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Ward identities

Hermitian matrix model with Dijkgraaf, Verlinde, Verlinde ’91
most general polynomial potential Morozov, Mironov ’91

ZN({t}) =

∫ N∏
i=1

d xi

∏
i<j

(xi − xj )
2 e

∑
k≥0

tk
∑

i
xk

i

Invariant under xi → xi + εn xn+1
i

Ward Identities: 〈
∑
i,j

n∑
k=0

xk
i xn−k

j +
∑
k≥0

ktk
∑

i
xk+n

i 〉 = 0 , n > 0

Virasoro constraints: L̂n ZN({t}) = 0 for n > 0

L̂n =
n∑

k=0

∂2

∂tk∂tn−k
+
∞∑

k=0
ktk ∂

∂tk+n

[
L̂n, L̂m

]
= (n −m) L̂n+m

Clue to the integrability of the matrix model! Morozov ’93, ’95
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Motivation

Supersymmetric localization Pestun, ’07

Path integral of SUSY
gauge theory

Z =

∫
Dφe−S(φ)

Matrix integral

Z =

∫
dNx Z1−loop ({x}) e

− 1
g2
∑

i
x2

i

Rich variety of “new” matrix models
coming from various gauge theories
(different multiplet content, space-time
dimensions, manifolds etc.)

Can we generalize Virasoro constraints construction
to the localization inspired matrix models?
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Generating functions

Typical localization matrix model

Z =

∫
dNx Z1−loop ({x}) e

− 1
g2
∑

i
x2

i

1-loop determinant ∼
∏
i 6=j

f (xi − xj )

Yang-Mills coupling or CS level.
Gaussian potential. We need gen-
eral potential

∑
k
∑

i tk xk
i !

Consider Wilson loop:

〈WR〉 =

∫
dNx sR

(
{e2πx}

)
Z1−loop ({x}) e

− 1
g2
∑

i
x2

i
,

sR(x) -
Schur pol.

Construct WL generating function: Z ({t}) ≡
∑
R

sR({t̂})〈WR〉

Z ({t}) =

∫
dNx Z1−loop ({x}) e

− 1
g2
∑

i
x2

i +
∑

k>0
tk
∑

i
e2πkxi

tn =
∑
k

t̂n
k
n

For g2 →∞ (kCS = 0 in 3d) it is exactly what we need!
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Constraints from Ward Identities

How to generalize Virasoro constraints construction?

First way: Choose different basis of transformations xi → fi ({x})

Example: A.N., M.Zabzine, ’15

Matrix model

ZN({t}) =
∮ N∏

i=1

dzi
zi

∏
i<j
θ
(

zi
zj

; q
)
θ
(

zj
zi

; q
)

e
∞∑
s=0

ts
s!
∑

i
zs

i

vector multiplet on S3 × S1

Wilson loop
on S1 fiber

Transformations generated by the operator Dq
(
xn+1 . . .

)
Constraints:

T q
n ZN ({t}) = 0 T q2

n ZN ({t}) = 0[
T q

n , T q
m
]

= q−n−m
(

[n]q − [m]q

)(
[2]q T q2

n+m − T q
n+m

)
Proper choice of basis: WI=Differential Constraints

Hard (a lot of guessing and playing with expressions)
Anton Nedelin q-Virasoro constraints for 3d partition functions 6
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Constraints from free bosons

Hermitian matrix model State in free bosons theory

ZN({t}) =

∫ N∏
i=1

d xi
∏
i<j

(xi − xj )
2 e

∑
k≥0

tk
∑

i
xk

i
'
∫

dNx
∏
i

S(xi ) |0〉

Heisenberg algebra representation
a−n ' n tn , an ' 2 ∂

∂tn
, |0〉 ' 1 Screening current

S(x) ≡: e−
∑

n 6=0
x−n

n an : eQ xP

Crucial property of screening currents:[
L̂n, S(w)

]
= d

dw O(w)
[
L̂n,

∫
dw S(w)

]
= 0

Virasoro operators: L̂n = 1
4

∑
k∈Z

: an−k ak : '
n∑

k=0

∂2

∂tk∂tn−k
+
∞∑

k=0
ktk ∂

∂tk+n

Hence we obtain
Virasoro constraints! L̂n ZN ({t}) = 0 n > 0
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q-Virasoro algebra

First natural generalization: q-deformed Virasoro
Shiraishi, Kubo, Awata, Odake ’95

[Tn,Tm] = −
∑

` f`(Tn−`Tm+` − Tm−`Tn+`)− (1−q)(1−t−1)
(1−p) (pn − p−n)δn+m,0

Deformation is parametrized by q , t ∈ C, p = q t−1.
Another parametrization t = qβ .
Structure constants fl fixed by associativity

∑̀
>0

f` z` = exp
(∑

n>0

1
n

(1−qn)(1−t−n)
(1+pn) zn

)
Virasoro limit: q = e~ , ~→ 0

Tn → 2δn,0 + β~2
(

L̂n + 1
4 Q2

β δn,0

)
+ O

(
~4
)

L̂n - Virasoro operator with central charge c = 1− 6Q2
β

Qβ =
√
β − 1√

β
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q-Virasoro: free field representation

Heisenberg algebra:

[an, am] = 1
n (q

n
2 − q−

n
2 )(t

n
2 − t−

n
2 )(p

n
2 + p−

n
2 )δn+m,0 , [P,Q] = 2

Screening
current: Sq(w) ≡: e

−
∑

n 6=0
w−n

qn/2−q−n/2 an
: e
√
βQ w

√
βP

q-Virasoro operator:∑
n∈Z

Tnz−n =
∑
σ=±1

Λσ(z)
Λσ(z) =: e

σ
∑
n 6=0

z−n

(1+p−σn)
an

: qσ
√
β

2 Pp
σ
2

q-Virasoro matrix
model: Z ({t}) '

∮
dNw

∏
i

Sq(wi )|0〉

a−n ' (q
n
2 − q−

n
2 )tn , an ' 1

n (t
n
2 − t−

n
2 )(p

n
2 + p−

n
2 ) ∂

∂tn
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q-Virasoro matrix model

Nieri, A.N., Zabzine ’16
q-Virasoro matrix model generating function:

Zq({t}) = N0

∮
dN w

w

∏
k 6=j

(wk w−1
j ; q)∞

(t wk w−1
j ; q)∞

∏
i

wκ1
i e

∑
k>0 tk

∑
j wk

j

1-loop for vec. + adj. multiplets of
mass t on D2

ε × S1
(
q = e2πiε

)
Aganagic, Haouzi, Kozcaz, Shakirov ’13

FI term: κ1 = βN−
√
βQβ

Wilson loop along S1

By construction Tn Zq ({t}) = 0 n > 0

Tn =
∑
σ=±1

qσ
√
β

2 p
σ
2
∑
k≤0

Bk

(
{A(σ)
−k}

)
Bn+k

(
{A(σ)

n+k}
)

(n+k)! k!

Bell polynomials

A(σ)
n = σ an |n|!

1+p−σn
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S3
b partition function: modular double

Gluing two copies of N = 2 on D2
ε × S1 ⇒ N = 2 generating

function on the squashed sphere S3
b : ω2

1 |z1|2 + ω2
2 |z2|2 = 1

Copy 1 Copy 2

q1 = e2πi ω2
ω1 q2 = e2πi ω1

ω2

t1 = e2πiβ ω2
ω1 t2 = e2πiβ ω1

ω2

β1 = β β2 = β

SL(2,Z) gluing: ε→ g · ε = ε
1−ε

q1 = e2πiε; q2 = e2πig·ε; ε = ω2
ω1

;

Partition function

ZS3
b
({t}) = N0

∮
dNx

∏
k 6=j

S2(xi−xj |ω)

S2(xi−xj+M|ω)

∏
i

e
2πiκ1
ω1ω2

xi ∏
j=1,2

e
∑

k>0
tk,j
∑

i
e

2πik ω
ωj

xi

1-loop for vec.+adj.
of mass M = β (ω1 + ω2) FI term

Two Wilson loops:
length L1(2) = 2π

ω1(2)

around z2(1) = 0

q-Virasoro constraints

Tn,1 ZS3
b

({t}) = 0
Tn,2 ZS3

b
({t}) = 0
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Conclusions and Outlook

Construction of Virasoro constraints is generalized to
constraints closing q-Virasoro algebra
Resulting matrix model is generation function of the Wilson
loops in N = 2 theory on D2 × S1

S3
b Wilson loop generating function is annihilated by two sets

of commuting q-Virasoro operators.
Generalization not mentioned in the talk

Other spaces: S3
b/Zr , S2 × S1 , twisted S2 × S1

Non-trivial CS level: inclusion of vertex operators
Adding fundamental hypermultiplets: inclusion of vertex
operators
Quiver theories: quiver W (q,t)-algebras

Going to higher dimensions: 4d (Lodin, Nieri, Zabzine ’17 ) and 5d
theories?
Integrability of the constraints?
Correspondence to q-deformed integrable systems (Toda,
Macdonald, etc.)
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Thank you!
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