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Edwards-Anderson order parameter qEA = h�ii2
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Parisi solution: introduce n replicas, a, b = 1 . . . n
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In the large N limit, need saddle points of the free energy F
as a function of qab = h�a�bi .
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The matrix qab is characterized by a monotonic function
q(u), u 2 [0, 1], with q(1) = qEA.
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where qEA is the spin glass order parameter.
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Action for quantum spin glass order Qab(⌧)
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G-⌃-Q theory of SU(M) spin model

Generalize to SU(M) spins and introduce fermionic spinons f↵, ↵ = 1, . . . ,M
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SU(M) spin model

In the limit M ! 1, the saddle point equations for the fermion
Green’s function, self energy and Q become

⌃(⌧) = J2Qaa(⌧)G(⌧)

G(i!) = [i! � ⌃(i!)]�1

Qab(⌧) = �G(⌧)G(�⌧)�ab

It is not possible for a fermion Green’s function to have non-zero
replica o↵-diagonal components. Then Qab must also be replica di-
agonal, and these equations are precisely those of the SYK model!

Solution of these equations yield a spin liquid ground state.

S. Sachdev and J. Ye, PRL 70, 3339 (1993)
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FIG. 14: Plot of the fermionic spin spectral density for ✓f = 0. The red solid line is the numerical result. The

black dashed line is theoretical curve (5.10) ploted for ↵A
0 = 0.2643 and ↵

A
1 = 0.31.
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Numerical solution of SYK equations (SY, PRL 1993), compared with
conformal perturbation theory. C is a known number, and � is the

co-e�cient of the action for the ‘boundary graviton’ in holographic dual.
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Write Qab(⌧) = [Q(⌧) + q] �ab + qab (with qaa = 0) and expand action in powers of qab
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Adding spin glass order to the SU(M ! 1) equations:

⌃(⌧) = J2Qaa(⌧)G(⌧)

G(i!) = [i! � ⌃(i!)]�1

Qab(⌧) = �G(⌧)G(�⌧)�ab +qab

Need only add the static spin glass order parameter qab,
which is determined by the 1/M corrections.
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Dope the quantum Sherrington-Kirkpatrick model

with mobile electrons
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Jij = 0, J
2
ij = J

2
, Di↵erent Jij uncorrelated.

tij = 0, t
2
ij = t

2
, Di↵erent tij uncorrelated.

D. Chowdhury, A. Georges, O. Parcollet, S. Sachdev, arXiv:2109.05037



• J = 0.5t, U = 4t

 18Phase diagram (doping driven QCP)
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• Quasiparticle lifetime in the Fermi liquid
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Planckian metal
for p ⇡ pc

• Quasiparticle lifetime in the Fermi liquid
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SU(M) spin model

In the limit M ! 1, the saddle point equations for the fermion
Green’s function, self energy and Q become
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Qab(⌧) = �G(⌧)G(�⌧)�ab

It is not possible for a fermion Green’s function to have non-zero
replica o↵-diagonal components. Then Qab must also be replica di-
agonal, and these equations are precisely those of the SYK model!

Solution of these equations yield a spin liquid ground state.
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The ‘complexity’, ⌃C , of
a spin glass state

measure the density of
the number of ‘pure
states’ ⇠ exp (N⌃C).

We show that ⌃C 6= 0 as
T ! 0.
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3.1. Two-Black Hole Configurations

Let us begin with the asymptotically flat solution describing two Reissner-Nordström

black holes (see fig. 2)
ds2 = −V −2dt2 + V 2d!x2,

∗F =
1

Lp
dt ∧ dV −1,

V = 1 +
Q1Lp

|!x − !x1|
+

Q2Lp

|!x − !x2|.

(3.1)

Defining

!U =
!x

L2
p

,

!U1 =
!x1

L2
p

,

!U2 =
!x2

L2
p

,

(3.2)

and taking Lp → 0, the near-horizon metric becomes

ds2

L2
p

= −V −2dt2 + V 2d!x2,

∗F = dt ∧ dV −1,

V =
Q1

|!U − !U1|
+

Q2

|!U − !U2|
.

(3.3)

Q1 2Q

Q1 2Q+

Fig. 2. A spatial cross-section the metric (3.1). There is an asymptotically Minkowskian

region and a single charge Q1 +Q2 throat region which divides into two throats of charges

Q1 and Q2. In the Mp → ∞ limit (3.3) the throat becomes infinitely long and the

Minkowski region decouples. The splitting of the throat into two pieces survives this limit.

The difference !U12 = !U1 − !U2 is a collective coordinate for the solution. The effec-

tive action for small variations of this coordinate is easily obtained by scaling the known
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There is an asymptotically
Minkowskian region and a single
charge Q1 +Q2 throat region

which divides into two throats of
charges Q1 and Q2.
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Low-energy, near-horizon scaling limits of black
holes which lead to string theory on AdS2 ⇥ S2

are described. Unlike the higher-dimensional
cases, in the simplest approach all finite-energy

excitations of AdS2 ⇥ S2 are suppressed.
Surviving zero-energy configurations are

described. These can include tree-like structures
in which the AdS2 ⇥ S2 throat branches as the
horizon is approached, as well as disconnected

AdS2 ⇥ S2 universes.



Figure 1.1: Left: A single probe is allowed to move on a sphere with radius depending on the relative
values of its charges. Right: Multi-probe bound state configurations consisting of many probe halos
orbiting a giant “galactic” black hole. To lowest order in the probe approximation the mutual
interactions between the probes are neglected. The lowest energy bound states are stationary: No
probes are actually moving, but there is angular momentum stored in the electromagnetic fields,
pointing along the radial direction. Besides spin, the probes induce electric and magnetic dipole
charges. In a holographic setup (e.g. embedded in AdS4) these would correspond to inhomogeneities
in charge densities and magnetic fields in the dual field theory on R⇥ S

2.

an exact computation of the probe interaction potential for any charge is accomplished. It is then a

straightforward matter to determine the existence of local minima of this potential and to map out

the subset of charges and temperatures where bound states exist and where they are energetically

stable.

We find that many of the interesting features that made their supersymmetric relatives rich

and famous, such as wall crossing [51], field-induced spin [11], intrinsic Landau level degeneracies

[13] and so on, persist at finite temperature. Close to non-BPS extremal limits, we observe that

there always exist huge numbers of energetically stable probe bound states, that is to say bound

states with free energy less than a single black hole with the same temperature and charge. Close

to BPS extremal limits on the other hand, bound states tend to have slightly more energy than the

black hole, so although classically stable, they can quantum tunnel into the horizon (though never

to spatial infinity). But even on this side we find a region of parameter space where stable bound

states exist upon turning on a temperature.

We hope these results will facilitate searches for exact solutions of nonextremal black hole bound

states, or for indirect criteria guaranteeing existence and stability.

3
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We show that an exponential multitude of classically stable “halo” bound states can be formed in
four-dimensional N = 2 supergravity between large finite temperature D4-D0 black hole cores and
much smaller, arbitrarily charged black holes at the same temperature. Several features of these
systems, such as a macroscopic configurational entropy and exponential relaxation timescales, are
similar to those of the extended family of glasses.
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Summary
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• Theory of finite density gauge-charged

matter: crossover from fractionalized SYK

spin liquid to a confining spin glass state.

• Holography: SYK spin liquid dual to black

holes with AdS2 horizons

• Confining spin glass: dual to AdS2

fragmentation (Maldacena, Strominger, Anous,

Denef, Haehl...)


