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Main question in this talk

Can we define and compute

“real"” physical observables

related to scattering amplitudes in ' = 4 SYM?
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eTe~ annihilation in QCD

v PETRA (1978-1986) and LEP (1989-2010)

s ALEPH oeLx Run=15768  Evt -54905

v Virtual photon or Z° —boson decays into quarks and gluons that undergo hadronization

v Final states can be described using a class of infrared finite observables (event shapes):
energy-energy correlations (EEC), thrust, heavy mass, ...
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Energy-energy correlation

v Function of the angle 0 < x < « between the detected
particles [Basham,Brown,Eliis,Love]

v Conventional (‘famplitude’) approach

EEC(x

Z / E (cosO,p — cosx)
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v Weak coupling expansion in QCD
EEC(x) = aEECLo(x) + ¢*EECN Lo (X) + O(a®)

v Current status (1978 — today):

X Very precise experimental data
X Poor analytical control, EEC 1, is evaluated numerically

v QOur goal: develop more efficient method for computing EEC
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“cTe~ annihilation" in AV = 4 SYM

v Define EEC in N/ = 4 SYM and evaluate it at weak/strong coupling

v Pair of et e~ = electromagnetic current = pair of quarks = fragmentation into hadrons.

v From QCD to N/ = 4 SYM: introduce an analog of the electromagnetic current
X (protected) half-BPS operator built from the six real scalars ®! (with I =1,...,6)

Oko/(x) = tr [@1 @7 — 151/ oK K]
X To lowest order in the coupling, O5q/ () produces a pair of scalars out of the vacuum

X At higher orders, the state O,/ (x)|0) is @ sum of on-shell states with

any number of N' = 4 “particles": scalars (s), gluinos ()\) and gluons (g)

/d4:c e'9% Oqq/ (2)|0) = |ss) + |ssg) + [sAN) + ...
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EEC in V =4 SYM

v Conventional approach

1 E.E
EEC(x) = — > /dLIPS A prx|? 52b5(COSX — cos Bgp)
°Vab, X

Amplitude of creation of the final state |a, b, X = everything)

Aatbrx = / dtxz e’ (a, b, X|Oqg/ (x)]0) ————

v Problems:
X presence of infrared divergences in the transition amplitudes A, 54+ x
X integration over the Lorentz invariant phase space of the final states dLLIPS
X need to sum over all final states ) _

X no analytical results beyond one loop
v New approach: EEC can be computed from correlation functions of energy flow operators
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EEC from amplitudes |

v Transition amplitude

Aoppix = -- b O 4 - o

v Matrix elements (s;; = (p; + p;j)? with p7 = 0; 't Hooft coupling a = g3,,N/(47?) )

Assl? = [(s(p1)5(p2)|020/10)|> = — [1 + aFyine ()]

512
512
|A339|2 — |<S(p1)8(p2)g(p3)‘020/‘O>|2 =a
513523
2
Aol = [(AE1)AP2)s(ps) 020/ 10)]* = a

v Total transition amplitude
Ttot(q) = /dLIPSz |Ass|? + /dLIP83 (|Assg\2 + \AsM\Q) + O(a?)

1
+0(a?) = — +0-a+ 0(a?)
512813523 81

s2, + 2513523

L (it )] o o,

8

Protected from perturbative corrections Strings14 Ascona - p. 7/17



EEC from amplitudes li

v Weighted cross-section: insert weight factor w(p)

EEC = |:/dL|PS2 w(pl,pQ) |Ass|2 + /dI—IPS3 ’UJ(p1,p2,p3)(|Assg|2 + |As>\>\|2) + O(CL2) /Utot

v Weight factors for energy-energy correlations

EaEb (Eaaﬁa)
w(p1,p2,...) = Z o~ d(cosB,p — cosx) (Ep,Pp)
a,b
dLIPS, = H dpi 51 (p?) 54 Z _

v Conformal symmetry: EEC depends only on the scaling variable

z:%(l—cosx), 0<z<1
v Non-protected quantity: one-loop contribution [Zhiboedov],[Engelund, Roiban]
a 1 o
EECN:4 = + O(a )

]
422(1 — 2) TT

IR finite functionof 0 < x < =

v Two-loop correction is hard to compute (~ 10% diagrams)
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EEC from correlation functions |

v Use the completeness condition > | X)(X| =1

orot(q) = Y (2m)*6W (¢ — px)| Ao, — x|’
X

= Z/d% e'?® (0|07 (0)| X )e~PX (X|0(0)|0) = /d% "1 (0|0 (2)) " |X)(X[0(0)]0)
X

X
Cn 1
(2 —iex®)2 167

- / dh el (0|01 (2)0(0)[0) = / dia el (N? —1)6(¢°)6(q?)

Wightman correlation function (no time ordering!), protected for 1/2-BPS operators

v Generalization to EEC: insert weight factor
EEC ~ » (0|07 (2)|X)w(X)(X|0(0)|0) = (0|07 ()& (71)& (72) O(0)[0)
X

’Fii Toq (t,?“’ﬁ:)
Energy flow operator

EM)|X) = Eqed® (95, — Qa)|X)

v Relation to the energy-momentum tensor

[Sveshnikov, Tkachov],[Korchemsky,Oderda,Sterman]

7 — 00

oo .
E(N) :/ dt lim 72 7'To;(t, rid)
0
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EEC from correlation functions I

4 Energy flow correlations [Korchemsky,Sterman],[Belitsky,Korchemsky,Sterman],[Hofman,Maldacena]
E(71) E(1i2)

(E)E ) = o3t [ dla €52(0]0 (@) EG)E () OO)[0)
Energy flow in the direction of i1 and 7i2
v Average over the orientations 7i; and i with the relative angle x kept fixed

EEC = /dQldQQ o(riy - Mo — cosx)(g(ﬁl)g(ﬁ2)>q/q2

v Final form of EEC: Multi-fold integral of the 4-point Wightman function

. o
EEC ~ /d4:cequ/ dtidty lim rir3 (0|07 () Tz, (21)Tor, (x2) O(0)]0)w
0 T o0

J PN O o lx; = (t,?“ﬁi)

Vv ' '

Fourier Detector limit Wightman correlation function
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N = 4 SUSY and analytic continuation

v' How to obtain (OT},,T,5-0)?
X Starting point: Euclidean 4-point function of scalar half-BPS operators

1 37%25’3%4 37%3374211

O(x1)O(x2)0O(x3)O(x4))E = P (u,v;a), u = , V=
2 2 2 92 2 2 2 9
L1oLo3L34TYq L13Loy L13Loy

X O and T,, are members of the N' = 4 energy-momentum tensor multiplet

T(x,0,0) = O(x) + 05”0 Ry (x) + ... +00"0 0670 Ty (x) + ... + (0)* Lar—4 sy 1 ()

X (0T, T,s0) is obtained from (OOOO) by N' = 4 conformal SUSY

NZLEYSY (O (1) T (22) Too (23)0(24)) & = Dyavpo (92, 83)(0(21)0(22)0(3)O0(4)) 5

with D, ,- a 4th-order differential operator.

v How to analytically continue ®(u, v; a) from Euclid to Minkowski&Wightman? [Liischer,Mack]
X Most easily done using the Mellin transform

—d+41i00 di+ di ' '
®(u,v;a) = / J1 .‘72 M (j1,72;a) ultvI?
—5—i00 (271'2)

. 2 2 o 0 . . n
by the simple replacement Ty Ti; —lexy, fori < jin wu,v. Stings14 Ascona - 1117



All-order formula for EEC

Master formula

§+ico Ji di 1 — J1+J2
;)1 0)2 o . z
EEC M(j1, ja: a) K (j1,
(x) = 22(1_Z) /5 ] (]1v]2 a) ! (]i ]2)/( . )

7

. \ .
corr. function detector ~~
angular dependence

The dependence on the angle x enters through
z=(1—cosy)/2
Detector function depending on the type of observable (energy, charge, ...) but not on the coupling

21(1 — 51 — j2)
L(j1 +j2)[I'(1 = 51)T'(1 = 52)]?

The dependence on the coupling constant comes from the Mellin amplitude

Krpg(j1,j2) =

d+100 di+ di
O (u,v;a) :/ 1892 M(]l joia) utvI?
—S5—i00 (27‘(’2)

M (j1,jo;a) = aM® (1, j2) + a2 M P Gy, ja) + . ..

N~

are known

Mellin amplitude also known at strong coupling via AdS/CFT [Arutyunov,Frolov]]
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EEC up to two loops

v Four-point correlator at weak coupling [Eden,Schubert,ES],[Bianchi et al]
1 2
®(u,v;a) = a®V (u,v) + a2{§(1 +u + v) [(13(1) (u, v)]
1 1
+2 {(13(2)(11,,’0) + 2@ (v/u,1/u) + =@ (1 /v, u/v)}} + 0(a®)
u v

v Euclidean ladder (or ‘scalar box’) integrals (1) and &(2) [Usyukina,Davydychev]

v Mellin amplitude to two loops:

M (j1,42) = aM ™M (51, j2) + a® [%M@)(ﬁ,ﬁ) + M@ (51,52 — 1)

+2M @ (1, j2) + AM@ (1, —1 — j1 — ja)|

MO (1, j2) = =7 (=0T (~g2)0(1 + i + j2)]°
M@ (g1, j2) = = TT(~G0)T(=j2)0(1 + 1 + )

y / dj dj’, MO (! ./)F(ji — )T (G5 — j2)I' (1 + 51 + j2 — 41 — 35)

. 12J2 ; ) X X
(27i)2 I'(1—4)TQ — 45T+ 41 +75)

~ oy, dj dj’ . o . o

M®) (j1, j2) = / ﬁM(l)(ﬂ — j1,d2 — 3o) MM (51, 3b)
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Warm-up exercise: One loop

v Master formula at one loop

ERC (1 loop) _ a /_Hioo dj1dj2

1 — >\ J1tJ2
422(1 — 2) J_s_ico (2mi)2 >

MW (41, j2; a) K (j1, j2) (
Mellin amplitude

MW (41, 52) = —i [[(—51)T(—j2)T(1 + j1 + j2)]°

21°(1 — j1 — j2)
I'(j1 + 72) (1 — 51)T' (1 — j2)]?

v' Change integration variable j; + jo — j1

K(j17j2) —

EEC(1loop) — _ ¢ dj1dj2 h Ul (1 - Z)jl
422(1 — 2) (2m8)2 2(j1 — j2)2j22 sin(mj1) .
a 1

]
422(1 — 2) TT

v Not so simple at two loops! M (2) (1, j2) is given by a two-fold Mellin integral.
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EEC at two loops |

Final result for EEC

EECyn =4 = 42:2(11— 2 {a + a? (1 —2)F2(2) + %Fg(z)} }, z = %(1 — cosx)

F, (z) are linear combinations of functions of homogenous weight w = 1,2, 3

— —In(1—2)
h(z) =4z {Lm (—vz) — Liz (v2) + %lnzln (1 j é)}

+ (14 z) [2Lig(2) + In%(1 — 2)] —|—21n(1—z)1n<1iz> +z%2,
Fiy(z) = (1— 2)(1 + 22) {mz Gfé) 1n<1;’2> _ 8Lig (ﬁ\/EJ _ 8Lig (\/ﬁlﬂ

— 4(z — 4)Lis(2) + 6(3 + 32 — 422)Lis (%) —22(1442)¢3 + 2[(3 — 42)z1n 2

+2(22% — 2z —2)In(1 — z)|Lia(z) + % In? (1 — 2) [4(3,22 —2z—1)In(1 — 2)

2
+3(3—42)zlnz] + % [2,22 Inz — (222 + 2z — 2)In(1 — z)]
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EEC at two loops Il

v Sum of basis functions with nontrivial arguments and rational prefactors R and R3

EEC(2 loops) Z RQ(Z7 \/;) Wy (Z, \/E) + Z R3 (Z, \/E) W3(Z7 \/E)
Weight two W5 = {Lio, InIn, 72} ; weight three W3 = {Lis, Liz In,InInln, 72 In, {3}

v Wy and W3 depend on /z = |sin(x/2)|, but EEC is manifestly invariant under /z — —/z

v Scattering amplitudes have homogenous weight in planar N = 4 SYM at weak coupling

Aa—|—b—|—X ~ exp <—D|V(1/E) —|— Z CLEWQE —|— O(G))
V4

This property is ‘minimally’ violated for EEC after the phase space integration

1 E.E
EEC(x) = — > / dLIPS |Agtptx|? Q2b(5(cos X — o8 O4p)
Y a,b,X

v Strong coupling fromAdS supergravity: uniform distribution at leading order
Agrees with the strong coupling prediction for EEC in planar N' = 4 SYM [Hofman,Maldacena]

a o0 1 - —
BECy—s 2% - [1+a L (1 - 62(1 - 2)) + O(a 3/2)]
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Conclusions and open questions

v Energy flow correlations are good/nontrivial physical observables in ' = 4 SYM

v Relation to energy flow correlations in QCD (most complicated part)?

v All symmetries of N' = 4 SYM are preserved, what is the manifestation of integrability?
v Interpolation between weak and strong coupling?

v Bootstrap?

v Other proposals for ‘good’ observables?
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