,3,2,4,5,6) + FO2) Avm(1, 3,4, 2,5, 6)
+ FU2) Av(1,4,2,3,5,6) + FU32) Avn(1, 4, 3,2, 5, 6)
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Structure of the string tree-level amplitude

Tree-level open string amplitude:

strin
Aopeﬁq = F.Avynm Ma"sat’ifnfé'r'é.’étrerer]
Explicitely:
Aopen(l,Hl,N— 1’N) ng FEEN_B)! AYM(l,O'l,N— 17N)
Aopen(l,H(N_3)g,N— 17N) Fl_al(lN_g)! Héz:zi: AYM(l,O'(N_g)!,N— 1,N)

where II; and o0; € P({2,3,..., N — 2}).

o Agg';r? , Av\i: vectors of (IV—3)! basis elements of color-ordered amplitudes
in open string theory and [ Dambaard. Vanhove | [ Stieberger]
Yang-Mills theory [ Bern, Carrasco

e string corrections F: (N — 3)!x (N — 3)!-matrix
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Structure of the string tree-level amplitude

Tree-level open string amplitude:

Adpen = F. Ay o Semron ]

Explicitely:

: Agpen(1,TI1, N — 1, N) Fgro FE&N‘“Q’)’:  Aym(l,00,N —1,N) |
- . S| /= = — .
Aopen (1, Ty sy, N — 1, N) iy o Figoan)) \Avai(1,000 5, N = 1,N)

where II; and o0; € P({2,3,..., N — 2}).

o AITY. Ay vectors of (N —3)! basis elements of color-ordered amplitudes
in open string theory and [ Dambaara, vanhove ][ Stieberger]
Yang-Mills theory [Bern. Carrasco

e string corrections F: (N — 3)!x (N — 3)!-matrix

e redundant information in F':

the first line is sufficient to obtain all others by a suitable relabelling
= focus on permutation II; = 2,3,..., N — 2 below
= consider only (N — 3)! objects F'? in the first line of F.
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String corrections

Why stick with the matrix form? Expand F in o' SHieberger |
F =1(n_spx(v_3) + P+ (3Ms + (3 Ps + (ol PoMs + (5 M5
1
+ (5 Ps + §C32M3M3 + (7 My + (o( PaMs + (3¢ Py M;

1 1
+ (5 Py + (3¢5 M5 M3 + §C2C§P2M3M3 + 543,5[]\45, M|

4.+ (9C2C9 + 2—65@2& — %CS’Q; + éC3,3,5> (M3, [Ms, M3]]

208926
894845

4+ ...+ C3’5C3,7 [Mg[Mg[M7, M5H] 4+ ...

e each matrix M,, and P,, contains entries of weight w exclusively
= degree-w polynomials in Mandelstam variables (s;;.. = o' (ki+k;+- - - )?)

e 5-point amplitude:

1 — _
Fly—0 = ( O) , Py= < (13 + 523)534 — 512(5234) S13524 )

0 1 512534 — (812 + 523)S24 — S13(S234)
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String corrections

e rewriting in terms of non-commutative words available [Brown || Eitoerger ]
= removes the unwieldy coefficients
=- structure completely determined + known

F— (14 foPo+ 5P+ f3Ps+ faPs+ f3Pio+ fePia+...)
X (14 f3 M3+ f5s Ms + f5 M3 + fr M7z + fsfs MsMs + f5f3 MsMs
+ fo My + f5 M3 + f5 Mg + fafr My Ms + frfs MsMy + fi1 My
+ f3 f5 Ms M3 + fs fs fs MaMsMs + fs f3 M5 M5 + f3 Mg
+ fafo MoMs + fofs M3Mg + f5f7 M7z Ms + frfs MsMz +...)

Johannes Brddel, Open-string tree amplitudes and the Drinfeld associator 10/33



String corrections

e rewriting in terms of non-commutative words available [Brown || Eitoerger ]
= removes the unwieldy coefficients
=- structure completely determined + known

F— (14 foPo+ 5P+ f3Ps+ faPs+ f3Pio+ fePia+...)
X (14 f3 M3+ f5s Ms + f5 M3 + fr M7z + fsfs MsMs + f5f3 MsMs
+ fo My + f5 M3 + f5 Mg + fafr My Ms + frfs MsMy + fi1 My
+ f3 f5 Ms M3 + fs fs fs MaMsMs + fs f3 M5 M5 + f3 Mg
+ fafo MoMs + fofs M3Mg + f5f7 M7z Ms + frfs MsMz +...)

Beautiful structure.

Missing:

Expansion of matrices F' into M,, and P,, for all weights.
closed / recursive form?
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Two very different methods

How to obtain the matrices M, and P, efficiently?

e Pedestrian: formalize the calculation of F°
from worldsheet integrals:

explore pole structure

employ polylogarithms to solve regular integrals

e Parachute: use the Drinfeld associator
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Pedestrian approach
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General form of the F’s

y $12 [ S13 523 S1,N—2 SN—-3,N—2
gl — | —+ — | ... + ...+
<12 <13 <23 Z1,N—2 ZN—3,N—2

N—2 N—1
F° = H / de H |Zij
i=2 Y11

1<
N—2 N—-1 N—2 k—1 < - . o
g k -~ ~ N =
- H dz; H |25 |%9 o E —= 5. 7 RS
; 11 o Emk 7 N
=2 1<J k=2 m=1 / N
/ \
/ \
/ \
10 1)
D N
Z1 29 ZN—-2 ZN—-1

Numerous poles = can be expressed in terms of regular lower-point integrals:

5
1 T 41 ° 4 1 ! 41 !
1 -
2 3 2 3 2 3 2 3
23 re re re
F@) = 1 4 $12 [219[312,3234—324] + 534 1219[8347813%—823] T S$12834 121?43

Functions F° can be expressed in terms of regular integrals 1"9.
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Regular parts

Regular integrals I™9 (z; = 0, zy_; = 1, zy = 00) Brodgl Sohloterer
N—-1
<i+1 dZ
re et ..
{a?} B H / i — Qj H |Zij|8w ) a; € {Oazi+lazi—|—27'°'7zN—271}
R el
expand.”
N-2 .. ne
_ s (In |z35])™
B 2 — a; (55) n;;!
i=2 V0 1<g n;;=0 ~ fﬁ _

multiple polylogs

+1
- / H E: sij) 7 G0, 1, 21}, z1)
i=2 /U 1<g n;;=0

integrate step by step to remove z;’s from the argument of G

i (5:)"9G({0,1},1)

1< nw—

.z'z

J/

~~

rewrite polylogs as multiple {’s
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Multiple polylogarithms and multiple zeta functions

1

O<ki<---<ky

— (_I)TG(Ovoa"'70717"'70707"‘70’1;1) :C(w)

G
Vo Ve

Ny ni

multiple polylogs / multiple zeta values are divergent in general
can be dealt with by shuffle reqularization [ Goncharov | [Duhr]

similar methods have been studied and used in many situations

Dixon, Duhri[ B Anastasiou, Duh
for example Hhenn [ Permington 1| Bogner 1 Pubr | [ puiat, Mistiberger

Thus,

rewriting the pole structure and using polylogs, any open-string tree-
amplitude can - in principle - calculated at any order in ¢/

bottleneck: extensive algebra, but efficient implementation buys several or-
ders ofthe expansion in o/
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New approach
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Drinfeld associator

Knizhnik-Zamolodchikov (KZ) equation zannizhnik 1
dF (ZO ) €0 €1 ~
= | — — F .
dZO (ZO <0 — 1) (ZO)

o 29€ C\{0,1}, Lie-algebra generators ey, e,

Regularized boundary values

A

Co = lim 25 F(z), Cp = lim (1 — 20)“*F(20)

z0—0 zo—1

are related by the Drinfeld associator ®: [Drinfeld]

01 — @(60,61) Co .

e (y, Cq and @ are (real and single-valued) elements of the universal en-
veloping algebra of the Lie algebra generated by ¢j and ¢4
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Representation of the Drinfeld associator: Mursizami ] [ Furusho |[ PRagoney

O(eg,e1) = Y Wleo, e1](w)-

we{0,1}
The Drinfeld associator generates the four-point amplitude. Drummond

®(eg,e1) = 1+ (o,0)€0-€0 + C(1,0)€0-€1 + Co,1)€1-€0 + ((1,1)€1-€1+

+ C(0,0,0)€0-€0-€0 + ((1,0,0)€0-€0-€1 + C(0.1,0)€0-€1-€0 + {(1,1,0)€0-€1-€1 +

= 1+ Caleo, e1] + C3leo — €1, [eo, e1]]
+ C4([eo, [eo, [eos e1]] + Flet. [eo, [e1, eo]]]
— [61, [61, [61, eo]]] —+ %[60, 61]2) =+ ...

How is this construction related to open superstring tree amplitudes?
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What is the role of z;?

A

/// \\\ZN:OO
7 N
/ AN
/ AN
/ \

/ \
/ \
/ \
/ \
1 0 1
L MR : I Ll
Z1  R2 ZN—-2 <0 ZN—1

e 2o Is an auxiliary insertion point interpolating between the
N-point and (N — 1)-point amplitude
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What is the role of z;?

dZO Zo—l zo—0
—>Co
o7 T T TSlAN =X
/ N
/ AN
/ AN
/ \
/ \
/ \
/ \
/ \
1 0 1
LL1° |I< I 1 |\
1., II( I 1 >
g1+ 20 20  <AN-1
2

e Inthelimit z5 — 0, all insertion points are squeezed close to 0.

e from the integration region, the point 1 appears to be close to infinity.

= situation is reminiscent of the (N — 1)-point amplitude.
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What is the role of z;?

dF(Zo) €0 ~ . ~
—— = = - F(z9), Cp = lim (1 — 29)F(z0)
dzg 20 zo—1
— 01
T T T T TSN AN=00
7~ ~
// \\
/ N\
/ \
/ \
/ \
/ \\
/
1 0 1
L 1 L s .. L I— 1 |
1 L 1 I > I 1 -
21 %2 ZN—-2 <0 Z0N-1

e Inthelimit zo — 1 one recovers the N-point situation
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Open-string tree amplitude for any multiplicity

dF(zo):< w )ﬁ(z()).

dZo 20 — <1 20 — ZAN—1

How to construct an auxiliary function ¥ (z,) such that
e it depends on an auxiliary insertion point zg in the right way

e it contains the correct information for the N-point and (N — 1)-point ampli-
tude in C; and Cj respectively?

e one can derive suitable matrices ey and e; that the KZ-equation is satisfied?

What about dimensions?

e previously: all string-theory information contained in the first line of an
(N —3)! x (N — 3)!-matrix.

e now: an additional auxiliary position z, more. Objects of dim. (N — 2)!.
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auxiliary vector F

N-2 .. N-1 N—2 k-1 .
o _ . . |Sig omhk
F—H/ dz; ||\zw\ o || g
i=2 V0 k=2 m=1

7
i<j mk

X 20 N=3 . N—-1 N—2 v k=1 N-2 N-1
EY (20) = /O dzv—2 ] /O dzi || [ ] 12i31™ ] ] (zo) ™0 O'{H > Z”—k I > m”}
=2

z
i<j k=2 | — e ——

([ )

02
FN—2

G
: ve{N—-2,...,2}

F: vector of length (N — 2)!

e )
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Plug ¥ into the KZ equation, solve it and obtain the (N —2)! x (N —2)!-matrices

eog andeq:
dF(z e e N
o) _(a_a y,
20 20 — 21 20 — ZN-—-1

e after applying the derivative, use partial fraction and integration by parts in
order to obtain the right-hand-side

e matrices are linear in Mandelstam variables s;; and thus in o/

What remains?

Need to show that regularized boundary values Cy and C4

derived from ¥ (zo) indeed contain the desired information.

Johannes Brddel, Open-string tree amplitudes and the Drinfeld associator 22 /33



Boundary value C

Co = lim 2z, “°F
z0—0

e Consider the first subvector ((NV — 3)! components):

FRr_o(z0 = 0) = 2y F° o v i=so; T O(s0:) ,
with eigenvalue of eg: [ Terasoma]
N—2
Smax = S12..N—2 T Z 505 -
J=2

e Other components are at least O(zy), thus suppressed. Resulting vector:
(2™ F7,0(n—_3)y(N—3)1) -

e Soft limit kxy_1 — 0 is equivalent to setting so; = s;, v—1 =0
(remove the kinematical contribution from the “second point at infinity”)

Co = (FU’kN_lzoa O(N—3)(N=3)!) -
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Boundary value C;

A

Ch = lim (1 — 29)'F

zo—1

e Extract again the first (N — 3)! components:

e schematic form of the first (N —3)! rows
Lv3)ix(v=3)1  O(n—3)1x (N=3)(N-3)!
(1 —20)" = . .

we can neglect all components of F(zy — 1) except

FXI_Q(ZO — 1) = 79 + O(SOZ') )

e Setting again sg; = 0 leads to

C1=(F,..).
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Four-point amplitude

(2 —

dza|l|212]|72 | 223]72® =
2([[212] 7% [ 223] 210 ['(1+ s12 + s23)

/1 S12 F(]_ -+ 812)F<1 -+ 823)
0

Auxiliary vector contains two subvectors of length one:

. 2 =0 S12/212
F = A2 = / dZQ 212 512 223 8232802 .
( £ ) 0 el ozt )

a4 (B _<6_o_€_1) £
dzo \ F% 201 203 £®

leads to matrices and boundary values (after setting sgo = 0):

S12  —S12 0 0 1 F2)
p— p— C p— , C p— .
€0 ( 0 0 ) , €1 < S93 593 ) ’ 0 < 0 ) 1 ( F(Z) 1

Thus,
F(®2) 1
( F2) _1q > — [(I)<€O’€1)}2><2 ( 0 ) '
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Five-point amplitude

( £ \ ( Xi12(X13+X23) \
F§32) » ” X13(X12+X32)
. F(23) . s s s X12X34
b= ]3’2(32) - /d23 /dz2 H 1265 ]™ 203" 203" X13X24
A 0 0 1<J
£ (X23+X24) X34
\ F1(32) ) ‘ \ (Xs2+X34)X24 )

where X;; = zﬂ . Corresponding matrices and boundary values read

)

5123 0 —S13 — 523 —S12 —S12 512 r2)
0 5123 —513 —S12 — 523 513 —513 0
o = 0 0 512 0 —S12 0 Co = 0 ,
0 0 0 513 0 —Ss13 0
0 0 0 0 0 0 0
\ o0 0 0 0 0 0 \ o0
0 0 0 0 0 0 ( F(23)
0 0 0 0 0 0 r(32)
el = 534 0 —S834 0 0 0 Cy =
0 S924 0 —S924 0 0
S34 —834  S23 + s24 S34 —5234 0
—S24 S24 S24 s23 + s34 0 —S234
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Finally, the 5-point result reads

F(23) 3
F(?)Q) — [(I)(eo,el)]GXEi 0
04

o there are no single (’s in the four-point F(?)
=- all multiple (’s originate in the Drinfeld associator.

String corrections F can be calculated completely (in principle).

Matrices eg and e; through N =9 and
results up to and including N = 7 are available at

http://mzv.mpp.mpg.de

Johannes Brddel, Open-string tree amplitudes and the Drinfeld associator 27 /33



Conclusions

e old-fashioned method formalized: x ke oheuningddl
=- applicable to any multiplicity N

and to any order in ¢/

e Drinfeld method calculationally favourable: [ Sticborass, Terasoma
S-matrix description, no integrals i

results up to 9 points
matrices ey and e; can be obtained without KZ-equation

e similar methods have been investigated in the context of loop amplitudes in
N = 4 super Yang-Mills theory [ card&u0t] [Henn]

e KLT-relations: techniques carry over to closed-string amplitudes

investigate ¢-structures [Stieberger] [ Kawai, Lewellen]

e Similar formalism for closed-string tree amplitudes?
= Single-valued harmonic polylogarithms. [ Schnetz ][ Stieberger]

e What about higher-genus surfaces? Other theories (e.g. N/ = 4 sYM)?
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THANKS |
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Extra slide I: Multiple polylogarithms

Definition:

2 dt
Glay,as,...,a,;2) = G(ag,...,an;t) w=n
0 t_al

G(z) = G(;2) = 1, except for G(a;0) = G(;0) = 0.
Shuffle product:

Glat,...,a:;2)G(ar11, . yar1s;2) = Glar,...,ar L Gpat,...,Qris; 2)
= ) Glag)- - Ga(rrs); 2)
oe(r,s)

Why polylogarithms?

1 y [
G0.0....0:2) = —(n =) G(L1... Lz)=-—7h"(1-2)
G =~ Ln(i-E)”
@y = (=)
Scaling property: G(ka; kz) = G(a; z) , k #£0
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Extra slide ll: explicit integration

1 Lz #3 dz
52 / : / 92 (In(z — 2))°
0 0

23—1

1 1 ng 3 dZQ 29 29 2
— 53 — 1 2+ 2lnzIn(1-= In(1-=
2323/0 p— 1/0 o (In(23))* +2 In 23 In ” + ( In -

2 1 dZ3 =3 dZQ . . . .
$23 — (G(0,0; 23) + G(0;23) G(23; 22) + G(z3,23;22)) -
0

22

Z2

1
3%3/0 1 (G(0,0;23)G(0; 23) + G(0;23) G(0, 235 23) + G(0, 23, 23; 23)) -

1
d
333/ % (3G(0,0,0;2) + G(0:25) G(0,131) + G(0,1,131))

s33(3G(1,0,0,0;1) + G(1,0;1) G(0,1;1) + G(1;1) G(0,1,1;1))

3%3 (3 G4 — C22)
1

2 .2
g $53C5
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Extra slide llla: Unfortunately,

...there is an obstruction. Consider

1 z
dz 3 dz
reg . 3 2 : :
o, = /O 23_1/0 G(23; 22) G(1; 20)

Z2

1 ng
— 1<G<07Z3717Z3) + G(O717Z3;23)) )
0

23 —
How to rewrite an integral of the form
G({0,a1,a2,...,2,...,0n}w; 2)

in terms of objects without z in the label?

Way to go:

e use the Hopf-algebra structure
e decompose polylog step by step using the coproduct

e express the result in the appropriate basis [Duhr]
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Extra slide lllb: Polylogarithmic identity

-

. )
Glay,...,ai-1,2,0i11,...,0n;2) = G(Ai—1,a1,...,0i-1, 2,041, ...,0p; 2)
— G(Aj11,01, . Qj1, 2,511y Ap} 2)
= dt R
_/ —G<a17°°°7ai—17t7ai—|—17'"7a'n;t)
0 t—a;—1
= dt R
+/ G(at,...,ai—1,t,0i41,...,an;1)
0 t—Qiy1
o dt
—I—/ G(CLQ,...,ai_l,t,ai+1,...,an;t).
N o t—m Y
= identity preserves shuffle reqularization
=- several occurrences of z: change formula appropriately
Example:
G(0,2,1;2) = G(0,0,1;2) — G(1,0,1; 2)
°odt “ o dt © o dt
—/ —G(t 1; t)+/ —G(O t; t)+/ —G(t 1;t)
0 - O 0 t - ]. H—/ 0 - O
—GC2
= G(0,0,1;2) — G(1,0,1; 2) — (oG(1; 2)
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