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Quantum ergodicity… manifestations

Level repulsion and Spectral Rigidity in energy eigenstates of RMT leads to a 
characteristic slope-ramp-plateau behavior of observables like Spectral Form 
factor and correlation functions in RMT.


Ergodic limit is defined as the energy domain in which RMT statistics persists 
for a many-body (chaotic) system. Corresponding time is called ter

ter tH
t

Tr [!(t) !†(0)]

I II III IV
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Quantum ergodicity has been studied numerically for a large class of models


Numerical computations of such observables in the SYK model demonstrate a 
similar behavior. 

However, the microscopic description of this behavior in the SYK model (or any 
other system, for that matter) was incomplete.
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[Efetov ’97 and references therein]

[Cotler et. al. ’16; Gharibyan, Hanada, Shenker, Tezuka ’18

Saad, Shenker, Stanford ’18]
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[Pollack, Rozali, Sully, Wakeham ‘20]



The Resolvent
The resolvent is related to the Fourier transform of the thermal 
2-point function,     


      is conjugate to the time, 


Recall the identity,

ω t

Late time  small ω

Tr[e−βH𝒪(t) 𝒪†(0)] = ∫ dE dω e−βE+iωt R̃(E, ω)

ρ(E) = ± Im Tr [ 1
E ∓ iε − H ]

lim ε→0

10
ρ(E1)ρ(E2) ∼ − Re (Tr [ 1

E + iε − H ] Tr [ 1
E − iε − H ])

lim ε→0
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The above observable can be rewritten as a path integral over some 
auxiliary graded-fields, , 
 
 
 
 
 
 

Ψ, Ψ̄

Ψ =

S+

ψ+

S−

ψ−
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Effective description of Quantum ergodicity is captured by the 
(pseudo-)Goldstones of this symmetry breaking 
 
 

Z
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Effective description of Quantum ergodicity is captured by the 
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where Q 2 U(2|2)
U(1|1)⇥ U(1|1) := M(Q)

<latexit sha1_base64="zyMl5s9n7lc8mnJe7PWvr9J9BiY="></latexit><latexit sha1_base64="zyMl5s9n7lc8mnJe7PWvr9J9BiY="></latexit><latexit sha1_base64="zyMl5s9n7lc8mnJe7PWvr9J9BiY="></latexit><latexit sha1_base64="zyMl5s9n7lc8mnJe7PWvr9J9BiY="></latexit>

M = H2 ⇥ S
2

<latexit sha1_base64="QtXpQmYIRTu09SiDeBliEOCjUiE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkpSBN0IRTfdCBXtA5oYJtNJO3TyYGYilFDc+CtuXCji1q9w5984bbPQ1gMXDufcy733+AlnUlnWt1FYWl5ZXSuulzY2t7Z3zN29loxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW37w6uJ336gQrI4ulOjhLoh7kcsYAQrLXnmQeYQzNH1GF2guldFjmIhlej2vuqZZatiTYEWiZ2TMuRoeOaX04tJGtJIEY6l7NpWotwMC8UIp+OSk0qaYDLEfdrVNMJ6kZtNXxijY630UBALXZFCU/X3RIZDKUehrztDrAZy3puI/3ndVAXnbsaiJFU0IrNFQcqRitEkD9RjghLFR5pgIpi+FZEBFpgonVpJh2DPv7xIWtWKbVXsm9Ny7TKPowiHcAQnYMMZ1KAODWgCgUd4hld4M56MF+Pd+Ji1Fox8Zh/+wPj8AX5tlY0=</latexit><latexit sha1_base64="QtXpQmYIRTu09SiDeBliEOCjUiE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkpSBN0IRTfdCBXtA5oYJtNJO3TyYGYilFDc+CtuXCji1q9w5984bbPQ1gMXDufcy733+AlnUlnWt1FYWl5ZXSuulzY2t7Z3zN29loxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW37w6uJ336gQrI4ulOjhLoh7kcsYAQrLXnmQeYQzNH1GF2guldFjmIhlej2vuqZZatiTYEWiZ2TMuRoeOaX04tJGtJIEY6l7NpWotwMC8UIp+OSk0qaYDLEfdrVNMJ6kZtNXxijY630UBALXZFCU/X3RIZDKUehrztDrAZy3puI/3ndVAXnbsaiJFU0IrNFQcqRitEkD9RjghLFR5pgIpi+FZEBFpgonVpJh2DPv7xIWtWKbVXsm9Ny7TKPowiHcAQnYMMZ1KAODWgCgUd4hld4M56MF+Pd+Ji1Fox8Zh/+wPj8AX5tlY0=</latexit><latexit sha1_base64="QtXpQmYIRTu09SiDeBliEOCjUiE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkpSBN0IRTfdCBXtA5oYJtNJO3TyYGYilFDc+CtuXCji1q9w5984bbPQ1gMXDufcy733+AlnUlnWt1FYWl5ZXSuulzY2t7Z3zN29loxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW37w6uJ336gQrI4ulOjhLoh7kcsYAQrLXnmQeYQzNH1GF2guldFjmIhlej2vuqZZatiTYEWiZ2TMuRoeOaX04tJGtJIEY6l7NpWotwMC8UIp+OSk0qaYDLEfdrVNMJ6kZtNXxijY630UBALXZFCU/X3RIZDKUehrztDrAZy3puI/3ndVAXnbsaiJFU0IrNFQcqRitEkD9RjghLFR5pgIpi+FZEBFpgonVpJh2DPv7xIWtWKbVXsm9Ny7TKPowiHcAQnYMMZ1KAODWgCgUd4hld4M56MF+Pd+Ji1Fox8Zh/+wPj8AX5tlY0=</latexit><latexit sha1_base64="QtXpQmYIRTu09SiDeBliEOCjUiE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkpSBN0IRTfdCBXtA5oYJtNJO3TyYGYilFDc+CtuXCji1q9w5984bbPQ1gMXDufcy733+AlnUlnWt1FYWl5ZXSuulzY2t7Z3zN29loxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW37w6uJ336gQrI4ulOjhLoh7kcsYAQrLXnmQeYQzNH1GF2guldFjmIhlej2vuqZZatiTYEWiZ2TMuRoeOaX04tJGtJIEY6l7NpWotwMC8UIp+OSk0qaYDLEfdrVNMJ6kZtNXxijY630UBALXZFCU/X3RIZDKUehrztDrAZy3puI/3ndVAXnbsaiJFU0IrNFQcqRitEkD9RjghLFR5pgIpi+FZEBFpgonVpJh2DPv7xIWtWKbVXsm9Ny7TKPowiHcAQnYMMZ1KAODWgCgUd4hld4M56MF+Pd+Ji1Fox8Zh/+wPj8AX5tlY0=</latexit>

Standard saddle

Andreev-Altshuler saddle

Ergodic limit with σ-model
U(2 |2) → U(1 |1) × U(1 |1)

Also spontaneously 
broken by the saddle 

point in the limit 
dim(H ) ≫ 1

Symmetry broken 
b/w advanced & 
retarded section

12
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Operators in Ergodic limit
[Altland, Bagrets, PN, Sonner,  Vielma ‘21]
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R̃(E, ω) = ∑
β

|⟨α |𝒪 |β⟩ |2 δ (Eα − Eβ − ω)

≈ Tr[𝒪]Tr [𝒪†] π δ(s) + (Tr [𝒪𝒪†] −
1
D

Tr𝒪Tr𝒪†) (πδ(s) + 1 −
sin2 (s)

s2 )
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Thouless time ∼ N3/2

N=14 N=18 N=22

0.01 1 100 104
10-5

10-4

0.001

0.010

0.100

1

tJ

〈T
r[O

(t)
O

+ ]
〉/D

R̃(E, ω) = ∑
β

|⟨α |𝒪 |β⟩ |2 δ (Eα − Eβ − ω)

≈ Tr[𝒪]Tr [𝒪†] π δ(s) + (Tr [𝒪𝒪†] −
1
D

Tr𝒪Tr𝒪†) (πδ(s)+1 −
sin2 (s)

s2 )



Euclidean Wormholes

14

[Saad ’19; Altland, Bagrets, PN, Sonner, Vielma ’21]

+



Euclidean Wormholes

14

[Saad ’19; Altland, Bagrets, PN, Sonner, Vielma ’21]

+

Reproduces the  
ramp and the plateau!

Doesn’t reproduce

the Quantum fluctuations
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Non-ergodic Regime
The ergodic limit corresponds to a mean field approximation,

ΨΨ̄ ∝ 𝕀Fock
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ΨΨ̄ ∝ 𝕀Fock

15

Z[h] = ⟨⟨∫ 𝒟Ψ̄𝒟Ψ exp [iΨ̄ ⋅ (z − H + h) ⋅ Ψ]⟩⟩
Fewer random parameters in H   corrections to mean field approximation, ⇒

ΨΨ̄ ∝ 𝕀Fock

These deviations are controlled by amount of “information” in the Hamiltonian
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[Altland, Sonner ’20; Altland, Bagrets, PN, Sonner, Vielma ‘21]

Semi-classical Gravity
Ergodic limit 

of 
Quantum theories

17

New Conjecture



Semi-classical gravity has more information about the fine-grained 
structure of the spectrum of the Quantum theory! 

[Altland, Sonner ’20; Altland, Bagrets, PN, Sonner, Vielma ‘21]

Semi-classical Gravity
Ergodic limit 

of 
Quantum theories

17
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Observables: 
 
Statistics of OPE coefficients                           in ergodic regime 
 
 
 

Genus-2 partition function 
 
 
 

Genus-2 spectral form factor

⟨⟨cijkc*lmn⟩⟩
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Wormholes

Ergodicity

ETH

Part of

the new dictionary

hm|O|ni = Omc(E)�mn + e�S(E)/2f(E,!)Rmnhm|O|ni = Omc(E)�mn + e�S(E)/2f(E,!)Rmn
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A Tale of Two Conjectures:

⟨Ei, Qi |Oa
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δQi,Qj
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ETH for charged operators
A Tale of Two Conjectures:

Wormholes or no wormholes

⟨Ei, Qi |Oa
q |Ej, Qj⟩ = δEi,Ej
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ga(Ē, ω, Qi, Qj)e−(S(Ē,Qi)+S(Ē,Qj))/4Rij

⟨Ei, Qi |Oa
q |Ej, Qj⟩ = δEi,Ej

δQi,Qj
δq,0 f a(Ē, Q̄)

+ g̃a(Ē, ω, Q̄, δQ, q)e−S(Ē,Q̄)/2Rij

 
Belin,de Boer, PN, Sonner ‘20



✦ We discussed that ergodic regime in physical systems holds the key to our 
understanding of restoration of unitarity in physical observables


✦ We developed a EFT description of the observables in terms of the Goldstones of 
the causal symmetry breaking


✦ We studied the connection between the Euclidean wormholes geometries and 
the ergodic limit of the physical theories


TO DO


• What is the bulk interpretation of the quantum fluctuations?


• Developing a more precise dictionary of the emergence of bulk in the ergodic 
limit of a theory, especially in higher dimensions


• Developing a quantum ergodic understanding of the replica wormholes and Page 
curve

23
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Arriving at sigma model
Z[h] = ⟨∫ 𝒟Ψ̄𝒟Ψ exp [iΨ̄ ⋅ (z − H + h) ⋅ Ψ]⟩

dis

Z[h]=∫𝒟Ψ̄𝒟Ψ𝒟A exp[iΨ̄ ⋅ (z + h) ⋅ Ψ −
1
2n ∑

a

STr [XaAaXaAa]

+
iγ
n ∑

a

STr [ΨΨ̄Aa]]

Z0[h] = ∫𝒟y exp [−
D
2

STr(y2) − STr ln(K0)], K0 = (z + h + γ y ⊗ 𝕀Fock)



Sigma model
Z0[h] = ∫𝒟y exp [−

D
2

STr(y2) − STr ln(K0)], K0 = (z + h + γ y ⊗ 𝕀Fock)

y0 = −
E
2γ

+ iΛ 1 −
E2

4γ2
, Λ = σRA

3 ⊗ 𝕀bf

ΛAA = σRA
3 ⊗ σbf

3

Z[h] = ∫ 𝒟Q exp [ iπρ(E)
2

Str (ωΛQ) − Ssrc(h)], Q = TΛT−1

T = exp(−W ), W = − (0 B
B̃ 0), B = (x μ

ν iy), B̃ = ( x* ν̄
−μ̄ iy*) .

∂2
hZ[h]

h=0
= ∫ 𝒟Q exp [2iπρ(E)ω Str [BB̃] + …] × STr [B̃PbB̃BPbB]



Sigma model
∂2

hZ[h]
h=0

= ∫ 𝒟Q exp [2iπρ(E)ω Str [BB̃] + …] × STr [B̃PbB̃BPbB]

STr[B ⋅ X] STr[B̃ ⋅ Y ] =
i

2πρ(E) ω
STr[XY ]

STr[B ⋅ X ⋅ B̃ ⋅ Y ] =
i

2πρ(E) ω
STr[X]STr[Y ]



Sources for various 
correlation functions

Sources for the operator correlation function that we have been 
looking at,


Source for 2-point function of d.o.s.
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