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Compensating strong coupling
with large charge

Overview 

•  Motivation for Large Charge Perturbation Theory 

•  Large-charge vacuum 

•  Quantum fluctuations 

•  Anomalous dimensions 

•  Summary and Outlook
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Motivation

• We want to make perturbation theory useful 
     in the analysis at the fixed points 
     of the RG flow
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• Insight to a theory 

     with no intrinsically small parameter 

‣ CFT         , conformal bootstrap  

‣ access via non-perturbative methods, e.g. Lattice QFT 

‣ other methods…?

Introduction: Effective actions

• But, any natural action does not generically 

     allow perturbative calculations 

‣ it contains infinite many terms 

‣ all couplings are naturally of order one

(D = 2) (D � 3)

UV

IR

perturbation theory  
breaks downWilsonian action 

neat,  
but mostly useless

!

3
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• Idea

‣ fix the charge 

‣ take 

• Assumptions 

‣ original theory has a global symmetry 

—> conserved Noether charge  

‣ IR coupling     is finite (or large)

Introduction: The main idea

UV

IR

Q

�

Q0 � 1

vacuum            +   Goldstone   +        - suppressed corrections|Q0i Q0

CFT
interacting

⇤ ⌧ d

r
Q0

V

Q = Q0
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‣ complex scalar 

‣                  is a Wilsonian parameter

‣                  is the Ricci scalar

•  Concrete class of models in 2+1 dimensions 

      on the two-sphere 

The O(2n) vector model

L = @µ~�
†@µ~�� R

8
|~�|2 � �|~�|6

~� : Rt ⇥ S2(r0) ! Cn

� ⇠ O(1)

R = 2/r20

assu
mpt

ion

‣ The action enjoys in real DOFs an          symmetryO(2n)

CFT

UV

IR
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The O(2n) vector model

k  n O(2n)Qi

Chemical potential Only sum of 
charges appears

O(2n� 2k)⇥U(k) ! O(2n� 2k)⇥U(k � 1)

•  Fix          charges      in the Cartan sub-algebra of 

•  True generator of time-translations: effective Hamiltonian

H � µ
Q

4⇡r20
with Q ⌘

kX

i=1

Qi
!
= Q0
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The O(2n) vector model

k  n O(2n)Qi

O(2n� 2k)⇥U(k) ! O(2n� 2k)⇥U(k � 1)

•  Fix          charges      in the Cartan sub-algebra of 

•  True generator of time-translations: effective Hamiltonian

H � µ
Q

4⇡r20
with Q ⌘

kX

i=1

Qi
!
= Q0

Time-dependent!

•  Classical ground-state: by         symmetry can be written as U(n)

µ ⇠ O(
p
Q)with

h~� i =
�
0 , . . . , 0| {z }

k�1

, v eiµt , 0 , . . . , 0| {z }
n�k

�
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•  Classical ground-state:

centrifugal potential

✓
Q

4⇡r20

◆2 1

2v2
+

R
16

v2 +
�

6
v6

The vacuum of O(2n) vector model at fixed charge

h~� i =
�
0 , . . . , 0| {z }

k�1

, v eiµt , 0 , . . . , 0| {z }
n�k

�

with v ⇠ O( 4
p

Q)
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centrifugal potential

✓
Q

4⇡r20

◆2 1

2v2
+

R
16

v2 +
�

6
v6

The vacuum of O(2n) vector model at fixed charge

with v ⇠ O( 4
p

Q)

υ

V

!

"#$(!)

'( theory
at fixed charge

)		unconstrained

controlled by 	+ > 0
controlled
by  ./ ≫1

|2/⟩

Large-charge vacuum: Semi-classical treatment

At � ! 1 classical mechanics dominate

I VEVs behave like their classical counterparts

isotropic oscillator in 2D VEVs of O(2) at fixed Q0

radius x2
+ y2 v = hri

polar angle tan

�1 y
x h�i

angular momentum xpy � ypx charge density ⇢0 =

Q0

V = v2 h�̇i

I Jacobian J = v

I effective potential VQ0(�) [v, h�̇i] := � 1
�V logZQ0 [v, h�̇i]

implies the classical Routhian

RQ0(�) [v, ⇢0] := ⇢0 h�̇i + VQ0(�) [v, h�̇i] = ⇢2
0

2v2 +

m2

2 v2 + �
2N v2N

centrifugal potential
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•  Minimize centrifugal potential
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Fluctuations on top of         : Low-energy spectrum

8

non-relativistic Goldstones    

|Q0i

• Consider fluctuations           on top of

h~� i =
�
0 , . . . , 0| {z }

k�1

, v eiµt , 0 , . . . , 0| {z }
n�k

�

up to 
quadratic 
order in the 
fluctuating 
fields    

p 6= 0

!p =
|p|2

2µ
relativistic Goldstone   

!p =
|p|p
2

(all other modes 
are massive)   
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Fluctuations on top of         : Low-energy spectrum

8

|Q0i

• Consider fluctuations           on top of

h~� i =
�
0 , . . . , 0| {z }

k�1

, v eiµt , 0 , . . . , 0| {z }
n�k

�

up to 
quadratic 
order in the 
fluctuating 
fields    

p 6= 0

!p =
|p|p
2

superfluid phase

spontaneous breaking of 

time-translation invariance    
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‣ expand in ladder operators for every

‣ diagonalize the quadratic Hamiltonian in 
the oscillators via a Bogoliubov-Valatin

  transformation

‣ all higher orders are suppressed by
   appropriate powers of 

L = @µ~�
†@µ~�� R

8
|~�|2 � �|~�|6 UV

IR

�a/Qb ⌧ 1

p 6= 0

justi
fied

• Go quantum, in canonical formalism

Fluctuations on top of         : Quantum corrections|Q0i

⇤ ⌧ d

r
Q0

V
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Computing anomalous dimensions

•  conformal (anomalous) dimension   

of an operator with charge     on Q R3

D = r0E

Convergence of the OPE (1.8) now follows from a basic theorem about Hilbert spaces:
the scalar product of two states converges when one of the two states is expanded into an
orthonormal basis. Q.E.D.

The above argument will provide a starting point for our discussion. Our goal will be to
make it more explicit and quantitative, in particular by determining the rate of convergence.

3 Operator formalism exemplified

The purpose of this section is to provide some background material about the radial quanti-
zation and the state-operator correspondence. This is pretty standard and may be skipped
by the experts.

3.1 Map to the cylinder

One way to think about the radial quantization is by mapping the CFT from the Euclidean
flat D-dimensional space to the cylinder R ⇥ SD�1 (Fig. 3). In the 2D case this is usually
carried out by means of the logarithmic coordinate transformation. However, the map exists
in any D because the cylinder is conformally flat:

ds2cyl = d⌧ 2 + dn2 = r�2(dr2 + r2dn2) ⌘ r�2ds2RD

(⌧ = log r ,n2 = 1) . (3.1)

On the cylinder we have time translation invariance and the usual Hamiltonian quantization.

y

x

z1

z2

z3

Figure 3: The map between RD and the cylinder.

Going back to the flat space the cylinder time slicing is mapped onto the slicing by spheres,
and we recover the radial quantization.

It is a basic property of CFT that correlation functions on conformally flat backgrounds

8

R3
R⌧ ⇥ S2(r0)

⌧ = log r

•  energy     on 

  of a state at fixed charge 

R⌧ ⇥ S2(r0)

Q

E

 conformal map   
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•   The energy on           is dictated by the condensate 

       and the vacuum energy of the relativistic Goldstone 

Computing anomalous dimensions

vS2(r0)

h~� i =
�
0 , . . . , 0| {z }

k�1

, v eiµt , 0 , . . . , 0| {z }
n�k

�

!p =
|p|p
2

‣ lesson from large charge Q

D(Q) = ↵3/2 Q
3/2 + ↵1/2 Q

1/2 � 0.093 + O(Q�1/2)
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Computing anomalous dimensions

D(Q) = ↵3/2 Q
3/2 + ↵1/2 Q

1/2 � 0.093 + O(Q�1/2)

UV

IR

?
‣         coefficients

‣ depend on the IR coupling 
   and the specifics of the RG flow through

O(1)

�

#@�@�
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scalar

at fixed charge

12

Analytic vs Lattice

Computing anomalous dimensions

D(Q) = ↵3/2 Q
3/2 + ↵1/2 Q

1/2 � 0.093 + O(Q�1/2)

‣ fix them via parameter-fit to lattice data 
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[Banerjee,Chandrasekharan, 
Orlando’2017]
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Computing anomalous dimensions

D(Q) = ↵3/2 Q
3/2 + ↵1/2 Q

1/2 � 0.093 + O(Q�1/2)

‣ fix them via parameter-fit

‣ indeed � ⇠ O(1)perturbative access

valid not only in the 
large charge regime

[Hasenbusch,Vicari’2011]
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•  Consider CFT at the IR 

‣  e.g.         models

•  Fix global         charge(s)

•  Theory is effectively at weak coupling

14

Summary

vacuum            +   Goldstone   +        - suppressed corrections|Q0i Q0

UV

IR “1/Q0”setup perturbation series in

Wilsonian action 
becomes useful

"
O(n)

U(1)

⇤ ⌧ d

r
Q0

V
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•  We can also compute the fusion coefficients of 3pt functions

•  Investigate even broader class of models  
‣  e.g. matrix models

•  Relation to large spin theories [work in progress] 

•   Supersymmetric models

•  Large charge perturbation techniques for fermions

Summary & Outlook

[Monin,Pirtskhalava,Rattazzi,Seibold’2016] [O.L.,Orlando,Reffert’2017]

[O.L.,Orlando,Reffert’2017]

[Hellerman,Orlando,Reffert,Watanabe’2015] [Hellerman,Maeda,Watanabe’2017]

� CP2
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Disclaimer!

• No bootstrap here: 

‣ our approach is completely orthogonal to bootstrap  

‣ we can access sectors that are exponentially   

difficult to reach with bootstrap 
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Disclaimer!

• This is not simply a theory at finite chemical potential
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• Generically consider partition function or thermal sum at 

• Insert delta function constraint to fix the charge

Fixed charged theories

T =
1

�

Z(�) = Tr e��Ĥ

�
⇣
Q̂�Q0

⌘
=

1

2⇡

Z
d✓ ei✓(Q̂�Q0)

• Fixed charge partition sum

ZQ0(�) ⌘ Tr
n

�
⇣

Q̂�Q0

⌘

e��Ĥ
o

=

Z

d✓

2⇡
e�i✓Q0 Tr

n

ei✓Q̂ e��Ĥ
o

Grand-canonical ensemble 

Fourier transform
chemical 
potential

canonical ensemble 
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Q0Q0

“small” fluctuations

•  The classical picture

centrifugal potential

✓
Q

4⇡r20

◆2 1

2v2
+

R
16

v2 +
�

6
v6

Q � 1

The vacuum of O(2n) vector model at fixed charge


