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Introduction to AdS3/CFT2



Why AdS3/CFT2 ?

Half the susy of N = 4 SYM so much richer dynamics possible

Integrability has been used to solve the spectral problem in
AdS5/CFT4 and AdS4/CFT3

Dual pair has a large moduli space including a locus where string
theory is described by a WZW model

CFT2 dual of AdS3 × S3 × S3 × S1 remains poorly understood
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AdS3 × S3 × T4

Supergravity solution for D1- and D5-branes

0 1 2 3 4 5 6 7 8 9

Nc × D1 • •
Nf × D5 • • • • • •

Near-horizon limit: AdS3 × S3 × T4 + NcNf R-R 3-form flux

The R symmetry is so(4)6789 ∼ su(2)L × su(2)R

We will write so(4)2345 ∼ su(2)◦ × su(2)•

AdS3 × S3 × T4 can be supported by R-R + NS-NS 3-form flux.
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AdS3 × S3 × T4 Moduli

In near-horizon limit of D1/D5 vol(T4) = Nc/Nf .

The corresponding flat space modulus becomes massive.

IIB string theory on T4 has 25 moduli:

gab (×10), Bab (×6), C
(2)
ab (×6), C (0), C

(4)
abcd , φ

In near-horizon limit 5 become massive:

gaa, B−ab, NcC
(0) − Nf C

(4)
abcd

We are left with a 20-dimensional moduli space

H\so(4, 5;R)/so(4)× so(5) .
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Symmetry of AdS3 × S3 × T4

Global symmetry of background is psu(1, 1|2)L ⊕ psu(1, 1|2)R .

psu(1, 1|2) is finite-dimensional part of small N = 4 SCFA.

This SCFA has a single su(2) Kač-Moody current.

Short representations of psu(1, 1|2)L satisfy

DL = JL

DL is the (left) conformal dimension and JL the (left) su(2) spin.

Shortening condition is the same in SCFA

States with DL = JL and DR = JR are 1
2 -BPS.

We label them as (JL2 ,
JR
2 )

S
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AdS3 × S3 × T4 protected sugra spectrum

[de Boer ’98] found the sugra spectrum using a KK reduction on S3

He assumed that all sugra states are in 1
2 -BPS multiplets.

The multiplets and their multiplicities are(
1
2 ,

1
2

)⊕5

S
⊕

⊕
m≥2

(
m
2 ,

m
2

)⊕6

S
⊕
(
m−1

2 , m+1
2

)
S
⊕
(
m+1

2 , m−1
2

)
S⊕

m≥2

(
m−1

2 , m2
)⊕4

S
⊕
(
m
2 ,

m−1
2

)⊕4

S

The first 5 multiplets contain the moduli.
The first/second line have bosonic/fermionic h.w. states
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Green-Schwarz strings



A choice of metric

We write the metric as

ds2 = ds2
AdS3

+ ds2
S3 + dXidXi ,

where

ds2
S3 = +

(1− y2
3 +y2

4
4

1 +
y2

3 +y2
4

4

)2
dφ2 +

( 1

1 +
y2

3 +y2
4

4

)2
(dy2

3 + dy2
4 )

and

ds2
AdS3 = −

(1 +
z2

1 +z2
2

4

1− z2
1 +z2

2
4

)2
dt2 +

( 1

1− z2
1 +z2

2
4

)2
(dz2

1 + dz2
2 ) ,

Well-suited for expansion around BMN ground state.



A choice of metric

We write the metric as

ds2 = ds2
AdS3

+ ds2
S3 + dXidXi ,

where

ds2
S3 = +

(1− y2
3 +y2

4
4

1 +
y2

3 +y2
4

4

)2
dφ2 +

( 1

1 +
y2

3 +y2
4

4

)2
(dy2

3 + dy2
4 )

and

ds2
AdS3 = −

(1 +
z2

1 +z2
2

4

1− z2
1 +z2

2
4

)2
dt2 +

( 1

1− z2
1 +z2

2
4

)2
(dz2

1 + dz2
2 ) ,

Well-suited for expansion around BMN ground state.



A choice of metric

We write the metric as

ds2 = ds2
AdS3

+ ds2
S3 + dXidXi ,

where

ds2
S3 = +

(1− y2
3 +y2

4
4

1 +
y2

3 +y2
4

4

)2
dφ2 +

( 1

1 +
y2

3 +y2
4

4

)2
(dy2

3 + dy2
4 )

and

ds2
AdS3 = −

(1 +
z2

1 +z2
2

4

1− z2
1 +z2

2
4

)2
dt2 +

( 1

1− z2
1 +z2

2
4

)2
(dz2

1 + dz2
2 ) ,

Well-suited for expansion around BMN ground state.



GS action in general background

Given a sugra solution a κ-symmetric GS action is formally known.

Explicit expressions up to O(θ4) [Cvetic, Lü, Pope, Stelle ’99, Wulff ’14]

L = Lbos + Lkin + LWZ

where, for example

Lkin = −i
√
hhαβ θ̄

I /Eα

(
δIJDβ +

σIJ3
24

/F /Eβ

)
θJ
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A choice of fermions

Conventional fermions in GS actions obscure integrable structure.

Define fermions χI and ηI

θ1 =
1 + Γ012345

2
M0 χ1 +

1− Γ012345

2
M0 η1 ,

θ2 =
1 + Γ012345

2
M−1

0 χ2 +
1− Γ012345

2
M−1

0 η2 ,

where

M0 =
4

√
4− z2

√
4− y2

(
1− 1

2/zΓ012
) (

1− 1
2/yΓ345

)
.

χ, η uncharged under BMN U(1)2, and after gauge-fixing they
transform linearly under susys that commute with Hamiltonian.

χ are massless. η are massive.



A choice of fermions

Conventional fermions in GS actions obscure integrable structure.

Define fermions χI and ηI

θ1 =
1 + Γ012345

2
M0 χ1 +

1− Γ012345

2
M0 η1 ,

θ2 =
1 + Γ012345

2
M−1

0 χ2 +
1− Γ012345

2
M−1

0 η2 ,

where

M0 =
4

√
4− z2

√
4− y2

(
1− 1

2/zΓ012
) (

1− 1
2/yΓ345

)
.

χ, η uncharged under BMN U(1)2, and after gauge-fixing they
transform linearly under susys that commute with Hamiltonian.

χ are massless. η are massive.



A choice of fermions

Conventional fermions in GS actions obscure integrable structure.

Define fermions χI and ηI

θ1 =
1 + Γ012345

2
M0 χ1 +

1− Γ012345

2
M0 η1 ,

θ2 =
1 + Γ012345

2
M−1

0 χ2 +
1− Γ012345

2
M−1

0 η2 ,

where

M0 =
4

√
4− z2

√
4− y2

(
1− 1

2/zΓ012
) (

1− 1
2/yΓ345

)
.

χ, η uncharged under BMN U(1)2, and after gauge-fixing they
transform linearly under susys that commute with Hamiltonian.

χ are massless. η are massive.



A choice of fermions

Conventional fermions in GS actions obscure integrable structure.

Define fermions χI and ηI

θ1 =
1 + Γ012345

2
M0 χ1 +

1− Γ012345

2
M0 η1 ,

θ2 =
1 + Γ012345

2
M−1

0 χ2 +
1− Γ012345

2
M−1

0 η2 ,

where

M0 =
4

√
4− z2

√
4− y2

(
1− 1

2/zΓ012
) (

1− 1
2/yΓ345

)
.

χ, η uncharged under BMN U(1)2, and after gauge-fixing they
transform linearly under susys that commute with Hamiltonian.

χ are massless. η are massive.



A choice of fermions

Conventional fermions in GS actions obscure integrable structure.

Define fermions χI and ηI

θ1 =
1 + Γ012345

2
M0 χ1 +

1− Γ012345

2
M0 η1 ,

θ2 =
1 + Γ012345

2
M−1

0 χ2 +
1− Γ012345

2
M−1

0 η2 ,

where

M0 =
4

√
4− z2

√
4− y2

(
1− 1

2/zΓ012
) (

1− 1
2/yΓ345

)
.

χ, η uncharged under BMN U(1)2, and after gauge-fixing they
transform linearly under susys that commute with Hamiltonian.

χ are massless. η are massive.



Gauge fixing the GS action

Impose BMN light-cone kappa gauge

Γ+ηI = 0, Γ+χI = 0, Γ± =
1

2

(
Γ5 ± Γ0

)
.

Define conjugate momenta

pµ =
δS

δẋµ
,

Impose uniform lightcone gauge

x+ ≡ φ+ t = κτ , pφ−t = cst ,

solve Virasoro constraints to find x− ≡ φ− t and Hamiltonian.

In addition one can find A the algebra that commutes with H
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The algebra A
The algebra of charges that commutes with H takes the form

{Q ȧ
L ,QLḃ} =

1

2
δȧ

ḃ
(H + M), {Q ȧ

L ,QRḃ} = 0

{QRȧ,Q
ḃ

R } =
1

2
δ ḃ
ȧ (H−M), {QLȧ,Q

ḃ
R } = 0

Commutators hold for physical level-matched states.

Constituent magnons do not satify level-matching and A is

{Q ȧ
L ,QLḃ} =

1

2
δȧ

ḃ
(H + M), {Q ȧ

L ,QRḃ} = δȧ
ḃ
C,

{QRȧ,Q
ḃ

R } =
1

2
δ ḃ
ȧ (H−M), {QLȧ,Q

ḃ
R } = δ ḃ

ȧ C,

Central extensions related to worldsheet momentum P

C = +i
h

2
(e+iP − 1), C = −i h

2
(e−iP − 1),

h ∼ 1/α′ + . . . is the coupling constant.
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δȧ

ḃ
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ḃ
R } = 0

Commutators hold for physical level-matched states.

Constituent magnons do not satify level-matching and A is

{Q ȧ
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ḃ

R } =
1

2
δ ḃ
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Fundamental worldsheet excitations

Worldsheet excitations (magnons) sit in short representations of A

The shortening condition reduces to

H2 = M2 + 4CC ,

Excitation of mass m = 0 ,±1 and wsheet momentum p have
dispersion relation

E (p) =

√
m2 + 4h2 sin

(p
2

)2
.

Non-relativistic dispersion relation: Massless particles can scatter.
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Exact worldsheet S matrix



Determining the S matrix from A
The 2-body S matrix is determined up to a scalar dressing factor
by requiring all generators in A commute with it

S(12)(p, q)Q(12)(p, q) = Q(12)(q, p)S(12)(p, q) .

The S-matrix satisfies the Yang-Baxter equation, so the worldsheet
theory is integrable.

The entries in the S matrix are most easily written in terms of
Zhukovski variables x± defined as

x+
p +

1

x+
p
− x−p −

1

x−p
=

2i |m|
h

,
x+
p

x−p
= e ip.

For example, |φLp , ψL
q〉 → |ψL

q , φ
L
p〉 takes the form

BLL
pq =

(
x−p

x+
p

)1/2
x+
p − x+

q

x−p − x+
q
,
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Exact closed string spectrum



All-loop Bethe equations for closed string spectrum
Once world-sheet S matrix is known, find physical spectrum by
imposing periodicity of magnon momenta.

S non-diagonal: nested Bethe Equations and auxiliary roots

The excitations come in two levels. Level I excitations are

Left massive Right massive Massless

Level-I excitation Y L Z R χ1, χ2

Bethe root x± x̄± z±

Excitation number N2 N2̄ N0

Acting with supercharge generate level-II excitations

QL1, Q
R1

QL2, Q
R2

Bethe root y1 y3

Excitation number N1 N3
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All-loop Bethe equations for closed string spectrum

The massive momentum-carrying roots satisfy the equations

(
x+
k

x−k

)L

=

N2∏
j=1
j 6=k

ν−1
k νj

x+
k − x−j

x−k − x+
j

1− 1
x+
k x−j

1− 1
x−k x+

j

(σ••kj )2

×
N1∏
j=1

ν
1
2
k

x−k − y1,j

x+
k − y1,j

N3∏
j=1

ν
1
2
k

x−k − y3,j

x+
k − y3,j

×
N2̄∏
j=1

νj

1− 1
x+
k x̄+

j

1− 1
x−k x̄−j

1− 1
x+
k x̄−j

1− 1
x−k x̄+

j

(σ̃••kj )2

×
N0∏
j=1

ν
−1/2
k νj

x+
k − z−j

x−k − z+
j

1− 1
x−k z−j

1− 1
x+
k z+

j


1
2
1− 1

x+
k z−j

1− 1
x−k z+

j


1
2

(σ•◦kj )2,

frame factors νk = 1, e ipk in spin-chain, string frame, respectively.
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All-loop Bethe equations for closed string spectrum

A physical solution further satisfies the level-matching condition

1 =

N2∏
j=1

x+
j

x−j

N2̄∏
j=1

x̄+
j

x̄−j

N0∏
j=1

z+
j

z−j
.

The energy of a state is given by

D−J = N2+N2̄+ih

N2∑
k=1

( 1

x+
k

− 1

x−k

)
+ih

N2̄∑
k=1

( 1

x̄+
k

− 1

x̄−k

)
+ih

N0∑
k=1

( 1

z+
k

− 1

z−k

)
.
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Symmetries of the all-loop Bethe equations

It is possible to show that the spectrum of states described by the
Bethe equations sits in psu(1, 1|2)2 representations.

psu(1, 1|2)2 raising operators act by adding so-called ”roots at
infinity”, which carry zero momentum and so lead to descendants.

In addition, the Bethe equations have four U(1) symmetries
corresponding to the shifts along T4.
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Protected closed string spectrum



Groundstates of the all-loop Bethe equations

The energy of a state is given by

D−J = N2+N2̄+ih

N2∑
k=1
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x+
k

− 1

x−k

)
+ih

N2̄∑
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( 1

x̄+
k

− 1

x̄−k

)
+ih

N0∑
k=1

( 1

z+
k

− 1

z−k

)
.

Protected states do not receive any h-corrections to their energies.

They must have x+ = x− (similarly for x̄± and z±).

So groundstates can only be zero-momentum magnons.
Recall the dispersion relation

E (p) =

√
m2 + 4h2 sin

(p
2

)2
.

A massless zero-momentum magnon has E = 0.
Conclusion:
Protected states are massless zero-momentum magnons.
Derivation of [Ohlsson Sax, Torrielli, BS ’12]
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Protected states of AdS3/CFT2 from integrability.

We have conventional BMN groundstate

|(φ++)L〉

Adding massless root (N0 = 1, z± = 1) get two states (su(2)◦)

|(φ++)L−1χ+±
R 〉+ symmetric permutations,

Similarly, for χ+±
L . Easy check to see BEs satisfied.

Next consider state with two right-moving massless fermions,

|(φ++)L−2χ++
R χ+−

R 〉+ symmetric permutations,

N0 = 2, roots sitting at z± = +1 or z± = −1. BEs satisfied.
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Protected states of AdS3/CFT2 from integrability.
Continuing in this way we find

State N0 N1 N3 JL JR J◦

(φ++)L 0 0 0 L
2

L
2 0

(φ++)L−1χ+±
R 1 0 0 L−1

2
L
2 ±1

2

(φ++)L χ+±
L 1 1 1 L+1

2
L
2 ±1

2

(φ++)L−2χ++
R χ+−

R 2 0 0 L−2
2

L
2 0

(φ++)L−1χ+±
R χ+±

L 2 1 1 L
2

L
2 ±1

(φ++)L−1χ+±
R χ+∓

L 2 1 1 L
2

L
2 0

(φ++)L χ++
L χ+−

L 2 1 1 L+2
2

L
2 0

(φ++)L−2χ++
R χ+−

R χ+±
L 3 1 1 L−1

2
L
2 ±1

2

(φ++)L−1χ+±
R χ++

L χ+−
L 3 1 1 L+1

2
L
2 ±1

2

(φ++)L−2χ++
R χ+−

R χ++
L χ+−

L 4 2 2 L
2

L
2 0
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Protected states of AdS3/CFT2 from integrability.

We find 1
2 -BPS states for J ≥ 2 we

I 6 bosonic states with charges
(
J
2 ,

J
2

)
S
,

I 4+4 fermionic states with charges
(
J−1

2 , J2
)
S

and
(
J
2 ,

J−1
2

)
S
,

I 1+1 bosonic states with charges
(
J
2 − 1, J2

)
S

and
(
J
2 ,

J
2 − 1

)
S
.

Additionally, there are

I 2+2 fermionic states with charges
(

1
2 , 0
)
S

and
(
0, 1

2

)
S

I 5 bosonic states with charges
(

1
2 ,

1
2

)
S

.

This matches the sugra and SymN 1
2 -BPS states.

Mplets
(

1
2 ,

1
2

)
S

contain descendants which give the 20 moduli.
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Mixed Flux



Mixed Flux AdS3 × S3 × T4

With NSNS + RR flux integrability still holds
[Lloyd, Ohlsson Sax, Sfondrini, BS ’14]

The dispersion relation now becomes

E (p) =

√
(m − k

2π
p)2 + 4h2 sin

(p
2

)2
.

where k is the WZW level. [Hoare, Stepanchuk, Tseytlin ’14, Lloyd et al.’14]

Protected states are still zero-momentum massless magnons

So 1
2 -BPS spectrum is unchanged
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AdS3 × S3 × S3 × S1



AdS3 × S3 × S3 × S1

Supergravity solution for D1-, D5- and D5’-branes

0 1 2 3 4 5 6 7 8 9

N1 × D1 • •
N5 × D5 • • • • • •
N ′5 × D5’ • • • • • •

Near-horizon limit: AdS3 × S3 × S3 × R1. Supersymmetry requires

1 =
R2

AdS

R2
S3

1

+
R2

AdS

R2
S3
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Symmetry of AdS3 × S3 × S3 × S1

Global symmetry of background is d(2, 1;α)L ⊕ d(2, 1;α)R .

d(2, 1;α) is finite-dimensional part of large N = 4 SCFA.

This SCFA has two su(2) Kač-Moody currents.

Short representations of d(2, 1;α) satisfy

D = αJ+ + (1− α)J− .

D is the conformal dimension and J± are the su(2)2 spins.

J± are uncontrained (half-integers).

Reps short on L and R are 1
4 -BPS

(
JL,+

2 ,
JL,−

2 ;
JR,+

2 ,
JR,−

2

)
S

In general, SCFA shortening condition is different to d(2, 1;α) one

When J+ = J− and state is uncharged under circle U(1)
d(2, 1;α) and SCFA shortening conditions coincide
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AdS3 × S3 × S3 × S1 protected sugra spectrum

[de Boer, Pasquinucci, Skenderis ’99] computed sugra KK spectrum under
assumption that all states are in short mplets of d(2, 1;α)2.

They found that KK spectrum can fit into short multiplets.

Under this assumption they found⊕
l+≥0 ,l−≥1

2

(l+, l−; l+, l−)
S
⊕

⊕
l+≥1/2 ,l−≥0

(l+, l−; l+, l−)
S

⊕
l±≥0

(l+, l−; l+ + 1
2 , l
− + 1

2 )
S
⊕ (l+ + 1

2 , l
− + 1

2 ; l+, l−)
S

Many states have spins on the two S3’s differing by large amount.
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Protected spectrum for AdS3 × S3 × S3 × S1

Mixed flux strings on AdS3 × S3 × S3 × S1 are integrable
[Borsato, Ohlsson Sax, Sfondrini, BS ’15]

Protected states are still zero-momentum massless magnons

Only two massless fermions, so protected string spectrum is⊕
J

(J, J; J, J)
S
⊕
(
J + 1

2 , J + 1
2 ; J + 1

2 , J + 1
2

)
S

⊕
(
J, J; J + 1

2 , J + 1
2

)
S
⊕
(
J + 1

2 , J + 1
2 ; J, J

)
S
.

This is different from sugra spectrum. Protected states have
(almost) the same amount of spin on the two S3s.

Explicit sugra calculation with no shortening assumption
[Eberhardt, Gaberdiel, Gopakumar, Li ’17]
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Conclusions

The exact closed string spectrum of both AdS3/CFT2 pairs can be
found using Bethe Equations.

Integrability involves new massless non-relativistic magnons not
present in higher dimensional AdS/CFT. These play an important
role in the spectrum.

AdS3 × S3 × T4 protected spectrum found using Bethe Equations
matches supergravity and SymN orbifold.

Mixed NSNS and RR flux background can also be analysed with
same protected spectrum.

AdS3 × S3 × S3 × S1 background also integrable. Protected
spectrum much smaller than previous sugra expectations.

At weak coupling the BEs reduce to integrable local spin-chains.

An integrable spin-chain has been identified on the Higgs branch
CFT in large-Nf calculations. [Ohlsson Sax, Sfondrini, BS ’14]
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Outlook

Understand relation to relativistic massless integrability.

Find wrapping corrections, Thermodynamic Bethe Ansatz and
Quantum Spectral curve. (We have shown that wrapping
corrections are trivial for the protected spectrum.)

WZW point and integrability. Long strings. [Seiberg Witten ’99]

Understand how integrability enters on CFT2 side.

Find CFT2 dual of AdS3 × S3 × S3 × S1. [Tong ’14]
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