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Motivations: AdS/CFT and exact results

• Maldacena realization represents a milestone in
holographic context.

• Symmetries of N = 4 SYM allow for exact results in
the coupling λ = g2

YMN.

5− th dim

N = 4
AdS5 × S5SYM
SUGRAstrong

coupling

Example: three point functions of chiral operators 〈O1O2O3〉
1.

• No quantum corrections on the gauge theory

• Three level = strong coupling

• Match with the cubic term of SUGRA action on
AdS5 × S5

O1 O2

O3

η1 η2

η3

AdS5

CFT4

gravity

What about less symmetric N = 2 superconformal case?

• In general harder to find exact results.

•We identify special theories where to obtain exact results for special observables
and match them to a dual gravity side.

1[Lee, Minwalla, Rangamani, Seiberg, 1998]
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Zq orbifolds of N = 4

We consider a family of N = 2 theories as Zq orbifolds of N = 4.

q N λ =⇒

λ

λ

λ

λ

λ

N N

N

N

N

q nodes

N = (Aµ, λ
a , ϕ)I Adj of SU(N)I

= (q, q̄, ψ, ψ̄)
(
�, �̄

)
of SU(N)I × SU(N)I+1

Explicit Lagrangian formulation.

They admit a holographic dual of type AdS5 × S5/Zq.
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Physical observables: chiral primary operators

Important class of operators in N = 2: chiral primaries On(x) = trϕn

• [Q̄A ,On] = 0 → 1/2 BPS.

• Protected by supersymmetry: n = R
2

• Chiral ring structure: OPE is non-singular Om(x)On(0) ∼ C`mnO`(0)

• Choosing 2 C`mn = δ`m+n, the 3-pt is written in terms of a 2-pt function:〈
Om(xm)On(xn)Ō`(x`)

〉
=

Cmn¯̀

|xmn |m+n−` |xm` |
m+`−n |xn` |

n+`−m

〈
Om(xm)Ō`(x`)

〉
=

gm¯̀

x2m
m`

Cmn¯̀ = gm+n ¯̀

In quiver theories we have multiple vector multiplets: O(I)
n ∼ tr (ϕ(I))n and we concentrate on

the 2-pt function: 〈
O(I)

n (x) Ō(J)
n (0)

〉
=

G(IJ)
n (λ)

x2n

2[Baggio, Niarchos, Papadodimas, 2014-2016], [ Gerchkovitz, Gomis, Ishtiaque, Karasik, Komargodski, Pufu, 2016]
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n (0)

〉
=

G(IJ)
n (λ)

x2n

2[Baggio, Niarchos, Papadodimas, 2014-2016], [ Gerchkovitz, Gomis, Ishtiaque, Karasik, Komargodski, Pufu, 2016]
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Mathematical tools: supersymmetric localization

The path integral is mapped to a sphere S4 and reduced to a finite dimensional integral 3

ZR4 =

∫ [
DΦ

] Q
−−−−−−−→ ZS4 =

∫
da [N×N]

Zq orbifold partition function is reduced to a q-multimatrix model:

Zq =

∫ q∏
I=1

daI e−
8π2N
λ tr a2

I −Sint(aI) ,

Sint(aI) =
∞∑

m=2

2m∑
k=0

(−1)m+k

2m
ζ(2m − 1)

(
2m
k

)(
tr a2m−k

I − tr a2m−k
I+1

)(
tr ak

I − tr ak
I+1

)

Expanding Sint in perturbation theory, G(IJ)
n (λ) computed in terms of Gaussian integrals 4.

G(IJ)
n (λ) =

1
Zq

q∏
I=1

〈 (
1−Sint(aI)+

1
2!
S2

int(aI)+. . .

)
O

(I)
n (aI)O

(J)
n (aJ)

〉
Gaussian

Example : G1,1
2

∣∣∣
q=4 =1−

3ζ(3)λ2

64π4 +
5ζ(5)λ3

128π6 +

(
27ζ(3)2 − 245ζ(7)

)
λ4

8192π8 +
9(21ζ(9) − 5ζ(3)ζ(5))λ5

8192π10 +. . .

3[Pestun, 2007]
4[Billò, Fucito, Lerda, Morales, Stanev, Wen, FG, Gregori, 2017-2020], [F.G, Preti, 2020]
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Go beyond perturbation theory: untwisted and twisted operators

We define untwisted and twisted operators as:

Un =
1
√

q

(
O(1)

n + O(2)
n + . . . + O(q)

n

)
,

Tα,n =
1
√

q

q∑
I=1

ρ−αI O(I)
n , where α = 1, . . . , q − 1 and ρ = e

2πi
q

Example for Z2 : Un =
1
√

2

(
O(1)

n + O(2)
n

)
, Tn =

1
√

2

(
O(1)

n − O(2)
n

)
.

Special properties:

• Orthogonality:
〈
UnTα,n

〉
= 0 ,

〈
Tα,nTβ,n

〉
= 0 if α , β .

• Coupled to (un)twisted closed string states on AdS5 × S5/Zq.
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Effective Gaussian formulation in the planar limit

We rewrite Zq after the change of variables:

Sint =

q−1∑
α=1

[
4sα

∞∑
m=2

2m∑
k=2

(−1)m+k

(
2m
k

)
ζ(2m − 1)

2m
T †α,2m−k Tα,k

]
, sα = sin2

(πα
q

)
.

Immediately we find:
〈
UnUn

〉
=

〈
OnOn

〉
N=4

, same planar result as N = 4.

What about twisted sector?

The interacting action is now quadratic for Tα,n variables! We rewrite the matrix model
as an effective Gaussian integral:

zα =


Tα,2

Tα,3

...

 , Zα =

∫
d2zα e−z†αzα + sα z†α X zα =

[
det

(
1 − sα X

)]−1
.
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Exact twisted correlators and strong coupling

The full dependence on the coupling constant λ resides in an infinite dimensional
matrix:

Xk ,` = −8(−1)k+`
√

k `
∫ ∞

0

dt
t

et

(et − 1)2
Jk

( t
√
λ

2π

)
J`

( t
√
λ

2π

)
.

Twisted correlators can be written in a closed form, exact in λ:

〈
Tα,n Tα,n

〉
=

det
[
(1 − sα X )−1

(n)

]
det

[
(1 − sα X )−1

(n−1)

] ,

This formula can be expanded at strong coupling λ→ ∞ using Mellin transform
methods:

〈
Tα,n Tα,n

〉
∼

λ→∞

4π2

λ

1

sin2
(
πα
q

) n(n − 1) .
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Conclusion: holographic perspectives for N = 2 theories

STEP 1: match QFT strong coupling results with supergravity on AdS5 × S5/Zq.

The untwisted states have the same behavior as N = 4.

Due to orbifold singularity, the dual twisted states ηα,n live on AdS5 × S1 (5).

Compactifying over S1, the quadratic part of SUGRA action reads:

S[η] =
1
2

q−1∑
α=1

∞∑
n=2

∫
AdS5

d5x
√

GAdS5

[
4π2

λ

1

sin2
(
πα
q

) (
∂η ∗α,n · ∂ηα,n + n(n − 4) η ∗α,n ηα,n

)]
,

The normalization perfectly matches our strong coupling results for 2-pt functions.

FUTURE STEPS for AdS/CFT in N = 2 settings:

Complete the 3-pt functions match.

Go beyond the protected spectrum

Explore different N = 2 theories using similar techniques

THANK YOU!

5[Gukov, 1998]

Francesco Galvagno (ETH Zürich[0.2cm] Strings, Fields and Holograms)Strong coupling of N = 2 Superconformal field theories and holographyAscona, 14 October 2021 Based on [2109.00559] with M. Billò, M. Frau, A. Lerda, A. Pini 9 / 9
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